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Abstract. This is the second paper of a trilogy intended by the authors in what concerns a unified approach to the stability
of thermoelastic arched beams of Bresse type under Fourier’s law. Differently of the first one, where the thermal couplings
are regarded on the axial and bending displacements, here the thermal couplings are taken over the shear and bending forces.
Such thermal effects still result in a new prototype of partially damped Bresse system whose stability results demand a proper
approach. Combining a novel path of local estimates by means of the resolvent equation along with a control-observability
analysis developed for elastic non-homogeneous systems of Bresse type proposed in trilogy’s first paper, we are able to provide
a unified methodology of the asymptotic stability results, by proving the pattern of them with respect to boundary conditions
and the action of temperature couplings, which is in compliance with our previous and present goal.
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1. Introduction

Inspired by the thermoelastic constitutive laws approached singly in [12] and [25], we address in
the present article (second one within the trilogy) the following Bresse system with thermal couplings
located on the shear force and the bending moment under Furier’s law, which can be mathematically
described as

PA@; = Qx +IN,
plyy =M, — Q,
pAw,; = N, —10Q, (1.1)
pcoby = Oxx — ki To(px + ¥ + lw)y,
pcyt = Oy — kaToVu,
where ¢ = ¢(x,t), ¥ = ¥(x,t), and w = w(x, t) stand for the vertical displacement, rotation angle
and longitudinal displacement, respectively, for x € [0, L], ¢ > 0, and L being the beam length. Also,

the functions 6 = 6(x, t) and ¥ = ¥ (x, t) are the temperature deviations from the reference temperature
Ty along the longitudinal and vertical directions. For the remaining constants, p is the mass density per
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unit of the reference area, A is the cross-sectional area, I is the second moment of area of the cross-
section, [ = R~ where R is the curvature ratio of the beam, k; and k, are coupling constants and ¢,
is the material heat capacity. In addition, the quantities Q, N, and M represent, respectively, the shear
force, the axial force, and the bending moment, whose corresponding constitutive (thermo-)elastic laws
are considered in the present work as

0 =KGA(p, + ¥ +1w) — k0, N =EA(w,—1lg), M=EIy, —k?, (1.2)

where E is the modulus of elasticity, G is the shear modulus and k' is the coefficient of shear.
Replacing, as usual, (1.2) in (1.1) one gets the following thermoelastic Bresse system

010 — k(@y + ¥ +lw), — kol (w, — lp) + k16, =0 in (0, L) x RT,

PV — bre, + k(@ + ¥ +1lw) — k6 + k9, =0 in (0, L) x RT,

p1wy — ko(wy — @)y +kl(pe + ¥ +1w) — k16 =0 in (0, L) x RT, (1.3)
p30; — V10cx + k(@ + ¥ +1w), =0 in (0, L) x R¥,

040 — Y2y + ko, =0 in (0, L) x RY,

where we have simplified the notation on the constants as follows

p1 = pA, p2=pl, k=KGA, ko= EA,

b=EI —py = N —
= ) P3 = P4 = T, Vl—Vz—pCUTO-

Even having the identities y; = y» and p; = p4 from the physical point of view, we are going to see
that it can be mathematically studied as general (and different) constants in computations. Also, we still
stress that the governing model (1.3) stands for a linear planar, shearable, and flexible thermoelastic
beam vibration, which is a special case of networks on flexible thermoelastic (possibly nonlinear) beams
as structured by Lagnese, Leugering & Schmidt [17,18]. All physical aspects including the modeling
of thermoelastic Bresse systems, specially for the constitutive laws (1.2), will be explored in the third
trilogy’s paper (coming work). Here, our goal is to proceed with the second article within the series
started in [2] on the asymptotic stability for beams of Bresse type with, let us say, possible double
thermal couplings. In this direction, we consider the thermoelastic Bresse system (1.3) subject to initial
conditions

@(x,0) = go(x), @1 (x,0) = @1(x), Y (x,0) = Po(x),
Vi (x,0) = Y1 (x), w(x, 0) = wo(x), w; (x, 0) = wi(x), (1.4)
0(x,0) = 0y(x), P (x,0) = 9y(x), xe(0,L),

and either the full Dirichlet or mixed Dirichlet-Neumann boundary conditions

ox,t)=v@x,t) =wlx,t) =0(x,t) =0 (x,t) =0, xe{0,L},t >0, (1.5)
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or
(p(xvt):wx(x’t):wx(x’t)zex(x’t):ﬂ(xat):O’ xE{O,L},t>O (16)

As far as the authors know, there is no previous study on the stability properties for the IBVP
(1.3)—(1.6). The closest, but different, thermoelastic Bresse systems approached in the literature can
be found in [12] and [25], where a single (thermal) coupling is considered. Also, the first paper of the
trilogy [2] brings some similar aspects, though important differences arise physically and mathemati-
cally, the last being explained below. We still quote [1,6-9,11,14,16,23] where some different couplings
and laws for the heat flux of conduction are regarded.

1.1. State of the art, main goal and contributions

In [12] the authors study the thermoelastic Bresse system with thermal dissipation acting only on the
bending moment. Therein it is proved that the exponential decay of the system is directly related to
the equal speeds of wave propagation (EWS for short). More precisely, the authors show the lack of
exponential decay for certain boundary conditions when % * % or k # ky. Furthermore, they reach

exponential decay only if ;‘—l = % and k = ko. On other hand, when the EWS assumption does not
occur, the system has only a kind of semi-uniformly' polynomial decay rate obeying the cases:

1 ; k b .
77— incase _- #Eandk;éko,

tl/% in case % #* % and k = ko;
where € > 0 is small enough. By following a similar structure of stability results, but now with thermal
coupling just on the shear force, the authors in [25] also obtain the lack of exponential decay for the
system by considering boundary conditions of the Dirichlet-Neumann type. The exponential stability of
the system is obtained through the EWS assumption and, when one of the identities does not happen, a
semi-uniform polynomial decay rate is obtained depending again on the boundary conditions. Indeed,
for boundary conditions of the Dirichlet type, the decay rate t,% is obtained whereas for boundary

conditions of the Dirichlet—-Neumann one, the faster decay rate tl% is in place, the latter being optimal.
Such stability dichotomy also appears in thermoelastic problems of Bresse type under other laws, cf.
[24].

As a consequence of the aforementioned papers, one can see that the stability results depend not only
on the EWS assumption but also on the boundary condition in turn. However, such a dichotomy does not
seem to have a physical (nor mathematical) explanation. Here, our objective is to study the asymptotic
stability of the problem (1.3)—(1.6) by proving that all results on stability (exponential and polynomial)
are achieved independently of the boundary conditions (1.5) or (1.6), except for the optimality one. This
achievement will be possible via refined computations with cut-off multipliers in the resolvent equation
and the application of the observability inequality developed in the first paper of the trilogy (cf. [2]).
Then, the results will follow by applying the classical result in the semigroup theory, namely, Gearhart—
Huang—Priiss and Borichev—Tomilov’s Theorems (cf. [20, Theorem 1.3.2] and [3, Theorem 2.4]).

'Here, similar to the previous article of the trilogy, the notion of semi-uniform stability is always invoked when the stability
of the semigroup solution does not occur for all weak initial data (say at the same energy level of solutions), but only for more
regular initial data, e.g. data in the domain of the infinitesimal generator of the semigroup.
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More precisely, we show the IBVP (1.3)-(1.6) is exponentially stable if k = ko, see Theorem 2.5.
The lack of exponential stability when considering the mixed boundary conditions (1.6) is approached
in Corollary 2.6. Also, when k # kg, the semi-uniform polynomial stability with the solely decay rate
zl% is proved, regardless of the boundary condition taken into account, see Theorem 2.2. Additionally,
the optimality of this decay rate in case of b.c. (1.6) is proved, according to Theorem 2.3.

Therefore, the main contributions in this second paper of the series are highlighted as follows:

L

IL.

I11.

New Couplings. The stability of Bresse systems has been studied for over a decade. We can
find such systems in different ways and with different couplings, but it is the first time that the
thermoelastic Bresse system with thermoelastic coupling in the shear force and in the bending
moment, as given in (1.3), is regarded in the literature. The motivation of this study is directly
related to the study carried out previously in [2] whose difference is in the exchange of thermal
coupling from axial force to shear force.

Pattern of Stability. In addition to the first item, the studies carried out on the Bresse thermoe-
lastic system with a single coupling (e.g. [12,25]) promote polynomial decay rates depending on
the EWS assumption, which is usual, but also depend on the boundary conditions, which can be
considered as a dichotomy. Though our system is different from [2] where (therein) the thermal
couplings are placed on the axial (N) and bending (M) displacements, here we address thermal
couplings on the shear (Q) and bending (M) forces (see (1.2)), we still prove here the same
semi-uniform polynomial decay rate t,%, independently of the boundary conditions in turn, by
providing a pattern of stability promised in this trilogy with respect to (double) thermal couplings
and boundary conditions. Furthermore, in case of Dirichlet-Neumann boundary conditions, we
prove the optimality of the decay rate.

Path of Proofs. In order to clarify the technical difference when compared to [2] (and the state-
ments in the right above item II), we stress that there is a difference in the path of the proofs as
explained in the next diagrams. Indeed, when compared to the first trilogy’s paper [2] where the
it is considered the thermal laws applied to the axial force and the bending moment (cf. [19])

0 =KGA(p, + ¥ +1w), N =EA(w, —1lg)—ky M=EIy, — ko, (L7)

rather than (1.2), the propagation of dissipativity to the whole terms of the solution obeys the
following path

s nd
n, v l—l> wy — Lo, Py 2—) o+ + 1w (1.3)

whereas here it is necessary a new (and different) way for the estimates. In fact, such a way (1.8)
is not useful in the present scenario where the thermal law is applied to the shear force and the
bending moment as in (1.2). This means that the same technical computations therein can not
be applied here in its full essence. Instead, we highlight that the estimates shall be provided in a
different configuration as follows

st nd
0,9 - o+ +lw, ¥, - w, — Il (1.9)
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being all computations clarified in Section 3.1. The path (1.9) reveals that the propagation of
dissipativity through the whole energy terms requires technical arguments different from [2] once
developed to (1.8).

The remaining paper is organized as follows: in Section 2 we set the problem in a semigroup frame-
work and state our main results on stability. In Section 3 we provide all proofs. We end this work with
Section 4 where brief remarks on the results are considered and Appendix A where we recall the observ-
ability inequality for systems of Bresse type.

2. Main results on asymptotic stability

Recalling, for RT = (0, 00) and L > 0, we consider the following Bresse system with thermoelastic
coupling on the shear force and the bending moment:

P10 — k(@y + ¥ +1w), — kol (wy —lp) + k16, =0 in (0, L) x R*, 2.1
02U — bWy + k(@ + ¥ +1w) — k10 + k¥, =0 in (0, L) x RT, (2.2)
1wy — ko(wy — 1)y + kl(x + ¥ +1w) — k[0 =0 in (0, L) x R, (2.3)
p36; — V16 + ki(@x + ¥ +1w), =0 in (0, L) x RT, (2.4)
040 — V2O + kot =0 in (0, L) x R, (2.5)

subject to initial conditions

@, 0) = @o(), @i (-, 0) = ¢1(), V(. 0) = vo(), Ui (-, 0) = ¥ (),

w(-, 0) = wo(-), wi (-, 0) = w; (), 0(-,0) = 6o(), D(-,0) =Jo(-) in (0, L), 20
and Dirichlet boundary conditions

ox,t) =Y, 1) =wkx,t) =0(x,t) =0(x,t) =0, fort>0,x {0, L}, 2.7)
or the mixed Neumann—Dirichlet one

ex, 1) =Y(x, 1) =we(x, 1) =60,(x,t) =0(x,t) =0, fort>0,x {0, L}, (2.8)

where p1, 02, 03, P4, k, b, ko, V1, V2, k1, ky are positive coefficients, whose physical meanings are very
well understood and come from the material making up the beam with length L > 0, and the unknown
functions ¢, ¥, w, 6 and ¢ are related to the transversal displacement, rotation angle, longitudinal
displacement, and temperature deviations, respectively.

2.1. Notations and semigroup framework

Let us initially denote

L
LX0,L) = {u e L*(0,L): %/ u(x)dx = o}
0
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and
H!(0,L) = H'(0, L) N L2(0, L).

Hereafter, in order to simplify the notations, we shall neglect the range (0, L) of the spaces H>(0, L),
H'(0, L), L*(0, L), Hy (0, L), H}(0, L), and L}(0, L).
We start by considering the Hilbert phase spaces

Hy=Hy x L> x Hy x L* x Hy x L* x L* x L* for (2.7),
and
Hy=Hy x L* x H' x L? x H! x L2 x L2 x L* for (2.8),

both with inner product

J

L
(U.U%),, = / [01@D* + P WW* + o WW* + byrrf + k(px + ¥ + [w) (¢ + ¥ + [w*)
0

+ ko(wy — L) (w* — 19*) + p300* + ps99*] dx, (2.9)

and induced norm

L
||U||§{,.=/ (211 @1 + 02l W P + o1 WP + bl | + Kl + ¥ + Lw* + kolw, — lg]?
0

+ 03101* + pal 9] dx, (2.10)

forall U = (¢, @, 9, W, w, W,0,0), U* = (¢*, ®*, y*, W*, w*, W*, 0%, 0") e H;, j = 1,2,

Remark 2.1. As highlighted e.g. in [2, Remark 3.1], the bilinear map (2.9) does define an inner product
in H;, whereas in H, it is an inner product only if L/ # nm, n € Z. Therefore, from now on, when
working in the space (2.8), such condition is implicitly assumed.

Denoting ¢, = &, ¥, =V, w, = Wand U = (p, ®, ¥, ¥, w, W, 6, ¥), we can convert the thermoe-
lastic system of second-order (2.1)—(2.6) into the following Cauchy problem

d
EUZAJ‘U, t >0,

2.11)
U(0) = (¢o, @1, Yo, Y1, wo, wi, by, o) := Uy,
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where A; : D(A;) C H; — H,; is defined by

— @ -

k kol k

E(wx + 1# +lw)x + p(_)l(wx - l@) - p_llex

g

b k k k

s xx__(x+ +lw)+_19__219x
AU = ﬂzw o2 \P wW ” P2 , UeDA,),j=1,2, (2.12)

0 (we = 1p)y — Hpe + ¢ +1w) + B0

L — 5 (D, + W +1W)
ny kg
L py XX pg T X .

with domain
DAY ={UeH ¢, ¥, w, 0,9 € HNHy; d, ¥, W € Hy} for2.7),
and
D) ={UeHr: 9,0 € H ¢, D, Y, w,,0,, 0 € Hy; ¥, W € H!'} for (2.8).

Under the above notations, the existence and uniqueness of solution to (2.11) and, consequently, to
(2.1)—(2.6), reads as follows:

Theorem 2.1. Under the above notations, we have:

(1) If Uy € Hj, then problem (2.11) has a unique mild solution
U e C([0,00), H;), j=1,2.
(ii) If Uy € D(A)), then problem (2.11) has a unique regular solution
U € C°([0, 00), D(A)) N C'([0,00), H;), j=1,2.
(i) IfUy € D(.A? ), n > 2 integer, then the solution is more regular
Ue()C (10,000, D(A), j=1,2.
v=0
Sketch of the proof. The proof can be done similarly to a combination of arguments provided by [12,
25]. For the sake of future computations, here it follows the necessary clarifications.

First, it is not difficult to check that 0 € p(A;), where p(A;) stands for the resolvent set of A;,
J = 1,2. Then, a straightforward computation shows that A; is dissipative with

L L
Re(A;U, U)y, = —/ ylléxlzdx—/ Wl ?dx <0, UeDA),j=1,2. (2.13)
0 0
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Therefore, employing the classical Lummer—Phillips Theorem (cf. [21, Theorem 4.6]) we have that
Aj; is the infinitesimal generator of a Co-semigroup of contractions S;(t) := e’ on H;, j = 1,2.
Consequently, the solution of (2.11) satisfying (i)—(iii) is given by

U@t)=e'Uy, t>0,j=1,2. O
2.2. Main results

Our first main result asserts that problem (2.1)—(2.6) is, in general, only semi-uniformly stable with the
polynomial rate depending on the regularity of initial data. However, it is independent of the boundary
conditions. In any case, the asymptotic stability will depend on the following number

X0 = ko — k. (214)

Theorem 2.2 (Semi-uniform Polynomial Decay). Let us assume that xo # 0 in (2.14). Then, for every
integer n > 1, there exists a constant C,, > 0 independent of Uy € D(A;") such that the semigroup
solution U (t) = e*'U, satisfies

Cy .
]y, < —lUllpeay,  j=1,2,ast — oo, (2.15)

In other words, the thermoelastic system (2.1)—(2.6) with either boundary conditions (2.7) or (2.8) is
(semi-uniformly) polynomially stable with the decay rate depending on the regularity of initial data.

In addition to Theorem 2.2, one can show that the semi-uniform polynomial decay is optimal for the
boundary condition (2.8). This is proved for n = 1, namely when initial data belong to the domain of
the operator. More precisely, we have:

Theorem 2.3 (Optimality). Let us assume that xo # 0 and take Uy € D(A,). Then, the semi-uniform

polynomial rate 1/t'/? obtained (2.15) is optimal in the following sense: there is no constant vy > 0
such that
C
HU(I‘)HHz < —IWllpeay), t— +oo. (2.16)
pztv

In particular, the thermoelastic Bresse system (2.1)—(2.6) with boundary condition (2.8) is not exponen-
tially stable if xo # O.

As an immediate consequence of Theorem 2.3, we deduce the next result.
Corollary 2.4 (Non-uniform Stability). Under the conditions of Theorem 2.3, the system (2.1)—(2.6)
with boundary condition (2.8) is never uniformly stable for initial data Uy € H,. More precisely, there
is no positive function Y (t) vanishing at infinity such that

UM, < CoX (@), YU € Ha,t — oo, (2.17)

where Cy = Co(||Uoll7,) > 0 is a constant depending on U.
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Proof. It follows promptly from Theorem 2.3 and [5, Remark 3.1]. [J

Our fourth main result in this section deals with the uniform (exponential) stability of system
(2.1)—(2.8) when the assumption on equal wave speeds is taken into account.

Theorem 2.5 (Uniform Exponential Stability). Let us assume that xo = 0 in (2.14). Then, there exist
constants C, w > 0 independent of Uy € H ; such that the semigroup solution U (t) = eAitly, j=1,2,
satisfies

HU(r)HHj < Ce ™| Uollp,, t>0. (2.18)

In other words, the thermoelastic system (2.1)—(2.6) with either boundary conditions (2.7) or (2.8) is
(uniformly) exponentially stable if o = 0.

Corollary 2.6. The thermoelastic Bresse system (2.1)—(2.6) with boundary condition (2.8) is exponen-
tially stable if and only if xo = 0.

Proof. Immediately from Theorems 2.3 and 2.5. [J

The conclusion of the proofs of Theorems 2.2 to 2.5 shall be given in the next section. Indeed, we first
explore the preliminary tools for this goal, namely, we provide some technical lemmas with localized
estimates through the resolvent equation and then combine with the observability inequality previously
obtained in the first trilogy paper [2] for systems of Bresse type. Hence, the proofs will follow from the
general theory in linear semigroup, see e.g. [3,10,13,15,20,22].

3. Proofs
3.1. Technical results via resolvent equation
The resolvent equation associated with problem (2.11) is given by
ipU - A;U=F, j=1,2, (3.1

with U = ((P, ch wa "Ilv w, Wv 95 0)’ F= (fla f25 f3a f4a fSa fﬁ? f79 fg) and A] defined in (212)’ which
in terms of its components takes the form

B —® = fi, (3.2)
iBo1® — k(px + ¥ +1w)y — kol (wy — @) + k16 = p1 f2, (3.3)
ipy — ¥ = fi, (3.4
B2V — by + k(px + ¥ +1w) — k16 + ko¥y = 02 fa, (3.5)
iBw—W = fs, (3.6)
iBoOIW — ko(wy — @) + kl(px + ¥ +1w) — kil0 = py fo, (3.7)
B30 — y16cx + ki (P + ¥ +IW) = p3f7, (3.8)

iBps® — Yalx + koW = p4fg. (3.9)
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Lemma 3.1. Under the above notations, we have iR C p(A;), where p(A;) stands for the resolvent
setof Aj, j = 1,2, givenin (2.12).

Proof. Since the embedding D(A;) — #H; is compact (wWhose computations can be done as a good
exercise), it is enough to prove the following property for any g € R,

iBU —AU=0 = U=0,

and then employing the results in [10, Proposition 5.8 and Corollary 1.15] we conclude that the spectrum
of A; consists only of eigenvalues. As a prompt consequence, one concludes that iR € p(A;).

This methodology has been hugely employed lately and its mathematical justifications relies on similar
arguments as presented e.g. in [12,25] (see also [2, Lemma 3.7]). U

Hereafter, to simplify the notations, we will use a parameter C > 0 to denote several different positive
constants in the computations below. As usual, | - ||, stands for the norm in L2. Holder and Poincaré’s
inequalities will be constantly regarded, sometimes implicitly in the estimates without mentioning them
to avoid so many repetitions, and also |8| > 1 large enough can be taken w.l.0.g. in the estimates.

Lemma 3.2. Under the above notations, there exists a constant C > 0 such that
160115 + 19115 < ClUN; | Fllw,,  for j=1,2. (3.10)
Proof. Estimate (3.10) is a direct consequence of (2.13) and (3.1). [

To the next results, we shall invoke some useful auxiliary cut-off functions in order to obtain localized
estimates. This allows us to work with both boundary conditions at the same time without trouble with
possible boundary point-wise terms coming from integration by parts.

Let us consider [y € (0, L) and 8§ > O such that (I, — 8, Iy + 8) C (0, L). Then, we set s; € C>(0, L)
satisfying

supps; C (lo—8,1p+8), 0<si(x) <1,x€(0,L), (3.11)
and
six) =1 forx elly—46/2,1y+ 8/2]. (3.12)

Remark 3.1. An explicit example of such a cut-off function is given in [2, Remark 3.2]. The geometric
idea of 51 can be seen e.g. in [4, Fig. 1].

Lemma 3.3. Under the above notations, there exists a constant C > 0 such that

lp+8 lp+38 1/2
f silgx + ¥ +lwl*dx < C||9x||2<f s1|<1>|2dx) + — 1621 U 1,
lo—8 lo—8 18]

c c.
+ WUl 1 Fll; +|’7|||F||Hj, (3.13)

1Bl
forj=1,2.
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Proof. Deriving the equation (3.2) and adding with (3.4) and (3.6), we have

O, + W HIW =iBf(p: + ¥ +1w) — (fix + f3+1f5), (3.14)
and replacing (3.14) in (3.8),

kiip(@x + ¥ +lw) = y10xxc — iBp30 + p3 f1 + ki (fix + 3 +1f5). (3.15)

Taking the multiplier s1k(¢, + ¥ + [w) in (3.15), performing integration by parts and using the equa-
tions (3.2), (3.3) and (3.4), we have

L L L
i,Bklk/ siloe + ¥ + lw?dx = —ylk/ 510, (0 + ¥ +lw), dx — ,o3k/ 8§10 (® + f1)dx
0 0 0

Z:1|

L L
—ylk/ si@x(wx—klﬂ—l—lw)dx—mk/ $10(® + f1)dx
0 0

L
+k/0 silki(fix + f3 +1f5) + p3 fr] (@ + ¥ +1w) dx

L
+,03k/ s10(W +IW + f5+1fs)dx. (3.16)
0
Replacing the equation (3.3) in I}, we get
L L .
iﬂklk/ silox + ¥ +lw|>dx = iByip: / 510, P dx + I, (3.17)
0 0
where

L L
I =V1/ 516x [ Kol (wy —l<,0)—k19x+,02f2]dx—y1k/ 5160, (@x + ¥ +w) dx
0 0

L L
+ k./o s1[ki Cfiw + fs + 1f5) + 03 fr]n T & Tw) dx — psk/O NXCESAL

L L
—,03kf si@(dD—I—f])dx—l—pg,kf $10(0 +IW + f5+1fs)dx. (3.18)
0 0

From condition (3.11) on s, Holder’s inequality and Lemma 3.2, we have that
Il < CllO20U 3, + ClOlM Fliw; + CHU 3 I Flling

for some constant C > 0 and for j = 1, 2. Therefore, from (3.17) and using Holder’s inequality along
with the condition (3.11), we obtain

lo+6 lo+8 12
f $1lgs + ¥ + lwl dax <C||0x||2<f s1|<1>|2dx) + S, (3.19)
lo—8 lo—8 18]

for some constant C > 0. Thus, from Young’s inequality and (3.10), follow the desired in (3.13). O
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Lemma 3.4. Under the above notations, there exists a constant C > 0 such that

C

lp+6 C
f s1|@1*dx < —N10cl2lU ll3; + CNU I3, | Flla; + CIF N3, + 51U, (3.20)
lo—5 1Bl 1B
forj=1,2

Proof. Multiplying the equation (3.3) by —s,¢ and integrating by parts, we have

L L L
—iBp1 / s19pdx = k/ si(ox + ¥ +lw)p, dx — kol/ si(wy —lp)pdx
0 0 0

L L
+/ sl[klex _lole]adx_'—k/ Si(‘ﬂx—i-l//—i-lw)x@dx-
0 0

Integrating by parts and using the equation (3.2), it follows that

L L L
,01/ s,|q>|2dx=k/ s1|<px+1p+lw|2dx+k/ sl @ dx 41y, (3.21)
0 0 0

=13

where

L L L
I4=—k/ sl(cpx+1p+lw)(w+lw)dx+kf s;(w+1w)¢dx—koz/ S1w P dx
0 0 0

L L L
o2 f silol dx + / siTkis = p1 folg dx — py / 5107 dx. (3.22)
0 0 0

Using the equations (3.2), (3.4) and (3.6), it’s easy to see that

C lo+8 1/2
L] < — U, (/ silee + ¥ +lw|2dx) + — 10120 U 13, + CIU 14, I F ll
18] lo—5 18]
CIEIL c 2 3.23
+ ||F||Hj+W||U||H,., (3.23)
and
|Re I3 <i||U||2 + —|IF|3 (3.24)
T TEE AT TER ‘

for some constant C > 0 and j = 1, 2. Therefore, taking the real part of (3.21), using (3.23), (3.24) and
Young’s inequality, we have

lo+6 5 lo+5 5 C
/ 51| P dx<C/ silex + ¥ +lw| dx‘*‘W”@x”Z”U”H_/+C||U||7-L,~||F||’H_/
/!

0—38 lp—48 I

C
U113, (3.25)

+ C|F|3, +—
VIR
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for some constant C > 0 and j = 1, 2. Now, using the Lemma 3.3 and Young’s inequality, there exists

a constant C > 0 such that

lp+38 5 5 C
/ si| @7 dx < Cll0clly,, + m||9x||2||U||Hj + ClIlU 12, 1 Fll94;
lo—38

C
+ CIFIy, + 5 IU I,

1812

for j = 1, 2. Finally, from the Lemma 3.2, we can conclude (3.20). [J

Corollary 3.5. Under the above notations, there exists a constant C > 0 such that

Io+3 C
f loy + ¥ +lw|>dx < —
lo—3 1Bl

16 1201U 13¢; + U3, 1 F i3 + CIEN;,
forj=1,2.

Proof. Just combine Lemmas 3.3 and 3.4, and use the condition (3.12) on s;. [

Lemma 3.6. Under the above notations, there exists a constant C > 0 such that

lo+8 lo+8 1/2 C
/ sl dx < cnﬁxnz(/ sl|\v|2dx) + 0l e,
lo—§ lp—38 |ﬁ|

C
o IFI,.

1B

<
1Bl

+ = MNU 3, 1 F il +

forj=1,2.

Lemma 3.7. Under the above notations, there exists a constant C > 0 such that

e C C
/ st dx < g0l Ul + 621Ul A CHU e [1F
lop—6

C
1013,

+ C|F|3, +—
PR

forj=1,2.

(3.26)

(3.27)

(3.28)

(3.29)

Proof. Observing that we have the addition of the thermal coupling in the bending moment here and
in [2], the estimate for the parts ¥, and W follows in a totally analogous way to that performed in
[2, Lemma 3.12 and Lemma 3.13]. However, we must pay attention to the presence of two thermal
components in the estimate of W (unlike the estimate obtained in Lemma 3.13 in [2]) due to the presence
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of both terms in (3.5). In the remaining proof, all computations follow similarly to the ones previously
proved in [2, Lemma 3.12 and Lemma 3.13]. [

Corollary 3.8. Under the above notations, there exists a constant C > 0 such that

lo+3 s 5 C C
/ . (1] + 1¥]%) dx < m||19x||2||U||Hj + mH@tzHUHHj + ClU I, 1 Fll;
lo-3

2

C .
U3, forj =12

+ﬂﬂ@+mp

Proof. Just combine Lemmas 3.6 and 3.7, and use the condition (3.12) on sy. [
Now, we consider another auxiliary cut-off function s, € C%(0, L) satisfying
suppsz C (lo —8/2,1p +6/2), 0<s(x)<1,xe (0, L), (3.30)
and
so(x) =1 forx e[ly—6/3,1p+ /3] (3.31)

A prototype of such a function can be considered in a similar way as done in [2, Remark 3.2]. See also
[4, Fig. 1].

Lemma 3.9. Under the above notations, there exists a constant C > 0 such that

C

Ul

lo+5 lo+3
[, saltws = tof + WE)dr < Clpitk —kol [ sl p o+ ul dx +
lo-3

)
lo—3

lo+3 1/2
+C||U||H,.</ 5 |<px+w+1w|2dx) +CIF I3,
lo—35 ’

38

lo+%
+C/ (lpx + ¥ + lw]* + |¥]*) dx
0

2

+ ClON2U M3, + CNU N3 1 F M3, for j=1,2. (3.32)

Proof. Multiplying (3.7) by s, lpifﬁ and integrating on (0, L) we get

kgl L _ . L _ kl’ky F _
—— So(wy, — lo), wdx = —iBkol ssWwdx — so(@r + ¥ +lw)wdx
P1 Jo 0 r1 Jo
kol [ _
+ — $o[lk10 + p1 felwdx. (3.33)

L1 Jo
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Now, integrating by parts and adjusting some terms, we have

kél L ) . L _ kl’ky F _
— so|lwy — lo|“dx = —iBkol ssWwdx — (o + ¥ +lw)wdx
r1 Jo 0 r1 Jo
2=[5
k()l L 2 L
+ — | sllki6 + p1 folwdx — =% | shw,wdx
o1 Jo Pt Jo
k212 L 272 L
+ 2 | sjpwdx — 22— | sy(w, —lp)@dx. (3.34)
P1 Jo P1 Jo

Note that, using (3.2), (3.4) and (3.6) can be write /5 as

L L L
15 = lﬁko/ Sz((px + vf + lU))de — k()/ sszdox — k()/ SZ\I’WdX
0 0 0

L

L /L
—kO/ $:(fix + f)Wdx —kol/ s2fsW dx +k01/ s;W fsdx. (3.35)
0 0 0

On the other hand, deriving (3.3), multiplying by f}—‘:szw and integrating in (0, L), we have

Kl [t _ _ A Y. kko [* _
e so(wy — o), wdx = —iBko P wdx + — $2(0x + ¥ +lw)wdx
p1 Jo 0 P1 Jo
kiko [*

L
Szexxwdx+k0/ sy faxwdx,
p1Jo 0

or yet, integrating by parts and using (3.6) and (3.7), we get
L
kol / s2| W) dx
0

L 9 kk() L
Zk()/ SZCDXde— —/ sz(gox—i-lﬂ—i-lw)xw_xdx
0 P1 Jo

=g
kko (*

, _ kiko (% kiko (&,
- — silex + ¥ +lw),wdx + — 20, w, dx + — s,0 wdx
o1 Jo P Jo P Jo

L L L
— ko/ S2f4w_x dx — k()/ s§f4w_xdx + ko/ Sz(bxﬁ dx
0 0 0

kol [*F L __
— pi s2[kl (o + ¥ 4+ lw) — k160 — py fo|wdx + kolf soW fsdx. (3.36)
1 Jo 0
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Note that, integrating by parts, adjusting some terms and using the equation (3.7), can be write Ig as

L . kzl L
16=—iﬂk/ s2(<px+1ﬁ+lw)de+p—/ $2loe + ¥ + lw|? dx
0 1 0

kkol [* kko "
+p—° sz(gox—l—w—l—lw)@dx—}—p—()/ 5(x + ¥ + lw)Wy dx
1 0 1 Jo

L
+ pﬁ / 520+ + ) (R0 = pr fo) dx. (337)
1J0

Therefore, adding (3.34) with (3.36) and replacing the new expressions (3.35) and (3.37), we have

k(%l t 2 t 2
— S2lwy — lo|~dx + kol 2| W|*dx
pr1 Jo 0

L
= iB(ky — k)f s2(px + ¥ +Iw)W dx
0

L . k2[2 L
- kO/ UWdx — 22— [ sy(w, —Ilp)gdx
0 L1 Jo

Kot
P1 Jo

::I7

soaw,wdx +1, (3.38)

where

L

L
Iy = _kO/ s2(f1x + f3)Wdx = kol/
0 0

kI*ko

L1

o L . k2l2 L
szf5de+kol/ sszsd)H—O—/ syQW dx
0 P1 Jo

L _ kol [* _ kiko (X
(o + ¥ +lw)wdx + ,0_ $2[lk10 + p1 felwdx + ,0— $20, W, dx
0 1 Jo 1 Jo

kK [t 5 kkol (* o L _
+,0_ Solox + ¥+ lw| dx—l—p— $2(@x + ¥ +lw)e, dx + kol oW fsdx
1 Jo 1 Jo 0

kky [* k [F -
"‘p—O/ Sé(wx—l-w—i-lw)w_xdx—i-p—/ $2(0x + ¥ +lw)(—ki10 — p fo) dx
1 Jo 1 Jo

kko ", — kiko (%, _ L
- Sz(‘Px + ¢ +ilw),wdx + — szexwdx — ko 8y fawy dx
Pt Jo o1 Jo 0

L L
— ko/ 85 fawy dx + ko/ 52®@, f5dx
0 0

kol [*
- pi 2[kl(@x 4+ ¥ + lw) — k110 — py fo]W dx.
1 JO
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It’s easy to see that

C Io+3 1/2
15| < ||U||%r[,.+C||U||H_,.(f 5 |¢x+w+zw|2dx) +CIFI3,
lo—3

1B
lo+%
+ Cf (@ + ¥ + 1w dx + CllO:2 1 U I3, + CIU I3, 1 Fll3; (3.39)
lo—5
and
C C
|Re I7| < WIIUII%{J. + an&, (3.40)

for some constant C > O and j =1, 2.
Now, going back to (3.38), taking its real part, using (3.39) and (3.40), we conclude

lo+%
/ s2(Jwx — lp|* + |[W?) dx
1

)
0-3

lo+3 C )
S ClBllko =kl S2|§0x+W+lwIIW|dX+W||U||Hj
lo—3

l()-‘r% l0+%
+C [ siwWidr +C [ Fslu, ~ loligldx

lo—3 lo—3

lo+3 1/2
+CIIU|IH,-(/ S |<px+¢+lw|2dX> + CllU I3, 1 F [l

lo—35

10+g
+C/ |<Px+11f+lw|2dx+c||9x||2||U||H,+C||F||%{j,

lo—$

for some constant C > 0 and j = 1, 2. Finally, using Young’s inequality and the equation (3.2) we
obtain (3.32). O

With Lemma 3.9 in hand, we are able to conclude the following result depending on the parameter x
defined in (2.14). More precisely, we have:

Corollary 3.10. Under the above notations and considering € > 0, we claim:

(1) If xo # O, then there exists a constant C, > 0 such that

I(H—%
f (lwe = lpP? + W) dx < ellUI3;, + CelBI*IFII5,, - (341)
/!

)
0-3
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(11) If xo = O, then there exists a constant C, > 0 such that

5
" — lg|? ) dx < 3 3 42
(lws —lp* + |WI*) dx < ellUll3;, + CellFll3,,- (3.42)

lo—3

Proof of (i). Since xo # 0, then ky — k # 0. Using the Lemma 3.9 with |8| > 1 large enough, the
Corollary 3.5, the Lemma 3.2, the Corollary 3.8 and Young’s inequality with ¢ > 0, we have

IO+% lo+%
/ (|wx—l<p|2+|W|2)dx<e||U||%j+cs||F||%[j+C|ﬁ|2<f |<px+vf+zw|2dx>

lo—% lo—5

lo+%
+ cs/ 0x + ¥ + lwP dx,

lo—3

for some constants C,C, > 0 and j = 1,2. In addition, using the Corollary 3.5, proper Young’s
inequalities with ¢ > 0 and Lemma 3.2, we conclude

lo+3 e
Cs/ |§0x+w+ZW|2dX<

2 2 2
=5 e Fli3,.
ot |,3|2”U”Hf' + CelBIIF N5,

2

from where one can conclude (3.41). [

Proof of (ii). In this case, xo = 0 implies that ko) — k = 0. Therefore, the desired estimate (3.42) follows
from Lemma 3.9 with |8| > 1 large enough, Corollary (3.5), Lemma 3.2, Corollary 3.8 and Young’s
inequality with e > 0. [J

3.2. Completion of the proofs

From the previous sections, we have finally gathered all ingredients to conclude the proofs of Theo-
rems 2.2, 2.3, and 2.5. For the sake of logistic, we are going to conclude initially Theorems 2.2 and 2.5,
and then Theorem 2.3.

3.2.1. Proof of Theorem 2.2
Let xo # 0 and ¢ > O given. From the Lemma 3.4, the Corollaries 3.5, 3.8 and the estimate (3.41),
using Young’s Inequality, we conclude that

Iy < ellUl, + CeBIMIF I, = A, (3.43)
where
l()Jr%
Z :=/ e+ I+ [OF + [y + 19 + |wy — Ll + W) dx, (3.44)
lo—%

for some constant C, > 0 and j = 1, 2. Now, from the resolvent equations (3.2)—(3.9), we see that
V = (¢, D, ¢, ¥, w, W) is a solution of (3.2)—(3.7) and, therefore, solution of the resolvent equation
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of the conservative non-homogeneous Bresse system (A.1)—(A.6) with G := (g1, g2, &3, &4, &5, &6) Such
that

g1 := fi, 82 = p1fr — ki0y, 8 = f,
84 := P2 fa+ki0 — kavy, g = fs, 86 = p1fe + kil0.

In addition, consider
by :=1y—356/3 and by :=1y+6§/3.

Therefore, from Corollary A.2, Lemma 3.2 and Young’s inequality, we get

L
/ (lox + ¥ + 1w + PP + 19> + W + |we =l + W) dx < eCIU N3, + CelBIIFll3,,
) _ _

for some constants C, C, > 0 and j = 1, 2. From (3.10), we have
1U13,, < eClIUI,, + CelBIIF I3,
Then, choosing ¢ > 0 small enough and regarding the resolvent equation (3.1), we finally obtain
|@B1a — Aj)’lFﬂyj < CIBPIFIw,, 1Bl — +o0, (3.45)

for some constant C > 0. From Lemma 3.1 and using (3.45), we conclude from Borichev—Tomilov
Theorem, see [3, Theorem 2.4], that

C
HU(I)”H]. < mHUoHD(A,), t — +o0,
for Uy € D(A;), j = 1, 2, which proves (2.2) for n = 1. The other decay rates in (2.2) follow by using

induction over n > 2.

3.2.2. Proof of Theorem 2.5
Let ¢ > 0 be given. Since xo = 0 we can apply Corollary 3.10, estimate (3.42). In this case, from
Lemma 3.4 and Corollaries 3.5 and 3.8, we have in particular

2 2,
Ty <elUI, + CllF I, = A, (3.46)

for some constant C, > 0 and j = 1,2, where Ig is given in (3.44). Proceeding similarly as above,
namely, from Corollary A.2, Lemma 3.2 and Young’s inequality, we deduce

L
fo (lox + 9 + 1w + 1P + [ > + WP + lw, — 9] + W) dx < eCIIU I, + Cell Fll3,;,
(3.47)
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for some constants C, C, > 0 and j = 1, 2. Combining Lemma 3.2 and (3.47), we obtain
U3, < eCIUIR, + CoI FIl,.

and taking ¢ > 0 small enough, we conclude

|@Bla = AD~'F|,, < ClFll;, 1Bl — 400, j =1,2. (3.48)
H;

Therefore, using once again Lemma 3.1 and also the estimate (3.48), we conclude the exponential decay
(2.18) according to general result for linear semigroups on Hilbert spaces, see Priiss Theorem [22].

3.2.3. Proof of Theorem 2.3

Let us consider xo # 0 and fix Uy € D(A;). In order to prove the desired optimality, we shall argue
by contraction.

Indeed, let us suppose that there exists a constant vy > 0 such that (2.16) holds true. Therefore, by

taking v =2 — 5 +22U0 € (0, 2), we get the following equivalent (to (2.16)) estimate

C
U], < ——10ollpay, 1 — +oo.
r2—v
From this and equivalence coming from the Borichev—Tomilov Theorem, cf. [3, Theorem 2.4], there

exists a constant C > 0 such that

1 . 1
Bl @Pla = A) 7 | gy, S €. 181 oo (3.49)

On the other hand, if given a bounded sequence (F),).en C Ha, we can find a real sequence (B,,) yen C
R*, satisfying lim,_, o, B, = +00, such that

1

ﬂEToo B |Gl = A)™'F, UHZ = 400, (3.50)

we conclude the desired contradiction with (3.49).
To show (3.50), we assume (without loss of generality) that L = r and consider F,, € H; as

1
F,(x) = (0, 0,0,0,0, — cos(ux), 0, O).
02

It is easy to verify that || F},||7;, < C for some constant C > 0. In addition, the corresponding resolvent
equation

(iBuly— AU, =F, & U,=(Buli—A)'F, (3.51)
can be rewritten in terms of its components as follows

iBp — D=0,
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iBp1® — k(py + ¥ +lw), — kol (wy — lp) + k16, =0,

iy — ¥ =0,
B2 W — bex + k(px + ¥ + lw) — k10 + kyr = 0,
ipw—W =0,

iBorW — ko(wy — @) + kl(@y + ¥ +1w) — k110 = cos(ux),
iIBp30 - Vlexx + kl(q)x +V¥+ lW) = 0,
1,3/0419 - VZﬁxx + kZ\IJx = 07

where we still denote U, := (¢, @, ¥, ¥, w, W, 0, 9) and B, := B to simplify the notation. From the
first, third and fifth equation of the above system, the reduced system is obtained in terms of ¢, ¥, w, 6
and ¢

—B2 o1 — k(s + ¥ + lw), — kol (wy — 19) + k16, =0,
—B2 02 — b + k(@ + ¥+ 1w) — k16 + kot =0,
—B*prw — ko(wy — 19), + kl(px + ¥ + [w) — k116 = cos(uux), (3.52)
B30 — v10xx + iBkig, + iBkiy +iBklw =0,
iBps — y2¥x + ik = 0,
which allows for a solution of the type

¢ = Asin(ux), ¥ = Bcos(ux), w = Ccos(ux),0 = Dcos(ux), v = Esin(ux), x €[0,n],

where A=A,,B=B,,C=C, D=D,and E = E, will be determined later. In this way, to solve
(3.52) is equivalent to find a solution (A, B, C, D, E) for the algebraic system

(=801 + kii® + kol®) A + kB + (k + ko)l uC — kyuD = 0,

kA 4 (—B2p2 +bp* +-k)B + kIC — k1D + kyuE = 0,

(k + ko)l LA + kB + (=B p1 + kop* + kI*)C — kyID = 1, (3.53)
iBkinA + ik B + ipkil + (iBps + nin?) D =0,

—ikoB + (iBps + y21*)E = 0.

We denote the matrix of coefficients in (3.53) by

Py kpw — (k+kolpw —kip 0
ku P, kl —ki kop
M=|G+k)p K Py —kl 0 (3.54)
iﬂklu lﬂk] lﬂkll P4 0

0 —l'ﬂkz,bb 0 0 Ps
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where

P =
P, =
P3
Py

—B%p1 + kp® + kol?,
—B02 + bu* +k,
—B?p1 + kou* + k12,
iBps + yi?,
Ps = ifps + o1’

are functions in the variable 5.

Using Cramer’s Rule we can determine C from the following expression

. det M;
© detM’
where

P1 k,bL 0
k,u P2 0
M = | (k+ ko)l kl 1
l,Bk]/L l,Bk] 0
0 —iBkye O

Then, a simple calculation shows that

det M = (P, Ps — I*(k + ko)*1®) Py Py Ps + (I (k + ko)*w* — Py P3)iBks 1> Py

and

det M3 = P Py Py Ps + ik > Py Py — k3kip?u® — k*u? Py Ps — iBkiku® — iBkiku’ Ps

It’s simple to

detM £0 and detM; # 0,

for pu large enough. In what follows we choose a sequence 8 = B, such that

=1y

— 2iBk31%(k + ko) u* Py Ps + iBki u* Py Ps Ps — 2ifk3k i P3 Ps

+ iK1 Py Py Ps — kP Py Py Ps — 2K2K21 (k + ko) B2 u* + K2k B2 > Py
+ 4iBI2kI* (k 4+ ko) iu? Ps — iBk312 (k + ko)> > Ps 4 2k*1% (k + ko) 1> Py Ps
+ kik3 B2t Py + ik P3Py Ps — k*u” Py P3 Ps — 2iBki1%k Py Ps,

—kip
—ky
—ky!
Py
0

+ iBki® Py Ps + iBki Py Ps.

check that

-

ko,uﬂ + ki?
L1

(]

’

0
kap
0
0
Ps

(3.55)

(3.56)

(3.57)
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where E is a constant, which is obtained so that I}, behaves as a constant that is independent of u, this
is

_ Pk + ko)
T ok —ko)’

(3.58)
and so we conclude that

1*(k + ko)*
In = PPy — P(k + ko)’ > = ————— + 1*(ko + k)°,
12=PiPy—1"(k + ko)1 (k—ko)2+ (ko + k)
and still

1 (k + ko)?
Py = (k—ko)u2+(ko—k)lz+u

k—ky °
k kl? 12(k + kg)>
Pg:(b— 0'02>,u2—|—k— ,02+ ( +o)/02’
O1 P1 (k — ko) o1
12(k + ko)?
Py — (k + 0).
k — kg

Note that (3.58) is well-defined since we have xo # 0.
Therefore, under these conditions, we can conclude that

(1) If p1b # kopa, then |C,| = opu, when u — 400, op > 0.
(ii) If p1b = kopa, then |C,| =~ oy, when u — +o00, oy > 0.

Besides, from the choice of g, in (3.57) one sees that 8, ~ oy, 0, > 0, when © — 400, and still
keeping in mind that W (x) = iB,w(x) = iB,C, cos(ux), x € [0, ], then

T 2 b4 T
U3, = o1 f (W)|" dx = p1|BuPIC I / cos”(x) dx = = pil B Cul’, (3.59)
0 0
which implies

T
1Bul" 2N U3, = Epllﬂul”_llcul ~o3u”, o3 >0, when u — +o00. (3.60)
Therefore, from (3.51) and (3.60),

1

1 — -1 — T v—2 —
ui+m |ﬁul27u H (Z'Bl"ld AZ) F/“ “7—[2 MEIPOO |IBM| ||U,LL”7-[2 +00,

which proves (3.50). Hence, the optimality follows.
In particular, from (3.51) and (3.59) we also see that

Nll)ffoo” (iBuls — A)7'F, H’Hz =

lim Uy, = 400,
n—>—=+00

and from Theorem 2.5 the semigroup {¢*%2'} is not exponentially stable on H..
This concludes the proof of Theorem 2.3.
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4. Final considerations

Let us consider some final remarks and comments on the main results stated in Section 2.2 and com-
paring these results with the existing literature.

I. Polynomial stability. The semi-uniform polynomial decay rate

1 n/2
(;> . neN, .1
achieved in (2.15) for Uy € D(A;") and xo # O is the same independently of the boundary condi-
tions (2.7) (j = 1) or (2.8) (j = 2). This invariance with respect to the boundary conditions was

obtained using the result of observability inequality (see Appendix A) together with the cut-off multi-
pliers, aiming good estimates through the resolvent equation, without needing the ‘trace’ theorem for
the one-dimensional case in order to evaluate boundary point-wise terms. Moreover, we still note that
the same pattern of stability will be kept for any other boundary conditions whose existence result is
ensured.

1I. Optimality. Proceeding similarly to [2, Theorem 3.3], we obtain an optimality of the polynomial de-
cay rate ﬂ% for the boundary condition (2.8) when yo # 0. Unfortunately, since the technique employed
in the proof of Theorem 2.3 requires compatibility between the symmetry of the system and boundary
conditions, the optimality only works for the mixed boundary condition (2.8). An analogous approach
does not work well for (2.7). However, due to the conservative nature of both boundary conditions, one
might expect the optimality in case (2.7). This fact is still open.

111. Exponential stability. This fact could be expected in a first contact with system (2.1)—(2.5) when
k = ko. For the sake of completeness of the studies carried out on such a system initially proposed,
together with the idea of complying the results obtained here with [2], we prove the exponential stability
of the system (2.1)—(2.5) for both boundary conditions when k& = ko, by taking the advantage of the
estimates performed for the polynomial decay rate when k # k.

1V. Pattern of stability. As previously mentioned in [2] (see Remark V therein), with the results ob-
tained in this work (Theorems 2.2, 2.3 and 2.5), we ratify the invariance of the stability results with
respect to the boundary conditions, and we also notice that there is a pattern of stability regarding the
addition of thermal couplings in two displacements of the system. More precisely, here we consider
thermal couplings inserted in the shear force and bending moment whereas in the pioneer work of this
trilogy [2] we consider such couplings in the axial force and in the bending moment coming from [19].
However, using a new way for the multiplier technique along with cut-off functions and the observability
inequality, it was possible to obtain the same results for both systems.

An interesting fact to note is that the order of obtaining the estimates is changed according to the
presence of thermal coupling in the specific force. The diagrams (1.8) and (1.9) clarify this fact and,
still, in the present lemmas of the Section 3.1 we can see the path of proofs clearer. The importance
of equal wave speeds k = k( appears to differentiate exponential and polynomial stability results (see
Lemma 3.9).

To conclude the trilogy initially proposed, it remains to prove the invariance of these results in a com-
ing work, adding thermal couplings in the axial and shear forces, where a complete physical modeling
will be also considered; as well as (possibly) some numerical results in future works on the subject can
be addressed.
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Appendix A. Observability inequality for arched beams

To make this article more self-contained as possible, we still carry out this short appendix that brings
the important result on inverse and direct inequalities of observability type for elastic Bresse systems,
which has been proved in the first work of the trilogy. More precisely, we state the observability in-
equality for Bresse-type systems in a static general framework. It constitutes a fundamental result for
extending localized estimates to the entire bounded domain under consideration. The complete proof of
the results can be found in [2, Section 2].

We start by considering the following system:

ipp—P=g mn(0,L), (A.1)
iBo1® — (k(gx + ¥ +[w))  — kol (w, —lp) = g> in (0, L), (A.2)
iy —W =g in(0,L), (A.3)
B2V — (bY)x +k(py + ¥ +1w) = g4 in (0, L), (A.4)
ipw—W=gs in(0,L), (A.5)
iBoW — (ko(wy — 1)) +kl(p. + ¥ +1w) =g in (0, L), (A.6)

Where (glv g25g37 g47 g55g6) e%,l - 1,2, Wlth
HA =H) x L> x H) x L* x H} x L* and 6 =H) x L* x H! x L? x H! x L.

For a vector-valued function V = (¢, @, ¥, ¥, w, W) and 0 < a; < a, < L, we use the notation
|l - llay.a, to stand for

ap

VI, o :=/ (lox + ¥ + 1w + 1D + [ > + [V + Jw, — lp|* + |W]?) dx.
ai

Proposition A.1 ([2, Proposition 2.2]). Let V = (¢, @, ¥, ¥, w, W) be a solution of (A.1)—(A.6). Then,

for any numbers 0 < a; < ay < L, there exist universal constants Cy, C; > 0 (depending only on p;,
02, k, ko, b, 1) such that

1)) < CollVI; o, + CollGllg .. j=1.2, (A7)
IVIZ o < Cil(a) + CilIGIG . j=1.2, (A.8)

by taking |B| > 1 large enough.
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An important consequence of Proposition A.1 is the next corollary, which is the precise result we have
used in the present paper.

Corollary A.2 ([2, Corollary 2.3]). Let V = (¢, ®, ¥, ¥, w, W) be a solution of (A.1)-(A.6). If for
some sub-interval (b, by) C (0, L) one has

||V||i1’b2 < A, for some parameter A = A(V, G, B), (A9)
then there exists a (universal) constant C > 0 such that

V5. < CA+CIGIG .- (A.10)
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