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Mathematical models to describe the growth curves of white-egg
layers
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Abstract
The aim of this study was to compare mathematical models describing growth curves of white-egg
layers at different population densities. To fit the models, 4,000 growing white-egg layers were utilized.
The experimental design was completely randomized, with population densities of 71, 68, 65, 62, and
59 birds per cage in the starter phase and 19, 17, 15, 13, and 11 birds per cage in the grower phase,
with 10 replicates each. Birds were weighed weekly to determine the average body weight and the
weight gain. Gompertz and Logistic models were utilized to estimate their growth. The data analysis
was carried out using the PROC NLMIXED procedure of the SAS® statistical computer software to
estimate the parameters of the equation because mixed models were employed. The mean squared error,
the coefficient of determination, and Akaike’s information criterion were used to evaluate the quality
of fit of the models. The studied models converged for the description of the growth of the birds at
the different densities studied, showing that they were appropriate for estimating the growth of whiteegg layers housed at different population densities. The Gompertz model showed a better fit than the
Logistic model.
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Resumo
Esta pesquisa teve por objetivo comparar modelos matemáticos para descrever curva de crescimento de
poedeiras leves em diferentes densidades populacional, por meio de equações de modelos de crescimento.
Para o ajuste dos modelos foram utilizadas 4000 poedeiras leves em crescimento. O delineamento
utilizado foi o inteiramente casualizado nas densidades populacional de 71, 68, 65, 62 e 59 aves por
gaiola na fase de cria e de 19, 17, 15, 13 e 11 aves por gaiola na fase de recria, com dez repetições cada.
Semanalmente, as aves foram pesadas para determinação do peso corporal médio e o ganho de peso.
Para estimar o crescimento das aves foram utilizados os modelos de Gompertz e Logistic. A análise
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dos dados foi realizada pelo procedimento PROC NLMIXED do programa computacional estatístico
SAS®, para estimar os parâmetros da equação por se tratar de modelos mistos. O quadrático médio do
erro, o coeficiente de determinação e o critério de informação de Akaike foram utilizados na avaliação
da qualidade do ajuste dos modelos. Os modelos estudados atingiram a convergência para a descrição
do crescimento das aves nas diferentes densidades estudadas, adequados para estimar o crescimento
corporal das aves com alto grau de confiabilidade. Os modelos estimaram o crescimento de poedeiras
leves, alojadas em diferentes densidades populacional, em que o modelo de Gompertz apresentou
melhores ajustes em comparação ao Logistic.
Palavras-chave: Avicultura. Desempenho. Gompertz.

Introduction
The success of the commercial poultry business
is increasingly dependent upon the adequacy of
management practices and on monitoring the weight
and uniformity of birds, which, if not addressed,
can have a direct impact on performance and the
production cycle of these animals.
The growth of birds can be influenced by several
factors such as weight development, body fat, lean
tissue, and genetics, thereby requiring the study of
growth curves so that producers can understand
how birds grow, making it possible to develop more
adequate nutritional programs.
Studying the growth curve of animals through
mathematical models has been shown to be a very
useful tool in research (THOLON; QUEIROZ,
2009), allowing for a better evaluation of the
population and planning of desirable changes
through management and selection and the
optimization of nutrition and feeding strategies
(GOUS, 1998).
With regard to the need to achieve appropriate
weight gains, the feeding management of birds
is worthy of attention, given the direct influence
of nutrient intake on weight gain. According to
Hruby et al. (1994), by adopting mathematical
models to estimate animal growth nutritionists can
dynamically predict the requirements for amino
acids, protein, and energy according to the growth
rates of birds when formulating diets.
Mathematical modeling can be defined as an
instrument to describe the development and growth

of the carcass and of the parts that enable the
analysis needed for the adoption of strategies that
provide better performance, especially concerning
the increase in weight gain and feed efficiency.
Thus, the objective of this study was to compare
mathematical models to describe growth curves of
white-egg layers at different population densities.

Material and Methods
The experiment was conducted at the Mantiqueira
Farm experimental site, located in Primavera do
Leste, MT, Brazil.
Birds of the Hy-line line were distributed in a
completely randomized design, as follows: during
the starter phase, 3,250 chicks aged 1 to 14 days,
with an initial weight of 38 g, were utilized at the
densities of 71, 68, 65, 62, and 59 birds per cage;
and during the grower phase, 750 pullets from 15
to 119 days of age, with an average initial weight of
110 g, were used at the densities of 19, 17, 15, 13,
and 11 birds per cage, with 10 replicates each. Birds
were weighed weekly to determine the average
body weight for the adjustment of the models.
Birds received their diet ad libitum, formulated
to meet the nutritional requirements of each stage of
development.
To estimate the growth of these birds, the
Gompertz (Yt = Ae-be(-kt)+εij) and Logistic (Yt =A/
(1+be(-kt)+ εij) models were used, where: Yt is the
body weight at age t; A is the asymptotic weight
when t tends to infinite, interpreted as adult weight,
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final weight, or maximum theoretical weight of the
animal; b is the constant of the integration without
biological interpretation established by the initial
values of y and t adjusted for situations in which
y=0 and/or t=0; k is the rate at which the logarithmic
function of the weight changes linearly per time
unit, considered as a maturity index representing the
relative rate at which A is reached, with k interpreted
biologically as the growth average or the gain speed
(BRACCINI NETO et al., 1996); and εij is the error
associated with each observation.

from observation i; and ŷ is the estimated value
of the total weight from observation i for a given
model (SANTANA, 2013). Akaike’s information
criterion is a measure of quality of fit that estimates
the expected value of the Kullback-Leibler (KL)
information through AIC = −2l(Ɵ) + 2P, where l is
the likelihood of the model in question, is the vector
of parameters, and P is the number of independent
parameters of the model (AKAIKE, 1974). A
low value for AIC is considered as representative
of a better fit, and, in the selection of models,
one should aim for the minimization of AIC.
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continuation

Logistic

D1
D2
D3
D4
D5

1095
1085
1104
1104
1115

0,05
0,05
0,05
0,05
0,05

57
57
57
57
56

0,995
0,995
0,995
0,995
0,995

94,215
84,389
88,796
91,413
102,468

10,14
10,11
10,08
10,11
10,22

WM = weight at maturity; k = maturity rate; t = time when maturity is maximum.

The asymptotic weight, or weight at maturity
(WM), of the birds varied with the density and
the model utilized, according to the criteria used
to evaluate the quality of fit of the model i.e. the
mean squared error (MSE), the coefficient of
determination (R2), and Akaike’s information
criterion (AIC).
As discussed by Neme et al. (2006), it is
important to note that because it is determined by a
mathematical function, the weight at maturity (WM)
of the birds approaches the weight recommended
by the manuals for the start of the laying peak,
indicating good assertiveness of the equations. In
the current study, WM varied from 1.085 to 1.399
kg as a function of the density and model utilized.
Thus, the biological interpretation of the
parameters, as a criterion in the evaluation of the
growth curve models, allows us to summarize the
growth characteristics of the population (initial
weight, growth rate, and adult weight) into three or
four parameters; to evaluate the profile of responses
of treatments over time; to study the interactions of
the responses of the sub-populations or treatments
over time; and to detect, in a population, heavier
animals at earlier ages (FREITAS, 2005; THOLON;
QUEIROZ, 2009).
According to Bianchini et al. (2008), biological
phenomena in animal development are quite
complex, involving interactions among hormonal,
nutritional, genetic, and metabolic factors, defined
as an increase in size resulting from changes in
the functional capacity of many organs and tissues
of the animal that can occur from birth until the

animal reaches its adult weight. This is illustrated in
Figure 1, in which weight gain is more pronounced
(acceleration phase) from the start of animal
development until the individual reaches maturity
or adult body weight, corresponding to a relatively
constant linear growth rate; after this, there is a
decline in growth rate, which approaches zero or is
considered null.
Because the maturity rate (k) represents the time
required by the animal to achieve its maximum
weight gain or asymptotic weight, the results
demonstrate that because of the relatively small
variation in weight at birth, the variation between
k values represents precisely the variations in
the relative speed at which the animal grows
(MALHADO et al., 2009). Thus, in agreement with
Sarmento et al. (2006) and Santana (2013), animals
that present a lower growth rate tend to reach higher
maturity weights, showing an inverse relationship
between Pm and k; this was shown in the current
study, in which the birds that displayed a k of 0.02
g day-1 had an average WM of 1.385 kg, and birds
with a k of 0.05 g day-1 had an average WM of 1.100
kg.
The inflection point (t) was obtained by the first
derivative of the mathematical models utilized as
a function of increasing time until the maximum
growth point was reached. This ranged from 51 to
54 days in the Gompertz model, in which animals
reached a maximum growth rate of 12 g, and
from 56 to 57 days in the Logistic model, with a
maximum growth rate of 13 g. From this point, the
growth rate shifted from increasing to decreasing,
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i.e., growth slowed until it became null when the
birds reached maturity (Figure 2). According to
Marcato (2007), the inflection point of the growth
curve is a parameter of great economic interest
that indicates the age at which birds present their
maximum growth rate.

According to Neme et al. (2006), the maximum
growth rate (t) is named the inflection point of the
growth curve, and it represents the exact moment
when the growth rate shifts from increasing to
decreasing, such that as the animals age, their growth
rate decelerates and their weight gain decreases.

Figure 1. Growth curve adjusted to the average weight estimated by the models of Gompertz (─) and
Logistic (- -).
Figure 1. Growth curve adjusted to the average weight estimated by the models of Gompertz (─) and Logistic (- -).
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ability, and simplicity of the model (SILVEIRA et
al., 2011).
The coefficient of determination (R2), one of
the evaluation criteria, expresses the proportion
of the total variation observed in the sample data,
indicating how much of the total variation is
explained by the model. Low values indicate a poor
fit, whereas high values show that the model gives

an excellent fit. R2 expresses the proportion of the
total variation observed in the sample data that is
explained by the adjusted model. In the current
study the Gompertz model presented an R2 of
0.999, whereas in the Logistic model R2 was 0.995,
indicating the only difference between the models,
which was not detected at the densities studied for
this criterion.

Figure 2. Maturity rate and time to maturity and maximum estimated by the models of Gompertz (─) and
Logistic
(- -)
Figure 2. Maturity rate and time to maturity and maximum estimated by the models of Gompertz (─) and Logistic (- -)

It was observed that the Gompertz model presented an R2 of 0.999, whereas the Logistic model
showed 0.995, indicating only difference between the models, which was not detected for the densities
studied for this criterion.
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It was observed that the Gompertz model
presented an R2 of 0.999, whereas the Logistic
model showed 0.995, indicating only difference
between the models, which was not detected for the
densities studied for this criterion.
The coefficients of determination were higher
than 99%, indicating that the growth of the animals
was estimated adequately in the conditions of this
study, and all functions showed an almost perfect
fit, indicating that the studied models were suitable
for estimating body growth from the weight/age
data of the layers at different population densities,
with a high degree of confidence.
The mean squared error, utilized as a criterion
to compare models, expresses the residual variance
originating from a model; the lower its value, the
more adequate the evaluated model. In this regard,
the Gompertz model showed lower values for MSE
than the Logistic model. Considering the different
densities within each model, density D3 showed
the lowest MSE (43.304) in the Gompertz model,
whereas with the Logistic model the estimated D2
was 84.389.
With regards to Akaike’s information criterion,
the Gompertz model had a lower mean value than
the Logistic model: 9.42 and 10.13, respectively.
Within the Gompertz model, density D3 showed the
lowest value for this criterion of evaluation of fit.
A lower value for Akaike’s information criterion
is considered to represent a better fit; thus, in
the selection of models one should aim at its
minimization. The logic of the test is that there is
no hypothesis being tested as in the F test; on the
contrary, it allows us to determine to what extent
and which model is the most correct. The theoretical
mathematical basis of this criterion is rather
complex - it combines maximum likelihood theory,
information theory, and the concept of information
entropy (FLORIANO et al., 2006).
For the final comparison using statistical tools
like the AIC, only the models that fit well to the data

should be considered, and those that do not provide
good results should be disregarded (MOTULSKY;
CHRISTOPOULOS, 2003).

Conclusion
The models estimated the growth of white-egg
layers housed at different population densities, with
the Gompertz model showing a better fit than the
Logistic model.
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