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Abstract: This article is concerned with the stability and dynamics for the weak damped Lamé system with
nonlinear time-varying delay in a bounded domain. Under some appropriate assumptions, the global well-
posedness and asymptotic stability are shown in the case where the delay coefficient is upper dominated by
the damping one. Moreover, the finite dimensional global and exponential attractors have also been presented
by relying on quasi-stability arguments. The results in this article is an extension of Ma, Mesquita, and
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1 Introduction

The Lamé system is a classical model to describe the conservation law for isotropic elasticity, which can be
represented as follows:

Ouu(x, t) — uAu(x, t) = (A + wvdivu(x,t) =0 in Q x R,

where u = (uy, Uy, u3) stands for the displacements of the elastic body in a bounded domain Q C R3, the
positive coefficients ¢ and A are the Lamé constants, and the physical background can be seen in, for instance,
[9,10,14,28,36,38] and literatures therein. For mathematical analysis of damped Lamé system, especially the
stabilization and control, we refer the readers to [1,6,7,23,29].

Physical reasons, non-instant transmission phenomena, memory processes, and specific biological moti-
vations make retarded differential equations as an important area in applied mathematics. The effect of delay
was first investigated from mathematical analysis in differential equations, and applications to control theory
and engineering, see [11,12,18,20,21,24,35,40] and references therein. The investigation of stabilization and
control of wave equations featuring delay effects acting on the boundary or interior can be seen in that
studies of Nicaise and Pignotti [31,32], Nicaise et al. [33,34], which also give the damping-delay interaction.
Moreover, the delay on hyperbolic systems has been considered, for instance, viscoelastic equations with delay
in [15,17,18,22,26,39], Breese-Timoshenko system with delay in [19], and wave equation with memory in [3,8].

Although fruitful results on the hyperbolic systems with linear or distributed delays have been obtained in
related literatures, as our best acknowledge, there are still less results on the nonlinear or unbounded delays
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acting on hyperbolic equations, which is our motivation for this research. This article is presented to inves-
tigate the stability and dynamics for the following Lamé system with weak damping and nonlinear time-
varying delay in a bounded domain x € Q C R3 and t € R*:

Oull — Al + 0U + aou(x, t — p(t)) + f(u(x, t)) = h(x) in Q x R,
u(x,t) =0 on 0Q x R*,

u(x,0) = (), ow(x, 0) = w0 in @, D
dux, t - p(t) = g(x, t = p(t)) in Q x (0, p(1)),
where 4, denotes the Lamé operator defined as
-Aou = —[pAu + (A + wVdivul; (1.2)

@ and a; denote positive parameters; h be the source term; uy, iy, and g, represent the general initial and delay
conditions, respectively; and the function p(t) : R* - R* denotes the nonlinear time-varying delay. If p(t)
reduces to constant, then what we consider is the same as in the study by Ma et al. [29]. Moreover, if a memory
term is added to equation (1.1), A + u = 0 and nonlinear term f(u(t, x)) = 0, in (1.1), then equation (1.1) is the
same as in [39].

In order to deal with the nonlinear time-varying delay term in equation (1.1), originated from the tech-
niques proposed by Conti and Pata [15], Dafermos [16], Datko [18], Nicaise and Pignotti [31,32], Ma et al. [29],
and Yang et al. [39], we introduce the following new unknown variable to represent the delay term:

z(x, n, t) = ou(x, t = np(1)). (1.3)
Then, z(x, n, t) satisfies

poz(x, n, t) + (1 = npoyz(x,n, t) =0 in Q x (0,1) x R,
z(x,1,¢t) = o;u(x, t - p(t)) in Q x RY,

. 1.4)
z(x,0,t) = du(x,t) in Q x R*,
z(x, n, 0) = gy(x, —np(0)) in Q.
Using equations (1.3) and (1.4), the system (1.1) can be written as equivalent form as follows:
Orul(x, ) = Aeu(t, x) + mou(x, t) + az(x, 1, t) + f(ulx, 1)) = h(x) in Q xR,
patZ(X) n, t) + (1 - r]p')a,,z(x, n, t) =0 inQx (01 1) X IR+)
u(x,t)=0 on 92 x R", 15)

u(x, 0) = up(x), ou(x,0)=u(x) in Q,
z(x,0,t) = d;u(x,t) in Q x R*,
2(x, 0, 0) = g(x, -np(0)) in Q x (0,1).

Our analysis in this article is to study the well-posedness, stability, and dynamics of the Lamé system (1.5), since
the delay term is a source that may destabilize the asymptotic stability of an evolutionary system. The main
results and features of this article are summarized as follows:

(D) Since the delay in equation (1.5) is nonlinear, the semigroup approach is not easy to be used as in lot of
literatures to obtain the well-posedness. The new Dafermos transformation and phase space with delay are
used to deal with the nonlinear delay firstly. Then, the global well-posedness and stability are obtained by
Galerkin’s approximation method and compact argument similar as in [25], see Theorem 3.1. Using the multi-
plier method, the estimates of energy functional has been shown under assumption on generic nonlinear term
f(u), see Theorem 4.1. Moreover, the finite dimensional global and exponential attractors have been derived
by verifying the quasi-stability of gradient system for equation (1.5), and the structure of global attractor has
been described by unstable manifold of equilibrium, see Theorem 5.4. In comparison to [39], because of the
nonlinear increasing term f(u), we cannot derive the exponential decay of total energy as in [39] and only
present the uniform boundedness and monotone of energy functional &(t).

(I1) The interface between nonlinear delay and weak damping is a key condition for establishing the global
well-posedness, asymptotic stability of energy functional, and quasi-stability of gradient system, i.e., &; > a;
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and -2 a;/ < & < p(2ay - a). Conversely, as in [26,33,34], the total energy functional is instable for equation (1.1)

-
with nonlinear time-varying delay p(t) for a; < a5.

(II1) The main difficulty here is the balance between time-varying delay and nonlinear f(u) in energy
estimates, uniform boundedness of energy functional, and quasi-stability of gradient system. In comparison to
[39], our system contains a nonlinear term f(u), which complicates the application of multiplier technique, as
well as the balance between constants of weak damping and time-varying delay. Moreover, we also modified
some unreasonable hypotheses on the delay term proposed by Yang et al. [39].

(IV) From mathematical analysis, our results in this article is an extension of Ma et al.’s recent work [29],
which also cover the work by Yang et al. [39]. Since the Lamé system models seismic waves composed of P-
waves and S-waves, the nonlinear delay in equation (1.1) is more prevalent than the linear case from physical
interpretation, which means the motion of wave is not only dependent on the current state, but also the past,
such as the delay and memory effect see [4,9,10,14,28,36,38].

The structure of this article is organized as follows: in Section 2, the preliminaries have been listed for
preparation; the well-posedness has been presented in Section 3; in Section 4, the asymptotic stability and
energy estimates are also shown; and the dynamics for gradient systems is proved in Section 5.

2 Preliminaries

2.1 Assumptions

To proceed with the analysis of our problem, the following assumptions is forced on time-varying delay term:
(H1) The nonlinear time-varying delay p(-) is a C!-function satisfying

0<p®)=sp, 0<p(®)sp,<1 fort=0, (VA

such as the choice of p(s) = eTs

We also make the following assumptions on the external force h and generic nonlinear term f = (f}, f;, f3):
(H2) The external force h € (I3(Q))3, e.g., h(x) = B sinx with positive constant B > 0.

(H3) For each vector field u = (uy, uy, u3), denote f;(u) = f;(w;) fori = 1, 2, 3, we assume that f; € C%R), which

has at most critical growth in Sobolev embedding with three dimension, i.e., |[f;(s)| has at most cubic

growth as in that study by Arrieta et al. [2] and Cavalcanti et al. [8]. Moreover, there exists ¢ > 0 such that

7@l <c@+u), ueR,i=123. 2.2

In addition, there exist positive constants m, my > 0 such that

3 U

Fa = 3 [fds 2 - uf - my 23
i=17
and
f) uz-mjuf - my (2.4)

hold for the vector field u € R® and 0 < rit < uA;, where A is the first eigenvalue of the Laplacian
operator -4 in H}(Q).
Examples for the nonlinear term f(u): It is easy to verify that f(u) = u® and f(u) = usinu satisfy the
assumption (H3).
(H4) Moreover, the viscosity coefficients satisfy

u+Az20 and u>0.
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(H5) In addition, we assume that

a > ady. (2.5)

2.2 Functional settings

Some properties of the Lamé operator -4, and the energy space for the global solution are presented in this
section for preparation. The spectrum analysis of -4, and its corresponding domain have been considered in
the study by Belishev and Lasiecka [6], which has been used for the construction of energy space similar as in
[7,13,19,29,39] and literatures therein.

* Functional spaces:

Throughout this article, the norm for LP(Q) (p = 1) is defined as follows:

3
-1 = I|~|de for -€LP(Q) and |julff = Z||ui||§ for u = (wy, wy, us) € (LP(Q))3.
Q i=1

The generic inner product for u,v € (I*(Q))° is defined as (u,v) = Z?=1(ui, v;), where (u;, v;) = Jguiv,-dx.
Analogously, the inner product of (H3(®))? is

3

(Vu, W) = Z(Vui, vi),
i=1

with (Vu;, Vv;) = JQVui ‘-Vydx foru,v € (H&(Q))'{ see, e.g., [13,37] and related literatures.

* The Lamé operator:

To deal with the Lamé operator -4, defined in equation (1.2), one defines the inner product and norm of
corresponding operator -4, in (Hi(Q))? as follows:

U, v)e = u(Vu, Vv) + (A + p)(divu, divv) (2.6)
and
l[ullf = ulVulf + @ + | divuld, @7
respectively. The norm (2.7) is equivalent to the generic one of (H{(Q))? and satisfies
UVl < Jlullz < aol Vull

for u € (HX(Q))?, where ay = max{u, 3(A + )}, see the literature [6].

Definition 2.1. (See [6]) The operator -4, is defined by
(_Aeu’ V) = (u) V)e (28)
for u € D(-4,) and v € (H}(Q))3, where D(-4,) = (H¥(Q) N HY(RQ))*.
From equations (2.6) and (2.7), the Lamé operator is positive and self-adjoint in (L*())3. Hence, there exist

eigenvalues A; and its corresponding eigenfunctions {e;}2; € (Ha(®))? such that

—Aeei = Aie,- in Q,

2.9
¢=0 on 0%,

where 0 < A < < are the corresponding eigenvalues. Moreover, {ej}; is the orthonormal basis for
(H3(Q))? and (L*(Q))%, see [6,14,29] for more details. The problem (2.9) implies
(-Au =Y i, e)e

for u € D(-4,). The fractional power of the Lamé operator is defined as
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(-8)u = Y A (W, ee;
i=1

for u € D((-4.)") with a € (0, 1), especially, D((=4¢)"2) = (Hg())*, || le)-
* Energy spaces:
Assume that ¢ > 0 satisfies

4}
1’1—;, < &< pm - a) (2.10)

be fixed such that for the delay term y = y(x, n,t),z = z(x, n, t) € (I*(Q x (0,1)))%, and we can define the
inner product and norm as

1
(2.y) = & [ 20,0, 0y yox, 1, ©ydndx
Q0

and
1
Izl = &f [1z0x, n, o) dndx
Q0

respectively, see the similar notations in the study by Yang et al. [39]. Moreover, the assumption (2.1) assume
that equation (2.10) and the above definition is reasonable.
The energy space of global solution to system (1.5) can be defined as the following Hilbert space:

H = D((4)V?) x (LA(R))% x (LA x (0,1)))* (2.11)
endowed with inner product
((a, v, 20), (Up, Vo, Z2)) = (U, Up)e + (V1, V) + (Z1, 2D
and norm

2 2 2 2
@ v, 2l = [lulle + |VIz + [|zIle-

3 Global well-posedness: existence and uniqueness

Next, we will use Faedo-Galerkin approximation method and compact argument to prove the well-posedness,
which needs a lemma to verify the initial data.
Lemma 3.1. (See Ball [5]) Let X and X, be two Banach spaces, X = (Xy)'. If

Un > u in LP(0, T; X),

Al = Bu  in LP(0, T; X)
for p € (1, ], then u,(0) = u(0) in X.
Theorem 3.1. Under the hypotheses (H1)-(H5) and the given initial data (ug, u;, g,) € H, the problem (1.5)
possesses a unique global weak solution (u, d:u, z), which satisfies

(ux atuy Z) € C([Oy T]’ 7_{) (31)

for arbitrary T > 0.
Moreover, for a bounded set B C ‘H , there exists a positive constant C = C(T, B) such that it yields the
continuous dependence on initial data as follows:
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Z(t) - ZXO)|B < C(T, B)||1Zg - ZE|j3 32

for t € [0, T] and any initial data Z} € B with i = 1, 2, where Zi(t) = (u, d.u, z') is the weak solution.

Proof. The proof is divided into the following steps.

Step 1: Local solution of Galerkin’s approximated equations

Let W, = span{ey, ...,ey} is the finite dimensional subspace of (H(Q))® = D((-4,)"2), since (HH(RQ))® is
dense in (I*(Q))3, there exists two sequences {U,} and {u,,} in W, such that

m
Uom = D Uimé; — Uy in (HI(R))?, 33)
i=1

Um = ) Pyt = W in (LA(Q))? (.4)
i=1

as m — o, Let {w;(x, N}, be the orthonormal basis for the Hilbert space (L*(Q x [0, 1]))? satisfying w;(x, 1) =
e(x), and let V;, = span{wy, Wy, ...,wn} is the m-dimensional subspace of (L*(Q x [0, 1]))%. Similarly, we can
choose a sequence {zg,, = Z;Zlyimwi} such that

Zom = &y(x, —1p(0)) 3.5
in (I%(Q x [0, 1]))3 with zy, € Vi, as m — o,

By the definition

n(t, %) = Y a0, Zn(t, X, 1) = Y BrOWIX, ),
j=1 j=1

we can construct the approximated solution (upm(X, t), zn(t, X, n)) with
ai'(t) = (um(t, x), (), B"(O) = zm(t, X, ), Wi(x, N).

Thus, a/'(t) and ﬁj’"(t) satisfy the Cauchy problem of functional differential equations

i) e - x + a'(0)|u [Ve; Vedx + 4 + ) [ dive; - divedx
Q Q Q

+ ad'(0) [ gx + apr(®) [wy(x, Degdx + | £ Za;“(r)e;’, ejy = [neogax,
2 2 J=1 Q (3.6)
an(e) = Zﬁ]fn(t)jw,(x, 0)e;dx,
j=1 Q
a'©0) = [uon- gdx, @7'(0) = [u - g
Q Q
and
m 1
PO + Y B[ [ - np)oywitx, miwix, maxdn = o,
i=1 0Q
3.7)

1
B = [ [ gy - witx, maxan.
0Q

The systems (3.6) and (3.7) are the first- and second-order Cauchy problem for functional differential equations.
Since f; € C%(R), by the local existence of unique solutions for functional differential equations, equations (3.6)
and (3.7) possess local unique solutions a}”(t) and ,B;”(t) on time interval [0, T;,,) for some 0 < Tp,, < T, respec-
tively, i.e., the local existence of unique solutions u,,(t, x) and zx(t, x, n).
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Next, the local approximated solutions can be extended to global by the following uniformly a priori

estimates.
Step 2: Uniformly a priori estimate
By Step 1, the approximated systems can be written as follows:

(Oecum(t), €) + [U(Vup, Vey) + (A + w)(diviy, dive;)]
+ (0cUn(t, X) + Wzn(X, 1, 1), &) + (f(Unm), ¢) = Ih(X)ejdx
Q

Zm(x, 0, t) = Osup(x, t),
(Um(0), 0¢unm(0)) = (Uom, Uam)

and

[ozmte, n. 1), @) + (@ = npY3yzm(x, 0, 1), wp)dn = 0,
0

Zm(x, 1, 0) = Zopm.

Multiply equation (3.8) by @" and take the sum of j from 1 to m, which yields

j(azumﬂdx + uJ(Vum)de *Q4 u)j( divi)dx

Zdt

+ o [(@uttm?ax + @y [ 208, 1, 0)-Bettnx + [F ) Bettmelx
Q Q Q

= Ih(x)-alumdx.
Q

Integrating with respect to time variable from 0 to ¢, we derive

%[I(azumﬂdx + uJ<Vum)2dx + A+ u)j( divity)dx

+ a1j||asum(s)||2ds +a Hzm(x 1, 5) Osti(s)dxds + J' F () dsumdxds

0Q
t

1 .
= [[neeroum(s)axds + 2 Uluamlly + [ Vitonlly + (4 + @) divuon i)
0Q

Multiply equation (3.9) by ﬁ.’"(t)/p(t) and take the sum of j from 1 to m, which lead to
zar” X, n,t)dxdn+—J' 2(x,1, 1) - z2(x, 0, t)dx

_P [ P ([, _
2 Izm(x, 1, t)dx + 2 ‘O[Z[zm(x, n, t)dxdn = 0.

Q

By integration of equation (3.12) with time variable, we obtain that

1 t
l 2 i 2 _ 52
2 _”zm(x, n, ydxdn + {;[ 35200 1,9) = 26,0, 9))dxdls

_”—zm(x 1, s)dxds + I.”_Zm(x n, s)dxdnds

00Q

- % j [z, . tyxan.
0Q

(3.8

(3.9)

(3.10)

(311

(312)

(313)
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Multiplying equation (3.13) by &, then summing up with equation (3.11), and setting

1 . 1
En(t) = E[“atum“% + ullVumllf + A+l divinlf + [1zm(OI] = E[Hatum“% * umll} + llZn(®IF], G149

we have
t t
¢1-p9)
En(®) + |ay - zi]jnasum(s)ngds + ij||zm(x, 1,5)|Bds
p 0 p 0
t1 fp’ t
+ 2—z2(x, n, s)dxdnds + ay | | zm(x, 1, $)- Ostip(s)dxds + | F(up,)dx (3.15)
ik e yomtoyas s

t
= IIh(x)~asum(s)dxds + Ep(0) + J'F(uOm)dx.
0Q Q

Next, we shall estimate equation (3.15) under the hypothesis a; > @, to achieve the uniformly bounded for
approximated solution in energy space.
From the energy identity (3.15), using the Young inequality, we obtain

t t
a; d-p) «
En(®) + a1 - % - 2 floan()lds + | === = 2| [llzn0e 1 9)fds
0 0
(&
+ 2—z2(x, n, s)dxdnds + | F(uy,)dx (3.16)
e

t

< J' (0 Bgtty(s)dxds + Ep(0) + IF(uOm)dx.
0Q Q
From the assumption (2.3) and the equivalent of norm between D((-4,)!?) and (H(}(Q))3, we can see that

m

Since (Uom, Wim, Zom) are the projection of (ug, w, gy(x, —np(0))) in W, x Wy, x V,, we can see that

m
[P > =2l - mylel. 317)
Q

1
En(0) < E(IIVuoII% + Jlwlly + llgoCe, ~nT(ODIE) = E(0). (318)
. . . K a Ed-p9) a o
The hypothesis (2.10) implies a; - w2 0 and T T2 0, and the condition (H3) deduces

% - zl > 0. By hypotheses (H1) and (H2), from equation (3.18), we conclude that there exist positive constants
1

G, G, and ¢; and a small enough parameter & > 0 such that

1 1 m
Slloanlf + llza(OIE] + [g - Z—M]uumnz
t t t
+ (g - eO)I||asum(s)||%ds + CZI||Zm(X, 1,9)|3ds + C3I||zm(x, n, $)|ftds (3.19)
0 0 0
C . . m
< (Il + |1+ < |E©) + 2mylQ.
&o 2
Choosing ¢, = min[%, % - % > 0, the energy inequality (3.19) leads to the uniform boundedness as follows:
En() < C (3.20)

for allt > 0, here C is a positive constant independent on m. Moreover, the nonlinear term is also bounded as
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<C. (3.21)

JFumyax
Q

Thus, the inequalities (3.19) and (3.20) imply the uniform boundedness of (up, d:Un, Z,) in appropriate
functional space as

{un¥n-q isbounded in L*(0, T; D((-4.)?)), (3.22)

{Outtm)—, is bounded in L=(0, T; (L3(R))%) N L2(0, T; (IA(Q))?), (3.23)
{Zm(x, 1, ) = Bup(x, t = p(t))¥o-; is bounded in L2(0, T; (L3(Q))3), (3.24)
{Zm}m=1 is bounded in L=(0, T; (I2(Q x [0,1]))%) N L*(0, T; (L*(Q x [0, 1]))%). (3.25)

By the Dunford-Pettis theorem, there exists a subsequence (still denote (uy,, 0:Um, Zn) without confusion), such
that the convergences

Un = u weakly * in L*(0, T; D((-4.)"2)), (3.26)
AUty = du weakly * in L*(0, T; (IX(Q))?), (3.27)
Oy, — 0u weakly in L2(0, T; (I2(Q))%), (3.28)
Zm = z weakly * in L0, T; (I3(Q x [0, 1]))3), (3.29)
Zn — z weakly in I2(0, T; (I*(Q x [0,1]))%) (3.30)

hold.
Step 3: Compact argument and passing to limit
Since the embedding (H3(Q))® = (LA(Q))? is compact, we conclude that

Uy — u strongly in L2(0, T; (I*(Q))%), (3.3
Uy —» u ae.in (L¥(Q))> (3.32)

for some u € L°(0, T; D((-4.)"?)) and z € L2(0, T; (L*(Q % [0, 1]))%).
By the uniform boundedness of {uy,} in L°(0, T; D((-4,)"?)), we can obtain

dettm(x, t = p()) = duu(x, t - p(t)) weaKlyin IZ(0, T; (IA(Q))?). (3.33)

Since f(-) € C? by using equation (2.3) and the uniform boundedness by equation (3.21), from the compact
embedding D((-4.)'%) = (L*(Q))°, we have the weak convergence

F(up) — F(u) weaklyin L*(0, T; (I*(Q))%). (3.39)

Thus, using the convergences (3.26)—(3.34), passing to the limit, we can conclude that (u, o:u, z) is a weak
solution to system (1.5).

Step 4: The verification of initial data

From equations (3.26) and (3.27), we derive

um € C([0, T]; (ZA(Q))*), (3.35)
which implies u,(0) = u(0). By the assumption, it is easy to check
Un(0) = Ugy — Uy in (HH(RQ))S. (3.36)

Since (H3(Q))? is dense in (L%(Q))3, it yields u(0) = uy.
From equation (3.27), it is easy to check

(Octtm(t), &) = (Beu(t), €) (3.37)

in L”(0, T). Equation (3.8) and convergence (3.26) lead to
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@ . @
22 (Um0, €) = (Bulim, &) = (Bt ) = -5 (u(D), ), (3.38)

where (-,-) denotes the dual product between (H}(Q))? and (HX(Q))3, also (L%(Q))? to itself.
If o.u(t) € (I3(RQ))3, then

d « d
E(atum(t): g) — E(atu(t)’ e). (3.39)

Using Lemma 3.1, we deduce

(Oeum(0), ) — (0:u(0), ¢). (3.40)

By the assumption, we conclude that (6,u(0), ¢;) = (uy, €), which implies d,u(x, 0) = w;(x) in (L2(Q))3.

Passing to limit of equation (3.13), combining equations (3.5) and (3.28)-(3.30), and comparing with
resulting equation and equation (3.13), we can conclude that zn,(x, n, 0) = g(x, —np(0)).

Step 5: Continuous dependence on initial data and uniqueness

Let Z' = (ul(t), 0.ul(t), zX(x, n, t)) and Z2 = (U2(t), O:u?(t), z%(x, n, t)) be two global weak solutions for equa-
tion (15) and denote Z = (u, d:u, z) = (u! - u?, ou' - au?, 21 - z%), then for any ¢ € CY([0, T]; (LN(R)*) N
C([0, T]; (H}(Q))®) with ¢(x, T) = 0 and ¥(x, n, t) € CY([0, T]; (LXQ x [0,1]))*) with ¥(x, n, T) = 0, the differ-
ence Z(t, x) satisfies

T

I[-(atW(t), 0:4(t)) + (W(t), p(D))e + w(Bu(t), p(D)) + ax(z(x, 1, 1), P(1))

0

+ (fW®) - fA®), p()]de = 0,

T
J[(patz(x) n) t)) lp(Xa ’7; t)) + ((1 - npl)al’]Z(Xy ’7: t)) l/)(X, ’7) t))]dt = 0: (341)
0

w(x, t)lag =0,

w(x, 0) = ug(x) - u¢(x), dw(x,0) = uf(x) - u(x),
z(x,0,t) - z%(x, 0, t) = 9w(x, t),

Z4(x, 1, 0) = z%(x, n, 0) = g} (x, ~np(0)) — g(x, =np(0)).

For s € [0, T}, setting

t
500 - - [pmar, tss, 6
S
0, t>s
for y(t, n, t) = %z(x, n, t) and 1,5 = J(;z(x, n, T)dt, noting that f(u) € C% we have
1d
2 dt

1
+ | = —|||0culf}
1 2p||z||z

1
oau(I + u)| + [[2%x, n, tydxdn
0Q

p 343
-p (3.43)
2

< ay(z(x, 1, 1), oaw)| + |(f(uh) - f(u?), du)l.

1
+

_[zZ(x, 1, )dx + g—/ j”zz(x, n, ydxdn
Q p 0Q

Hence, there exists a Ly > 0 such that
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+

1 t
1
ool + (I + [ 22, n, dxdn]| + |a - g]ﬁwtu(s)n%ds
0Q 0

1
2
+ 1;—[)131 j)—'S[ZZ(X, 1, s)dxds + %jjjzz(x, n, s)dxdnds (3.44)

00Q

2
pPa;

1
—+_
1—pl 2A1

t Lz t

f
Jiou@igas + = [iiucs)iéas.
0 0

2 1% 2 12
Ch 1 't t C— 1 &_Fiiff _i>0 dC— 1 PG +i+i_ l

oosmglapproprla e parameter Cs = min{;- PR o fora 2 ,and Cs = min{; - ottty @ B
for a; - % < 0, then using Gronwall’s lemma, we have the continuous dependence on initial data (3.2) for

C(T, B) = max{Cs, Cs}, which implies the uniqueness of global weak solution. O

Remark 3.2. Similar as in [39], the global well-posedness cannot hold if ¢; = a, since the energy estimate (3.19)
not holds, which leads to the invalidity of compact argument and passing to the limit for the case &; = a,.

Corollary 3.3. Based on Theorem 3.1, the weak solution in equation (3.1) generates a nonlinear Cy-operator
{S(O)}i=0 in H defined by

St): H - H,
S(t)(uo, Uy, g()) = (u(X, t)’ atu(xr t)) Z(X) n, t))’ t> 0;

where (u(x, t), 0:u(x, t), z(x, n, t)) is the weak solution corresponding to the initial data (uo, W, g,). The corre-
sponding dynamic system can be denoted by (H, S(¢)).

4 Energy estimates and asymptotic stability
The energy functional for problem (1.5) is defined as

1
&) = 1w, 0, 2)[f, + [Fauenax - [n- uax, )
Q Q

then we have following asymptotic stable result for the decay rate of the energy functional (4.1), which plays
an important role in control theory and engineering.

By using the multiplier technique, such as in Liu and Zheng [27], Ma et al. [29], Yang et al. [39], we will show
the energy estimates and its exponential decay in this section.

Lemma 4.1. The energy defined in equation (4.1) for system (1.5) is decreasing, and there exists a positive
constant C such that

d
&0 = =C(lloau®)ll; + 1|20 1, Ol + (1206 0, OI)- (4.2)
Proof. By equations (1.4) and (1.5) and computation, we have

Ia,u(t)-anu(t)dx = ij(a,u(t))-Vu + L+ ) div(eu(e)) divuldx - o j(a,u)Z(t)dx
Q Q Q 4.3)

- az_[atu(t)- 2(x, 1, t)dx - If(u)-atu(t)dx + jh -du(t)dx
Q Q Q

and
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JIZ(X, n, t)0:z(x, n, t)dxdn

0Q
1
1 — ’
- - [ p”p 2(x, 1, £)-0,2(x, n, t)dxdy (4.4)
- pl 1 p’ 1
- _ 2 = 2qy - £ [[,2
- - _[z 061,00 + 5 J-(atu(t)) dx - o _[J'z (x, n, Oydxdn.
Q Q 0Q
Hence,
d 1-p’
S 6(0) = - [@u(0x - g [autey 26x, 1, nx - XL [1200,1,
Q Q P Q
; & 1
.o j(atu(t))de - zi [J 220, n. yaxdn (4.5)
P Q P 0Q
§1-p) _a o |
oy - > - ]j(atuﬂ(t)dx [ "o |0 ”Zz(’“ 7 Ddxdn,
Q
and the assumption (H1) and equation (2.10) assure that a; — ip - % >0, g(%ppl) % and E" > 0, which
implies the lemma. O
Lemma 4.2. Define
6(0) = [au(ty u(tydx. “6)
Q
Then, we have
d
i; ) < cloa + Ca 22(x, 1, ydx - J’f(u) udx + J'h udx - ||u(t)||§ @7

Q

for some positive constants C; and C;.
Proof. Noting that

o Jour wax ==l + loacolB - a foa uax - @ fatx,1, 0 uax
Q Q Q (48)
- Jfa- udx + [n- udx
Q Q

and

-y | O - udx - aZJz(x, 1, t)- udx
Q Q

2 2
% % u
< | —=@uw)idx + —=|z%(x, 1, t)dx| + = | |Vu(t)>dx 4.9)
‘Hﬁli’( () qul‘SI; ( ) 2_g[| @l

hold, we can derive the result

g
dt [1 "

2
1
2o + y— 24x, 1, t)dx = [F(uy udx + [ - udx - SO, 4.10)
Q Q

which implies the desired result. O
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Theorem 4.1. Assume the hypotheses (H1)-(H5) and the given initial data (uo, W, g,) € H for problem (1.5) hold,
then there exist constants Cy, C,, Cs, C4 > 0 such that the energy for solution trajectory satisfies the estimates

Cillu(e), dut), 2Oy - C = E() < Gy + ||(u(t), deu(t), (&), (4.11)
and

IQu(t), u(®), ()3 < Ca(l + ||(uo, w, 8I34)- (4.12)

Proof. By the perturbed energy functional technique, the asymptotic stability can be proved. The key idea for

the proof is by constructing a perturbed functional 7(¢), which is equivalent to E(¢), such that 7(t) satisfies the

exponential decay % < —c¥F(t) for ¢ > 0 and uniform boundedness of energy functional for inhomoge-

neous case.
For € > 0, the perturbed Lyapunov functional 7(t) is defined as follows:

F(t) = &(t) + eG(2). 4.13)

Since
|G(0)] = maX[Z, %]S(I), 4.14)
1

and choosing appropriate &, there exists 0 < v; < v, such that the equivalence
Vlg(t) < T(t) < Vz((j(t). (4.15)

holds.
Combining the estimates (4.2) and (4.7), and noting that

m m
[ra@y uwax > o IVl = mylQl 2~ ulle - mylQl, (416)
2 1 Ur
we have

A7) _ _lal _Em Bu(t)|?

o?
1+ —1]
Uk

1-op’ 2
_ [M @ &] [20,1, 00x
2p 2 Uk .
P’ €
- g0 0, O = e [Fr utx+ ¢ [ udx - Zuco
¢ ) . 4.17)
E a aj 2
< -, — =2 — =& _ -
-l 2 2 g1+ W [lou(o)|lz
§1-p) @ ed|(, P’ 2
2w lz 061, 0dx = 2060, Ol
€ em
+ e!h udx = SOl + el + emylol,
Choosing suitable € small enough such that
{ o at (1-p) a ea P
_____ 1 — - ' - £ . _Z
o)) 2 2 £ +Ml>0, 2 5 !M1>0 and 2p>0’
we can find some positive constant 5, = minja; - % - % - 8[1 + :—i], ’23—[;,2 such that
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em
F(t) < -B,E(1) + Euuug + emy|Q)|. (4.18)

Since #(t) is equivalent to &(t), the asymptotic stability of #(t) and &E(t) as t — « can be estimated as

t ~
F(t) < F(0)ePit + je-ﬁl<r-s>[Z—T||u(s)||§ - emf|g|]ds
1
0

and

t ~

-Bit —B,(t-s) em 2
&(t) < CEO)e Pt + [ehi 2, I + emylolfds < C(1+ E0).
1

0
Using equation (2.3) and Lemma 4.1, it yields IQF(u(t))dx > —%Hu”% - my|Q|, and we can finish the proof of
Theorem 4.1. O

Remark 4.3. An interesting issue is that Nicaise and Pignotti [31] considered the linear wave system with
constant delay

Uy — Au+ aque(x, t) + aoue(x,t = 7) = 0, 4.19)

which obtained exponential stability of solution only if a; > a,, instability occurs for a; < a; with counter-
examples. In the study by Kirane and Said-Houari [22], the addition of memory term helps to save the case
a; = a, for exponential stability, while for @; < ay, the system is still unstable.

In our research, the nonlinear time-varying delay offsets the stabilizing effects of weak damping, Thus, to
obtain suitable energy estimates for stability and dynamic systems, we still need the assumption ¢; > a;.

5 Dynamics: global and exponential attractors

5.1 Theory of dynamic systems

In this section, we will review the theory of global attractors, which can be seen in the studies of Miranville
and Zelik [30] and Temam [37], the quasi-stability theory as shown in the studies of Chapman [10], Lasiecka and
Chueshov [13], and literatures therein.

* Some definitions

Definition 5.1.

(a) (Dissipation) A set By C X is called an absorbing set for the semigroup S(¢) (t = 0) if, for any bounded set
B C X, there exists a time t; = t;(B) > 0 such that for all t > &, S(t)B < By.

(b) (Asymptotic smoothness) The semigroup S(t) (t = 0) is said to be asymptotically smooth in X if, for any
closed bounded subset B C X satisfying S(t)B C B, there exists a nonempty compact set K = K(B) C X
such that dist(S(t)B, K(B)) — 0 ast — oo,

(c) (Asymptotic compactness) A dynamical system (X, S(t)) is asymptotically compact if, for any bounded set
B C X, and sequence {xx} C B, the sequence {S(tx)xx} has convergent subsequence as ty — .

Definition 5.2. A compact set A C X is called a global attractor of the semigroup S(t) if

(i) A is strictly invariant with respect to S(¢t), i.e,, for all t 2 0, S(t)A = A.

(i) A attracts any bounded set B C X: for any € > 0, then there exists a time ¢ = t;(g, B) > 0 such that for all
t 2 t(g, B), S(t)B € O (A), where O (A) is an e-neighborhood of A in X.
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Definition 5.3. Given a compact set M in a metric space X, the fractal dimension of M is defined as follows:

. . InN(M, ¢)
dim# M = limsup =2,
= P n (/e

where N(M, ¢) is the minimal number of closed balls with radius € > 0, which covers M.

Remark 5.4. The Lorentz system, 2D incompressible Navier-Stokes equations, and reactive-diffusion equation
with sub-critical case are dissipative systems, which possess global attractors with fractional dimension, see
[37] for more details.

* Quasi-stability:

Definition 5.5. The unstable manifold M.(N) is defined as the family of y € X such that there exists a full
trajectory u(t) satisfying

u(0) =y, and lim disty(u(t), N) =0, (5.1)
t——c0
where N is the set of equilibrium for S(¢).

Theorem 5.1. (See Chapman [10], Chueshov and Lasiecka [13]) Assume that the gradient system (S(t), X) with
corresponding Lyapunov functional ® is asymptotically compact. Moreover, assume that

(D) ©(S(t)z) - o if and only if ||z||x — oo,

(ID the set of equilibrium N is bounded.

Then, the gradient system (S(t),X) possesses a compact global attractor A C X, which has the struc-
ture A = M.(N).

Definition 5.6. (See Chapman [10], Chueshov and Lasiecka [13]) The dynamic system (S(¢), X) is quasi-stable on
a set B C X if there exists a compact semi-norm ny on Y, the subspace of X, and nonnegative scalar functions
a(t) and c(t), locally bounded on [0, ) and b(t) € L'(R*) with lim,.b(t) = 0, such that for U, U,, EB

IS(OUL = SOk < a®)]|U1 - Vel 5.2)

IS@OT = SOUA < bO||Us = Uik + c(t) sup [ny(y(8) = y, (NI (5.3)

O<s<t

Inequality (5.3) is usually called stabilizability inequality.

Theorem 5.2. (See Chapman [10], Chueshov and Lasiecka [13]) Let (X, S(t)) be a dynamical system and suppose
that the system is quasi-stable on every bounded positively invariant set B C X. Then, (X, S(t)) is asymptotically
compact.

* Fractal dimensional global and exponential attractors:

The key idea for the investigation of smooth dynamics is to verify the following proposition for the
gradient system. A dynamical system (X, S(t)) is called a gradient system if it admits a strict Lyapunov function
or functional, i.e., a functional ® : X — R is a strict Lyapunov function or functional for the system (X, S(t)) if
(i) the mapt — ®(S(t)z) is non-increasing for any z € X;

(i) if ®(S(t)z) = ®(z) for all t, then z is a stationary point of S(t).

Theorem 5.3. (Chapman [10], Chueshov and Lasiecka [13]) Let (X, S(t)) be a gradient system and suppose that
the system is quasi-stable on every bounded positively invariant set B C X. Then, (X, S(t)) has a global attractor
A = M.(N) with finite fractal dimension, where N is the set of equilibrium for S(t) and M.(N) is the unstable
manifold for N'. Moreover, the generalized finite fractal dimensional exponential attractor also exists under
suitable condition for S(t).
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5.2 Finite dimensional dynamics of problem (1.1)

Based on the theory of finite fractal dimensional global and exponential attractor for the quasi-stability of
gradient system proposed by Chapman [13] and Chueshov and Lasiecka [10], we will present the smooth
dynamic for problem (1.5). From the global well-posedness for the system (1.5) in Theorem 3.1, the global
weak solution generates a gradient system (H, S(t)), which possesses finite dimensional global and exponen-
tial attractors as Theorem 5.4.

* Gradient structure:

Lemma 5.7. Assume the hypotheses (H1)-(H5) and the given initial data (uo, t, g,) € H for problem (1.5) hold,
then the dynamical system (H, S(t)) is gradient.

Proof. For the given initial data Zy = (uo, U3, g&,) € H, it yields that
Z(t) = S(t)ZO = (u(t)) atu(t)) Z(X) l'], t))

is a solution trajectory for the dynamical system (7, S(t)) of problem (1.5). Define the total energy ¥ (S(¢)Z,) as
Lyapunov functional by

d 1 2
7Y SWOZ) = 1@ au )l + if(u(t))dx - !h(x) udx. G4
By Lemma 4.1, we have
d
4t YSOZ0) < ~Clou®li + 1206 1, Ol + llz0x 1. Ol}) (5.5)

for t = 0, which implies that the mapping t » P(S(t)Zy)(t) is non-increasing.
By the definition of gradient system, suppose that ¥ (S(t)Z,) = ¥(Zo) for some Z, € H and t = 0. Then,

%W(S(t)Zo) = (. Using the similar argument as in the study by Ma et al. [29] and energy inequality (5.5), we can

conclude that Z, = (ug, 0, 0) is a stationary point of dynamical system (#, S(t)), which implies that (), S(¢t)) is
a gradient system. O

* Dissipation property of semigroup:

Lemma 5.8. Assume the hypotheses (H1)—(H5) and the given initial data (o, U;, g,) € H, then the gradient
system (H, S(t)) corresponding to system (1.5) has a bounded absorbing set 8 in H .

Proof. Analogous to the proof of Theorem 4.1, we consider the functional &(t),
~ 1
&) = E[Ilu(t)llﬁ + [l + (2] (.6)

Then, simple computation gives

%S(t) = I[uVu(t)-Vatu(t) + (A + w(divu(t)) div(o:u(t))]dx
Q

1 (5.7)
+ Joutroaurdx + [[z(x, n, tyaez(x, n, tydxdn.
Q 0Q
Hence, the inequality |[F(u)| < ﬁ [u* + my|Q| implies
- m
e - MII“II? - my|Qf - Ih(X)' u()dx < &(t) < &(0)e . (5.8)
Q

Using the Young inequality, we can derive that
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11 m , 1 , 1 )
2[2 2M]nu(t)ue SIoaI + JllzCx, n, DI
(5.9)
1. 1[ m 1 ) 1 ol -
< |= + = + — + me|Q| + = Bt 4+ 2+ mfQ].
,E0) u[sz o Il + myle] + SHRCOIE e + 2 IhCOIE + myle)
Then, choosing y = min{;(; = =), 3t and y, = 5 + +| - + o= |, it yields that
en, choosing y = minj;(5 2;1/11)’ p[and yy =5 + ylopr + 5 ) it yields tha
~ - 1
YE®) < [yEO) + mylQ] + - [RCO[Ble ™ + ———{IhCOI + mylel. (5.10)
. -
Therefore, by the definition of phase space, we deduce that
1] . 1 1 my|Q|
Yu(®)|B + ||oau@®| + ||z < =|yEWO) + mfQ| + =||h(0)|Ble Pt + ————||hCO)|p + ——. (5.11)
19a@IE + 04Ol + 120 < 7 |yE©) + myle] + JIRCOIEe? + —em SlRGOlE + =
This implies that there exists a closed ball 8(0, R) with radius
2my|Q|
R=———"—|hX)|}5 + (5.12)
S~ oIk
1| E@+mp 121 +5lIheOIR) ,
fort>1+ Eln ; el such that 8(0,R) can be chosen as a bounded absorbing set for
S = IRz +
Y(ur - m) y
gradient system (H, S(t)). Then we end the proof of Lemma 5.8. O

* Quasi-stability:
For the purpose of verifying the quasi-stability of gradient system (H, S(t)) on the difference of two
trajectories, let us take the initial data
Z§ = Wix, 1), wi(x, 1), &4(x, ~np(0))) € H (5.13)

inside a forward invariant bounded set 8 C H for the system (1.5). Thus, the corresponding solution trajec-
tories of equation (1.5) can be denoted by

Zl = S()Z{ = (ui(x, 1), d,ul(x, t), Zi(x, n, t)). (5.14)
The difference of solution trajectories W = (@, 3;®, Z) is denoted by
O(t) = ul(t) - u¥(t), 0D = dul(t) - ou(t), Z =2z%x,n,t) - z%(x, n,t), (5.15)
then we will present the quasi-stability on 8 for difference of solution trajectories as
(@, 3@, Z)|}3; < bsllZd = Zf + cs sup lu'(e) - uX()|. (5.16)

0<s<t

Lemma 5.9. Assume the hypotheses (H1)-(H5) and the given initial data (uo, us, g&,) € H, then the gradient
system (H, S(t)) corresponding to system (1.5) satisfies the quasi-stability property (5.16) for any initial condi-
tions Z{ (i=1,2) in B(0,R) C H.

Proof. Step 1: For any initial condition (ug, uf, g) € B(0, R), let Z = (i, d;ut, z°) be the corresponding solution
for (ug, uf, g}) with i = 1, 2, then the difference of trajectories W (t) satisfies
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0 ®(X, t) = A D0, 1) + 10, + mZ (X, 1, O) + fW) - fW?) =0, x€Q, t=0,
pZdx,n, ) + A - np)Zyx,n,t)=0, x€Q, 0<np=<l, =20,

Z(x,0,t) = 0,®(x,t), XxXEQ, t=0,

d(x,t)=0, XEI, =0,

O(x, 0) = ug(x) - ug(), (X, 0) = u(X) - uf(x), x€E€Q,

Z(x,n,0) = g/(x, =np(0)) - g(x,-np(0)), X € Q.

(517

Define the norm of W(t) = ZX(t) - Z%(t) in H as

” 1

Ewl(t) = E[Hq’(t)ﬂg + [[a: @5 + [1Z@DIE] (5.18)
and

S8(0) = [[uve() V@) + G+ 1 divu(D)(divau(t)]x

? . (5.19)

+ Joowrac@max + [[z@raz®axdn.
Q 0Q

Using the similar technique as in the proof of equation (4.2), we have

§t’
2T

1
d .
Lo <=3 [[ 22000, 0axdn - o, - £ - %]j(a@(t))de
0Q Q (5.20)
2

2T

[z 1, 0ax + [(ra) - )y opax.
Q Q

Step 2: To deal with the difference of nonlinear terms f(u!) - f(u®), we will present a known result from
Ma et al. [29] [Lemma 3.1] directly as follows:

Proposition 5.10. Under the assumptions of Lemma 5.9, for a given € > 0, there exist two positive parameters b,
and b, depending on B such that

t
[Jerscranes)) - faicsny oes)dxds
0Q

. . (5.2)
< biel sup | @(s)|f; + € [ e @|ds + e Je (o ()] + [10u*(S)ID)IIP(s)]zds
1 p 4 e e t 2 t 2 e
O<s<t 0 0
for any y > 0 and t = 0. Moreover, there exists a constant b, > 0 depending on 8 such that
Jora - ray)y edx < byj|; (522
Q
foranyt=0.
Step 3: Defining Go(t) = Igat¢(t)~ @(t)dx, Then, simple computation yields
d 2
2600 = [0y ax + a0y 4.00dx - & Jo,0(0) @(0)dx
¢ @ . (5.23)

- @ Jocty Zx, 1, 0dx - [ - Fay odx,
Q Q

and by the similar method in proving equation (4.7), we have



DE GRUYTER Lamé system with weak damping and nonlinear time-varying delay =— 19

2

d
agqa(t) < [1 y_l]“azq’(t)nz - _[HHV@(I)HZ + A+ )| dive(D)|]

+ % [z 1, 0ax - !;f(ul) - ) ®dx.

Q
Defining
G#(t) = NEw(t) + Gold),

it is easy to see that G(t) is equivalent to Ey(t).

Using Proposition 5.10 and combining the estimates (5.20) and (5.23), we conclude that

1
s i< NP ([ _Leoye
670, Hz Oc, 1, Odxdn = 2|e(0)]

2p 2

¢

+ N[fad) - Faeyodx + by |-
Q

. [N[E(l ) @

- ]sz(x 1, )dx

- I(attb(t))zdx

Step 4: First, for appropriate N > 0 and fixed, there exist Bl >0 and Bz > 0 such that

Bo&w(t) < G2(0) < BEw().

Then, the choosing of parameter N > 0 can deduce

1 _ r
Néf( P) @ IR
2p 2 U
a? Nép’
Nal—i——z 1+ —{>0, and M,
2t 2 U 2p
. . F al | NEp' o1 . .
Setting C = minyN|a; - - = 5| = [1 M TR 4], the estimate (5.25) yields

d . C .
§0A0 50,40+ MO

with M(t) = —§||q>(t)||§ + Nff(ut) - f(u?)-3,@dx + by||®|[3, which leads to
t

G0 < GA0E T + [ehIM(s)ax.
0

By the equivalence (5.26), and using Proposition 5.10, we have

. et
~ 93 2
Ew(t) <= ek’ ||D(s)||sds
1o
C.t
Nb e
[_1 b cup s + N [er@|ds
ﬁl ﬁ1 0<s<t 1 0
2b.Ne™ l?
, 2ele! Ieﬁz (oI + 10X(s)[B)Ew(t)ds.

1 0

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)
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Choosing € < & in equation (5.29), we have

. B, Nb,  bp
Eut) < 2e i By(0) + |2 + 222 sup [0l
ﬁl ﬁl ﬁ1C 0<s<t
(5.30)
2b.Ne™ i
—Zjeﬁz (16 ()I + 104(s)B)Ew(t)ds.
1 0
Multiplying equation (5.30) with eﬁczt, the Gronwall lemma gives the estimate
5 b Q ~ N [t
58 < | 2B + |2+ EZ%]E‘%I sup ||¢(s)|li‘ewﬁfvI‘)(“a‘"l@”g+”""“Z(””5>ds. 6:31)
1 1 1 O<s<t

By the uniform bounded of Z in , we can denote _[0[(||6tu1(s)||% + ||8,u%(s)|3)ds = Co. Then, combining the
embedding D(-4,) = (L*(Q))% the inequality (5.31) implies

. 2beNCo

- e b -¢; |Nb
Sw(t) < BZ —&uw(0)e Bl + 1 -+ ~2€2]9 B sup || ()]l
1 0<s<t
. 2beNCo
e # _¢ Nb 2beNCo
< Py L Zd -z et + [Tl + ~2/i2 e & sup |lul(t) - w¥()|?,
Py B BC 0<s<t
which implies the quasi-stability inequality in equation (5.16). This finishes the proof of Lemma 5.9. O

Theorem 5.4. Assume the hypotheses (H1)-(H5) and the given initial data (uo, w, g,) € H for problem (1.5) hold,
then we have the following results:

The gradient system (H, S(t)) for the problem (1.5) possesses a compact finite fractal dimensional global
attractor A C H, which has the following structure:

A = M(N) (5.32)

where N ={y € H,S(t)y = y} for allt > 0 is the set of stationary points and M.(N) be the unstable manifold
containing all trajectories emanating from the set N .

Moreover, the gradient system has a generalized exponential attractor AP C H with finite fractal
dimension.

Proof. The quasi-stability in Lemma 5.9 gives the asymptotic compactness of gradient system (#, S(t)), and
Lemma 5.8 presents the dissipation. By using the existence theory of finite dimensional attractors in Theorem
5.3, we can derive that the gradient system (H, S(t)) for equation (1.5) possesses finite dimensional global and
exponential attractors A and AP, respectively. Moreover, A has the structure A = M.(N). Thus, Theorem
5.4 has been proved. O
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