
Funkcialaj Ekvacioj, 66 (2023) 71–123

Memory E¤ects on the Stability of Viscoelastic Timoshenko

Systems in the Whole 1D-Space

By

Marcio Antonio Jorge Silva and Yoshihiro Ueda

(State University of Londrina, Brazil and Kobe University, Japan)

Abstract. In this paper, we investigate new classes of viscoelastic Timoshenko-

Ehrenfest systems under the presence of full or partial memory e¤ects. Our achieve-

ments rely on recent approaches to the theory of dissipative structure for systems of

di¤erential equations, by featuring optimal pointwise estimates in the Fourier space,

L2-estimates for the solutions, and explicit energy decay rates depending on the

viscoelastic damping coupling. Therefore, under a complete stability analysis, original

results as well as improvements of previous work in the literature are our main

findings.
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1. Introduction

In this article, we present new stability results concerning the following

viscoelastic beam model

r1ftt � kðfx þ cÞx þ kk0ðg1 � ðfx þ cÞxÞ ¼ 0 in ð0;yÞ � R;

r2ctt � bcxx þ bb0ðg2 � cxxÞ þ kðfx þ cÞ
� kk0ðg1 � ðfx þ cÞÞ ¼ 0 in ð0;yÞ � R;

8<
:ð1:1Þ

with initial data

ðf; ft;c;ctÞð0; xÞ ¼ ðf0; f1;c0;c1ÞðxÞ; x A R;ð1:2Þ

where r1; r2; k; b > 0, k0; b0 b 0, and � stands for the usual convolution

ðg � f ÞðtÞ :¼
ð t
0

gðt� tÞ f ðtÞdt; t > 0:
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With respect to the memory kernels g1 and g2, the following assumption is

taken into account.

Assumption 1.1. The relaxation functions g1; g2 A C2 \ L1 satisfy the fol-

lowing conditions

h�
1 :¼ 1� k0

ðy
0

g1ðtÞdt > 0; h�
2 :¼ 1� b0

ðy
0

g2ðtÞdt > 0;ð1:3Þ

gjð0Þ > 0; �CjgjðtÞa g 0
j ðtÞa�cjgjðtÞ; jg 00

j ðtÞja ~CCjgjðtÞ;ð1:4Þ

for j ¼ 1; 2, and tb 0; where cj, Cj, ~CCj are positive constants independent of

time t.

As explained in the ending Appendix A, (1.1) is a valid model related to

viscoelastic beams of Timoshenko-Ehrenfest type, here posed on unbounded

domains. All physical meanings, as well as the deduction of (1.1), shall be

presented in detail throughout Appendix A. We advance here that (1.1) may

represent three classes of viscoelastic Timoshenko-Ehrenfest beams with di¤er-

ent features. Each case and its respective novelty shall be highlighted further

up.

To analyze the dissipative structure for (1.1)–(1.2), we introduce the new

variables

v :¼ kðfx þ cÞ; w :¼ ft; z :¼ bcx; y :¼ ct;

and set the vector-valued function u :¼ ðv;w; z; yÞ>. Thus, problem (1.1)–(1.2)

can be abstractly reformulated as

A0ut þ Aux þ LuþM1g1 � ux þM2g2 � ux þNg1 � u ¼ 0;ð1:5Þ

uð0; xÞ ¼ ðv0;w0; z0; y0ÞðxÞ :¼ u0ðxÞ;ð1:6Þ

where we denote v0 :¼ kðf0x þ c0Þ, w0 :¼ f1, z0 :¼ bc0x, y0 :¼ c1, and the

matrix coe‰cients

A0 ¼

1=k 0 0 0

0 r1 0 0

0 0 1=b 0

0 0 0 r2

0
BBB@

1
CCCA; A ¼ �

0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0

0
BBB@

1
CCCA;ð1:7Þ

L ¼

0 0 0 �1

0 0 0 0

0 0 0 0

1 0 0 0

0
BBB@

1
CCCA; M1 ¼

0 0 0 0

k0 0 0 0

0 0 0 0

0 0 0 0

0
BBB@

1
CCCA;

72 Marcio Antonio Jorge Silva and Yoshihiro Ueda



M2 ¼

0 0 0 0

0 0 0 0

0 0 0 0

0 0 b0 0

0
BBB@

1
CCCA; N ¼

0 0 0 0

0 0 0 0

0 0 0 0

�k0 0 0 0

0
BBB@

1
CCCA:

Therefore, along the next sections our main results feature estimates

and stability properties with respect to both problems (1.1)–(1.2) and (1.5)–

(1.6). To this purpose, three possible cases come into play as pointed out

below.

1.1. Full viscoelastic coupling: case k0 > 0 and b0 > 0

For k0 > 0 and b0 > 0, (1.1) represents a fully damped viscoelastic

Timoshenko-Ehrenfest system with memory coupling on both the bending

moment and shear force. To our best knowledge, problems (1.1)–(1.2) and

(1.5)–(1.6) have not been studied in literature so far. Only on bounded

domains, namely, replacing R by ½0;L�, L > 0, there is a slightly modified

semilinear version of (1.1) presented with past history, cf. [7], where the asymp-

totic behavior of solutions was studied with exponential kernels g1, g2. But the

latter as well as its results are not comparable to our case due to the character

of the systems here and there addressed.

Here, we present for the first time optimal stability results concerning

system (1.1), by following recent developments, cf. [16, 17, 18], adopted to our

problem.

Our main results in this case feature the following novelties:
� In Section 2, Theorem 2.2 provides pointwise estimates for the solu-

tion of (1.5)–(1.6) in the Fourier space when k0 > 0 and b0 > 0, and the

optimality of such pointwise estimates is evaluated in Section 3 for

suitable choices of the exponential kernels g1, g2, by analyzing the ex-

pansion for the corresponding eigenvalues.
� Proposition 4.5 delivers L2-estimates for the solution of problem (1.5)–

(1.6) by means of the fundamental solution obtained in Section 4.
� Theorems 5.1 and 5.4, in Section 5, bring out the energy and decay rate

estimates, respectively, with respect to the solution of problem (1.5)–

(1.6) and, consequently, (1.1)–(1.2).

1.2. Partially viscoelastic coupling: case k0 > 0 and b0 ¼ 0

For k0 > 0 and b0 ¼ 0, (1.1) means the Timoshenko-Ehrenfest system with

a viscoelastic coupling on the shear force only. In this case, it reduces into the
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following system

r1ftt � kðfx þ cÞx þ kk0ðg1 � ðfx þ cÞxÞ ¼ 0 in ð0;yÞ � R;

r2ctt � bcxx þ kðfx þ cÞ � kk0ðg1 � ðfx þ cÞÞ ¼ 0 in ð0;yÞ � R:

�
ð1:8Þ

As far as we know, system (1.8) has not been addressed in the literature. Only

in a bounded interval, we mean on ½0;L�, L > 0, it has been treated very

recently, cf. [1], where the authors studied the uniform general stability of

the energy. Two main points in computations are regarded in [1], namely,

Poincaré’s inequality and estimates with bounds 1=L, which do not hold true

in the present work. Therefore, we rely on estimates as in the previous case

that are not considered so far in the literature for this model on R.

The highlights with respect to (1.8) and (1.5)–(1.6)b0¼0 are given as follows:
� Theorem 2.3 displays pointwise estimates for the solution of (1.5)–

(1.6)b0¼0 in the Fourier space, and the optimality of such pointwise

estimates is also assessed in Section 3 for an explicit exponential choice

for g1.
� Proposition 4.6 exhibits L2-estimates for the solution of problem (1.5)–

(1.6)b0¼0 through the fundamental solution, still obtained in Section 4 for

this case.
� Theorems 5.2 and 5.5 present the energy and decay rate estimates, re-

spectively, in what concerns the solution of problem (1.5)–(1.6)b0¼0 and,

therefore, (1.8) with initial data (1.2).

1.3. Partially viscoelastic coupling: case k0 ¼ 0 and b0 > 0

For k0 ¼ 0 and b0 > 0, (1.1) stands for the Timoshenko-Ehrenfest system

with viscoelastic coupling on the bending moment only. In this case, it turns

into the classical viscoelastic system

r1ftt � kðfx þ cÞx ¼ 0 in ð0;yÞ � R;

r2ctt � bcxx þ bb0ðg2 � cxxÞ þ kðfx þ cÞ ¼ 0 in ð0;yÞ � R:

�
ð1:9Þ

In bounded domains like ½0;L�, L > 0, it has been firstly introduced in [2]

with an exponentially decaying positive kernel g2. The authors proved that

the related system is exponentially stable if and only if the equal wave speeds

condition k=r1 ¼ b=r2 is satisfied. After that, several works have treated

related problems on bounded intervals, see e.g. [1] where it is provided a

survey of references containing more recent generalized results still in bounded

intervals.

On the other hand, there are just a few papers dealing with problem

(1.9), say on unbounded domains, as e.g. the real line R. We quote the
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pioneering work by Liu-Kawashima [9] where it is presented the decay property

of solutions to the Timoshenko system with memory-type dissipation on the

bending moment equivalent to (1.9). Furthermore, Mori [11] improved the

decay estimate derived by [9]. In this third (and complementary) case, our

main purpose is to recall the known result obtained in [11], and derive the same

decay estimate for (1.9). Indeed, Liu-Kawashima [9] and Mori [11] considered

(1.9) with r1 ¼ r2 ¼ k ¼ b0 ¼ 1, and they did not focus on the relation to the

physical parameters. We will pay attention to the physical parameters and

derive the desired decay structures. By following the same lines as in the two

aforementioned cases, our main results concerning problems (1.9) and (1.5)–

(1.6)k0¼0 are stated in Theorem 2.4, Proposition 4.7, and Theorems 5.3, 5.6.

2. Fourier analysis

By means of the Fourier transform applied to (1.5)–(1.6), we obtain the

problem

A0ûut þ ixAûuþ Lûuþ ixM1g1 � ûuþ ixM2g2 � ûuþNg1 � ûu ¼ 0;

ûuð0; xÞ ¼ ðv̂v0; ŵw0; ẑz0; ŷy0ÞðxÞ :¼ ûu0ðxÞ;

�
ð2:1Þ

where the matrix coe‰cients are the same as in (1.7). Besides, system (2.1) can

be written in terms of its components as follows

v̂vt � kixŵw� kŷy ¼ 0;

r1ŵwt � ixv̂vþ k0ixðg1 � v̂vÞ ¼ 0;

ẑzt � bixŷy ¼ 0;

r2 ŷyt � ixẑzþ b0ixðg2 � ẑzÞ þ v̂v� k0ðg1 � v̂vÞ ¼ 0:

8>>><
>>>:

ð2:2Þ

In what follows, we are going to provide pointwise estimates in the Fourier

space for the solution u of problem (1.5)–(1.6), namely, through the solution ûu

of system (2.1) and its components equations (2.2). The existence of solution to

(1.5)–(1.6) will be addressed in Section 4.

Before proceeding with the main results, let us first prepare the basic energy

identity. We first observe that some properties of the memory e¤ect are useful

to our approach. Indeed, for any complex-valued functions g and f , we define

ðg � f ÞðtÞ :¼
ð t
0

gðt� tÞð f ðtÞ � f ðtÞÞdt;

ðgr f ÞðtÞ :¼
ð t
0

gðt� tÞj f ðtÞ � f ðtÞj2dt:

Then, we have the following lemma, whose proof is referred to [2, 10].
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Lemma 2.1. Let g be a real-valued function. Then, for any complex-valued

function j, the following identities hold

ðg � jÞðtÞ ¼
ð t
0

gðtÞdt
� �

jðtÞ þ ðg � jÞðtÞ;

Refðg � jÞðtÞjtðtÞg ¼ 1

2
ðg 0rjÞðtÞ � 1

2
gðtÞjjðtÞj2

� 1

2

d

dt
ðgrjÞðtÞ �

ð t
0

gðtÞdt
� �

jjðtÞj2
� �

;

jðg � jÞðtÞj2 a
ð t
0

jgðtÞjdt
� �

ðjgjrjÞðtÞ:

Now, taking the inner product of (2.1) with ûu, and taking the real part in

the resulting expression, we have

1

2

q

qt

1

k
jv̂vj2 þ r1jŵwj

2 þ 1

b
jẑzj2 þ r2j ŷyj

2

� �

� k0

k
Reððg1 � v̂vÞv̂vtÞ �

b0

b
Reððg2 � ẑzÞẑztÞ ¼ 0:

To control the memory terms, we employ the second equation in Lemma 2.1,

and obtain the energy relation

q

qt
E0 þ

k0

k
g1ðtÞjv̂vj2 �

k0

k
ðg 0

1rv̂vÞ þ b0

b
g2ðtÞjẑzj2 �

b0

b
ðg 0

2rẑzÞ ¼ 0;ð2:3Þ

where

E0 :¼
1

k
h1ðtÞjv̂vj2 þ r1jŵwj

2 þ 1

b
h2ðtÞjẑzj2 þ r2j ŷyj

2 þ k0

k
ðg1rv̂vÞ þ b0

b
ðg2rẑzÞ;

and

h1ðtÞ :¼ 1� k0

ð t
0

g1ðtÞdt; h2ðtÞ :¼ 1� b0

ð t
0

g2ðtÞdt:

From (1.3), we have h1ðtÞb h�
1 and h2ðtÞb h�

2 for tb 0. Equation (2.3) means

that E0 is conservative if k0 ¼ b0 ¼ 0. This implies that the stability analysis

must be done when at least one of the coe‰cients k0 or b0 is positive. For

completeness, we consider all possibilities below.

2.1. Pointwise estimate for k0 > 0 and b0 > 0

Theorem 2.2. Let u be a solution of problem (1.5)–(1.6) with k0 > 0

and b0 > 0. Then ûu satisfies the following pointwise estimates in the
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Fourier space:

jûuðt; xÞjaCe�crðxÞtjûu0ðxÞj; where rðxÞ ¼ x4

ð1þ x2Þ2
ð2:4Þ

for some constants C; c > 0:

Proof. For the next computations, let us regard the component equations

in (2.2).

We initially multiply the first and second equations in (2.2) by r1ixŵw

and �ixv̂v, respectively, and add them up. Then, taking the real part, we

get

r1x
q

qt
Reðiv̂vŵwÞ þ r1kx

2jŵwj2 � x2jv̂vj2 � r1kx ReðiŷyŵwÞð2:5Þ

þ k0x
2 Reððg1 � v̂vÞv̂vÞ ¼ 0:

Similarly, using the third and fourth equations in (2.2), we obtain

r2x
q

qt
ReðiŷyẑzÞ þ x2jẑzj2 � r2bx

2j ŷyj2 þ x Reðiv̂vẑzÞð2:6Þ

� k0x Reðiðg1 � v̂vÞẑzÞ � b0x
2 Reððg2 � ẑzÞẑzÞ ¼ 0:

Furthermore, the second and third equations in (2.2) give

r1
q

qt
ReðŵwẑzÞ � x Reðiv̂vẑzÞ þ r1bx ReðiŵwŷyÞ þ k0x Reðiðg1 � v̂vÞẑzÞ ¼ 0:ð2:7Þ

Then, to eliminate the interaction terms, we combine (2.6) and (2.7), and

obtain

q

qt
fr2x ReðiŷyẑzÞ þ r1 ReðŵwẑzÞg þ x2jẑzj2 � r2bx

2j ŷyj2 þ r1bx ReðiŵwŷyÞð2:8Þ

� b0x
2 Reððg2 � ẑzÞẑzÞ ¼ 0:

Therefore, summing up (2.5) and (2.8), we get

q

qt
fr1x Reðiv̂vŵwÞ þ r2x ReðiŷyẑzÞ þ r1 ReðŵwẑzÞg þ x2ðr1kjŵwj

2 þ jẑzj2Þð2:9Þ

� x2ðjv̂vj2 þ r2bj ŷyj
2Þ þ r1ðbþ kÞx ReðiŵwŷyÞ þ k0x

2 Reððg1 � v̂vÞv̂vÞ

� b0x
2 Reððg2 � ẑzÞẑzÞ ¼ 0:

On the other hand, multiplying the first and fourth equations in (2.2)

by r2 ŷy and v̂v, respectively, taking the real part, and combining the resultant
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equations, we get

r2
q

qt
Reðv̂vŷyÞ þ jv̂vj2 � r2kj ŷyj

2 � r2kx ReðiŵwŷyÞ

þ x Reðiv̂vẑzÞ þ b0x Reðiðg2 � ẑzÞv̂vÞ � k0 Reððg1 � v̂vÞv̂vÞ ¼ 0:

The second and fourth equations in (2.2) give

�r1b0 Reððg2 � ẑzÞŵwtÞ � r2k0 Reððg1 � v̂vÞ ŷytÞ þ k2
0 jg1 � v̂vj

2

� b0x Reðiðg2 � ẑzÞv̂vÞ � k0x Reðiðg1 � v̂vÞẑzÞ � k0 Reððg1 � v̂vÞv̂vÞ ¼ 0:

Then, adding the above last two equations, it yields

r2
q

qt
Reðv̂vŷyÞ þ jv̂v� k0ðg1 � v̂vÞj2 � r2kj ŷyj

2 � r2kx ReðiŵwŷyÞ þ x Reðiv̂vẑzÞ

� k0x Reðiðg1 � v̂vÞẑzÞ � r1b0 Reððg2 � ẑzÞŵwtÞ � r2k0 Reððg1 � v̂vÞ ŷytÞ ¼ 0:

Furthermore, combining (2.7) and this equation, we obtain

q

qt
fr1 ReðŵwẑzÞ þ r2 Reðv̂vŷyÞ � r1b0 Reððg2 � ẑzÞŵwÞ � r2k0 Reððg1 � v̂vÞ ŷyÞgð2:10Þ

þ jv̂v� k0ðg1 � v̂vÞj2 � r2kj ŷyj
2 þ ðr1b� r2kÞx ReðiŵwŷyÞ

� r1b0 Reðŵwðg2 � ẑzÞtÞ þ r2k0 Reð ŷyðg1 � v̂vÞtÞ ¼ 0;

and

�r1r2
q

qt
fb Reðv̂vŷyÞ þ k ReðŵwẑzÞ � k0b Reððg1 � v̂vÞ ŷyÞg þ r1r2kbj ŷyj

2ð2:11Þ

� r1bjv̂v� k0ðg1 � v̂vÞj2 � ðr1b� r2kÞx Reðiv̂vẑzÞ

þ k0ðr1b� r2kÞx Reðiðg1 � v̂vÞẑzÞ � r1r2k0b Reð ŷyðg1 � v̂vÞtÞ

þ r21bb0 Reððg2 � ẑzÞŵwtÞ ¼ 0:

To capture the memory e¤ect, multiplying the second equation in (2.2) by

�ixðg1 � v̂vÞt and taking the real part, we have

q

qt

1

2
k0x

2jg1 � v̂vj2 � r1x Reðiŵwðg1 � v̂vÞtÞ
� �

þ r1kg1ð0Þx2jŵwj
2

þ r1kg1ð0Þx ReðiŵwŷyÞ þ r1x Reðiŵwðg 0
1 � v̂vÞtÞ � x2 Reðv̂vðg1 � v̂vÞtÞ ¼ 0:
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To eliminate ReðiŵwŷyÞ, we combine (2.5) and this equation. This yields

q

qt
Ev þ x2jv̂vj2 � k0x

2 Reððg1 � v̂vÞv̂vÞð2:12Þ

þ r1
g1ð0Þ

x Reðiŵwðg 0
1 � v̂vÞtÞ �

1

g1ð0Þ
x2 Reðv̂vðg1 � v̂vÞtÞ ¼ 0;

where

Ev :¼
1

g1ð0Þ
1

2
k0x

2jg1 � v̂vj2 � r1x Reðiŵwðg1 � v̂vÞtÞ � r1g1ð0Þx Reðiv̂vŵwÞ
� �

:

Similarly, multiplying the fourth equation in (2.2) by �ixðg2 � ẑzÞt and taking the

real part, we also obtain

q

qt
Ey þ r2bx

2j ŷyj2 þ r2
g2ð0Þ

x Reðiŷyðg 0
2 � ẑzÞtÞ �

1

g2ð0Þ
x2 Reðẑzðg2 � ẑzÞtÞð2:13Þ

� 1

g2ð0Þ
x Reðiv̂vðg2 � ẑzÞtÞ þ

k0

g2ð0Þ
x Reðiðg1 � v̂vÞðg2 � ẑzÞtÞ ¼ 0;

where

Ey :¼
1

g2ð0Þ
1

2
b0x

2jg2 � ẑzj2 � r2x Reðiŷyðg2 � ẑzÞtÞ
� �

:

The above identities are enough to achieve the energy estimate. Indeed,

computing ð2:9Þ � x2 þ ð2:10Þ � x2 þ ð2:12Þ � 2x2, we obtain

x2
q

qt
E1 þ x4ðjv̂vj2 þ r1kjŵwj

2 þ jẑzj2Þ þ x2jv̂v� k0ðg1 � v̂vÞj2 � r2ðbx2 þ kÞx2j ŷyj2

þ fr1ðbþ kÞ þ ðr1b� r2kÞgx3 ReðiŵwŷyÞ � k0x
4 Reððg1 � v̂vÞv̂vÞ

� b0x
4 Reððg2 � ẑzÞẑzÞ þ

2r1
g1ð0Þ

x3 Reðiŵwðg 0
1 � v̂vÞtÞ �

2

g1ð0Þ
x4 Reðv̂vðg1 � v̂vÞtÞ

� r1b0x
2 Reðŵwðg2 � ẑzÞtÞ þ r2k0x

2 Reð ŷyðg1 � v̂vÞtÞ ¼ 0;

where

E1 :¼ 2Ev þ r1x Reðiv̂vŵwÞ þ r2x ReðiŷyẑzÞ þ 2r1 ReðŵwẑzÞ þ r2 Reðv̂vŷyÞ

� r1b0 Reððg2 � ẑzÞŵwÞ � r2k0 Reððg1 � v̂vÞ ŷyÞ:

Using the Hölder inequality and the fact that ðg � jÞt ¼ gð0Þjþ ðg 0 � jÞ ¼
gðtÞjþ ðg 0 � jÞ, we estimate
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x2
q

qt
E1 þ

h1ðtÞ
2

ðx2 þ h1ðtÞÞx2jv̂vj2 þ
r1k

2
x4jŵwj2 þ h2ðtÞ

2
x4jẑzj2ð2:14Þ

a r2bx
2 þ r2ðkþ k0Þ þ

ð2r1bþ kðr1 � r2ÞÞ
2

r1k

( )
x2j ŷyj2

þ 16r1jg 0
1ðtÞj

2

kg21ð0Þ
x2jv̂vj2 þ 2

g1ð0Þ
x2 þ r2k0g1ðtÞ

2

� �
g1ðtÞx2jv̂vj2

þ k2
0

1

h1ðtÞ
x2 þ 1

� �
x2jðg1 � v̂vÞj2

þ 4

g21ð0Þh1ðtÞ
x2 þ r2k0

2

� �
x2jðg 0

1 � v̂vÞj
2 þ 16r1

kg21ð0Þ
x2jðg 00

1 � v̂vÞj2

þ 4r1b
2
0g

2
2ðtÞ

k
jẑzj2 þ b20

2
x4jðg2 � ẑzÞj2 þ

4r1b
2
0

k
jðg 0

2 � ẑzÞj
2:

On the other hand, the equation (2.13) is estimated as

q

qt
Ey þ

r2b

2
x2j ŷyj2 a r2jg 0

2ðtÞj
2

bg22ð0Þ
jẑzj2 þ r2

bg22ð0Þ
jðg 00

2 � ẑzÞj2ð2:15Þ

þ 1

g2ð0Þ
x2 Reðẑzðg2 � ẑzÞtÞ þ

1

g2ð0Þ
x Reðiv̂vðg2 � ẑzÞtÞ

� k0

g2ð0Þ
x Reðiðg1 � v̂vÞðg2 � ẑzÞtÞ:

Therefore, calculating ð2:15Þ � ðx2 þ 1Þ þ ð2:14Þ � a1, we obtain

q

qt
fðx2 þ 1ÞEy þ a1x

2E1g þ
a1h1ðtÞ

2
x2 þ h1ðtÞ

2

� �
x2jv̂vj2 þ a1r1k

2
x4jŵwj2

þ a1h2ðtÞ
4

x4jẑzj2 þ r2b

2

(
ð1� 2a1Þx2 þ 1

� 2a1
b

kþ k0 þ
ð2r1bþ kðr1 � r2ÞÞ

2

r1r2k

 !)
x2j ŷyj2 a Jv þ Jz:

Here, we take

a1 ¼
1

4
min 1; b kþ k0 þ

ð2r1bþ kðr1 � r2ÞÞ
2

r1r2k

 !�1
8<
:

9=
;

and estimate
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Jv :¼ a1
2

g1ð0Þ
x2 þ r2k0g1ðtÞ

2

� �
g1ðtÞx2jv̂vj2 þ

16a1r1jg 0
1ðtÞj

2

kg21ð0Þ
x2jv̂vj2

þ 16a1r1
kg21ð0Þ

x2jðg 00
1 � v̂vÞj2 þ a1k

2
0

1

h1ðtÞ
x2 þ 2

� �
x2jðg1 � v̂vÞj2

þ a1
4

g21ð0Þh1ðtÞ
x2 þ r2k0

2

� �
x2jðg 0

1 � v̂vÞj
2

a
k0

k

k

2k0g1ð0Þ
x2 þ 4r1C

2
1

k0g1ð0Þ
þ r2kg1ð0Þ

8

� �
g1ðtÞx2jv̂vj2

þ k0

k

k

h1ðtÞ
1

4
þ C1

k0g1ð0Þ

� �
x2 þ k

2
þ r2kC

2
1

8k0
þ 4r1

~CC2
1

k2
0g

2
1ð0Þ

( )
x2ðg1rv̂vÞ;

Jz :¼
1

g2ð0Þ
ðx2 þ 1Þ x2 þ 5

2a1
ðx2 þ 1Þ

� �
þ 4a1r1b

2
0g2ðtÞ
k

� �
g2ðtÞjẑzj2

þ r2jg 0
2ðtÞj

2

bg22ð0Þ
ðx2 þ 1Þjẑzj2 þ a1b

2
0

2
x4jðg2 � ẑzÞj2

þ 1

a1g
2
2ð0Þ

5

2
þ 1

h2ðtÞ

� �
ðx2 þ 1Þ2 þ 4a1r1b

2
0

k

� �
jðg 0

2 � ẑzÞj
2

þ r2
bg22ð0Þ

ðx2 þ 1Þjðg 00
2 � ẑzÞj2

a
b0

b

b

b0g2ð0Þ
ðx2 þ 1Þ 5

2a1
þ 1

� �
x2 þ 5

2a1
þ r2C

2
2

b

� �
þ r1bb0g2ðtÞ

k

� �
g2ðtÞjẑzj2

þ b0

b

(
b

8
x4 þ bC2

a1b0g2ð0Þ
5

2
þ 1

h2ðtÞ

� �
ðx2 þ 1Þ2

þ r2
~CC2
2

b20g
2
2ð0Þ

ðx2 þ 1Þ þ r1bC
2
2

k

)
ðg2rv̂vÞ

derived by

jðgj � v̂vÞj2 a
ð t
0

gjðtÞdt
� �

ðgjrv̂vÞa 1

sj
ðgjrv̂vÞ;ð2:16Þ

jðg 0
j � v̂vÞj

2
a

ð t
0

ð�g 0
j ðtÞÞdt

� �
ð�g 0

jrv̂vÞa
C2

j

sj
ðgjrv̂vÞ;

gjð0ÞCjðgjrv̂vÞ;

8><
>:

jðg 00
j � v̂vÞj2 a

ð t
0

jg 00
j ðtÞjdt

� �
ðjg 00

j jrv̂vÞa
~CC2
j

sj
ðgjrv̂vÞ;
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for j ¼ 1; 2, where s1 :¼ k0 and s2 :¼ b0. Namely, this yields

q

qt
fðx2 þ 1ÞEy þ a1x

2E1g þ
a1h

�
1

2
x2 þ h�

1

2

� �
x2jv̂vj2 þ a1r1k

2
x4jŵwj2ð2:17Þ

þ a1h
�
2

4
x4jẑzj2 þ r2b

4
ðx2 þ 1Þx2j ŷyj2

a
k0

k
C �

v ðx
2 þ 1Þx2ðg1ðtÞjv̂vj2 þ ðg1rv̂vÞÞ

þ b0

b
C �

z ðx2 þ 1Þ2ðg2ðtÞjẑzj2 þ ðg2rẑzÞÞ;

where

C �
v :¼ max

(
k

2k0g1ð0Þ
;
4r1C

2
1

k0g1ð0Þ
þ r2kg1ð0Þ

8
;
k

h�
1

1

4
þ C1

k0g1ð0Þ

� �
;

k

2
þ r2kC

2
1

8k0
þ 4r1

~CC2
1

k2
0g

2
1ð0Þ

)
;

C �
z :¼ max

(
b

b0g2ð0Þ
5

2a1
þ 1

� �
;

b

b0g2ð0Þ
5

2a1
þ r2C

2
2

b

� �
þ r1bb0g2ð0Þ

k
;

bC2

a1b0g2ð0Þ
5

2
þ 1

h�
2

� �
þ b

8
;

bC2

a1b0g2ð0Þ
5

2
þ 1

h�
2

� �
þ r2

~CC 2
2

b20g
2
2ð0Þ

þ r1bC
2
2

k

)
:

Consequently, making the combination ð2:3Þ � ðx2 þ 1Þ2 þ ð2:17Þ � a0, we

arrive at

q

qt
E0 þ

a0a1h
�
1

2
x2 þ h�

1

2

� �
x2jv̂vj2 þ a0a1r1k

2
x4jŵwj2 þ a0a1h

�
2

4
x4jẑzj2ð2:18Þ

þ a0r2b

4
ðx2 þ 1Þx2j ŷyj2 þ 1

2
ðx2 þ 1Þ2ðg1ðtÞjv̂vj2 þ c1ðg1rv̂vÞÞ

þ 1

2
ðx2 þ 1Þ2ðg2ðtÞjẑzj2 þ c2ðg2rẑzÞÞa 0;

where E0 :¼ ðx2 þ 1Þ2E0 þ a0ðx2 þ 1ÞEy þ a0a1x
2E1 and a0 is chosen as

a0 a
1

2
min

1

C �
v

;
c1

C �
v

;
1

C �
z

;
c2

C �
z

� �
:ð2:19Þ
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We estimate the energy E0. Because of Lemma 2.1 and (2.16), we

have

jEvja 1þ 1

k0g1ð0Þ

� �
x2jv̂vj2 þ 3r21

2
jŵwj2 þ k0

g1ð0Þ
x2jg1 � v̂vj2ð2:20Þ

þ 1

2g21ð0Þ
x2jg 0

1 � v̂vj
2

a 1þ 1

k0g1ð0Þ

� �
x2jv̂vj2 þ 3r21

2
jŵwj2 þ 1

g1ð0Þ
1þ C1

2

� �
x2ðg1rv̂vÞ;

jEyja
1

2
þ 1

b0g2ð0Þ

� �
x2jẑzj2 þ r22 j ŷyj

2 þ b0

g2ð0Þ
x2jg2 � ẑzj2 þ

1

2g22ð0Þ
x2jg 0

2 � ẑzj
2

a
1

2
þ 1

b0g2ð0Þ

� �
x2jẑzj2 þ r22 j ŷyj

2 þ 1

g2ð0Þ
1þ C2

2

� �
x2ðg2rẑzÞ;

and

jE1ja 2jEvj þ
1

2
ðx2 þ h21ðtÞÞjv̂vj

2 þ 2r21 jŵwj
2 þ 3r22

2
j ŷyj2

þ 1

2
ðx2 þ 1þ h22ðtÞÞjẑzj

2 þ k2
0

2
jg1 � v̂vj2 þ

b20
2
jg2 � ẑzj2

a
1

2
5þ 4

k0g1ð0Þ

� �
x2 þ h21ðtÞ

� �
jv̂vj2 þ 5r21 jŵwj

2 þ 1

2
ðx2 þ 1þ h22ðtÞÞjẑzj

2

þ 3r22
2

j ŷyj2 þ 2þ C1

g1ð0Þ
x2 þ k0

2

� �
ðg1rv̂vÞ þ b0

2
ðg2rv̂vÞ:

Thus, we estimate

ðx2 þ 1ÞjEyj þ a1x
2jE1ja

5

8
þ 1

2k0g1ð0Þ

� �
ðx2 þ 1Þx2jv̂vj2 þ 5r21

4
x2jŵwj2

þ 3

4
þ 1

b0g2ð0Þ

� �
ðx2 þ 1Þx2jẑzj2 þ 11r22

8
ðx2 þ 1Þj ŷyj2

þ 2þ C1

4g1ð0Þ
þ k0

8

� �
ðx2 þ 1Þx2ðg1rv̂vÞ

þ 1

g2ð0Þ
1þ C2

2

� �
þ b0

8

� �
ðx2 þ 1Þx2ðg2rv̂vÞ;

and this gives
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E0 b
3h�

1

4k
jv̂vj2 þ r1

2
jŵwj2 þ 3h�

2

4b
jẑzj2 þ r2

2
j ŷyj2 þ k0

2k
ðg1rv̂vÞ þ b0

2b
ðg2rẑzÞð2:21Þ

b
h�
1

2k
jv̂vj2 þ r1

2
jŵwj2 þ h�

2

2b
jẑzj2 þ r2

2
j ŷyj2 þ h�

1g1ðtÞ
4kg1ð0Þ

jv̂vj2 þ k0

2k
ðg1rv̂vÞ

þ h�
2g2ðtÞ

4bg2ð0Þ
jẑzj2 þ b0

2b
ðg2rẑzÞ

bm0ðjûuj2 þ g1ðtÞjv̂vj2 þ ðg1rv̂vÞ þ g2ðtÞjẑzj2 þ ðg2rẑzÞÞ;

E0 aM0ðjûuj2 þ g1ðtÞjv̂vj2 þ ðg1rv̂vÞ þ g2ðtÞjẑzj2 þ ðg2rẑzÞÞ;

where

m0 :¼ min
h�
1

2k
;
r1
2
;
h�
2

2b
;
r2
2
;

h�
1

4kg1ð0Þ
;
k0

2k
;

h�
2

4bg2ð0Þ
;
b0

2b

� �
;

M0 :¼ max

�
1;
1

k
þ 5

8
þ 1

2k0g1ð0Þ

� �
; r1 1þ 5r1

4

� �
;
1

b
þ 3

4
þ 1

b0g2ð0Þ

� �
;

r2 1þ 11r2
8

� �
;
k0

k
þ 2þ C1

4g1ð0Þ
þ k0

8

� �
;
b0

b
þ 1

g2ð0Þ
1þ C2

2

� �
þ b0

8

� ��
;

and we take a0 satisfying (2.19) and

a0 a
1

2
min

(
2;
h�
1

2k

5

8
þ 1

2k0g1ð0Þ

� ��1

;
4

5r1
;
h�
2

2b

3

4
þ 1

b0g2ð0Þ

� ��1

;
8

11r2
;

k0

k

2þ C1

4g1ð0Þ
þ k0

8

� ��1

;
b0

b

1

g2ð0Þ
1þ C2

2

� �
þ b0

8

� ��1
)
:

Therefore, using (2.18) and (2.21), we get

jûuj2 þU ½v̂v; ẑz� þ n0

m0

ð t
0

(
x2

x2 þ 1
ðjv̂vj2 þ j ŷyj2Þð2:22Þ

þ x4

ðx2 þ 1Þ2
ðjŵwj2 þ jẑzj2Þ þU ½v̂v; ẑz�

)
dt

a
M0

m0
ðjûuj2 þU ½v̂v; ẑz�Þ;

where U ½v̂v; ẑz� :¼ g1ðtÞjv̂vj2 þ c1ðg1rv̂vÞ þ g2ðtÞjẑzj2 þ c2ðg2rẑzÞ and

n0 :¼
1

2
min 1;

a0a1ðh�
1 Þ

2

2þ h�
1

; a0a1r1k;
a0a1h

�
2

2
;
a0r2b

2

( )
:
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Therefore, the pointwise estimate (2.4) is finally obtained by using (2.18)

and (2.21), and the proof of Theorem 2.2 is complete. r

2.2. Pointwise estimate for k0 > 0 and b0 ¼ 0

Theorem 2.3. Let u be a solution of problem (1.5)–(1.6) with k0 > 0 and

b0 ¼ 0. Then ûu satisfies the following pointwise estimates in the Fourier space:

jûuðt; xÞjaCe�chðxÞtjûu0ðxÞjð2:23Þ

for some constants C; c > 0, where

hðxÞ ¼

x6

ð1þ x2Þ4
if

k

r1
0

b

r2
;

x6

ð1þ x2Þ3
if

k

r1
¼ b

r2
:

8>>>><
>>>>:

ð2:24Þ

Proof. Here, we take advantage of the computations provided in the proof

of Theorem 2.2 with b0 ¼ 0. From (2.7), the equations (2.5), (2.9), and (2.10),

in case b0 ¼ 0, can be rewritten as

r1
q

qt
x Reðiv̂vŵwÞ � k

b
ReðŵwẑzÞ

� �
þ r1kx

2jŵwj2 � x2jv̂vj2ð2:25Þ

þ k

b
x Reðiv̂vẑzÞ þ k0x

2 Reððg1 � v̂vÞv̂vÞ �
kk0

b
x Reðiðg1 � v̂vÞẑzÞ ¼ 0;

q

qt
r1x Reðiv̂vŵwÞ þ r2x ReðiŷyẑzÞ � r1k

b
ReðŵwẑzÞ

� �
þ x2ðr1kjŵwj

2 þ jẑzj2Þð2:26Þ

� x2ðjv̂vj2 þ r2bj ŷyj
2Þ þ kþ b

b
x Reðiv̂vẑzÞ � k0ðkþ bÞ

b
x Reðiðg1 � v̂vÞẑzÞ

þ k0x
2 Reððg1 � v̂vÞv̂vÞ ¼ 0;

and

�r2
q

qt

b

k
Reðv̂vŷyÞ þReðŵwẑzÞ � k0b

k
Reððg1 � v̂vÞ ŷyÞ

� �
þ r2bj ŷyj

2ð2:27Þ

� b

k
jv̂v� k0ðg1 � v̂vÞj2 �

r1b� r2k

r1k
x Reðiv̂vẑzÞ

þ k0ðr1b� r2kÞ
r1k

x Reðiðg1 � v̂vÞẑzÞ �
r2k0b

k
Reð ŷyðg1 � v̂vÞtÞ ¼ 0:

Then, combining (2.26) and (2.27), we obtain
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q

qt
E2 þ x2ðr1kjŵwj

2 þ jẑzj2Þ þ r2bðx2 þ 1Þj ŷyj2 � x2jv̂vj2ð2:28Þ

� b

k
ð2x2 þ 1Þjv̂v� k0ðg1 � v̂vÞj2 þ k0x

2 Reððg1 � v̂vÞv̂vÞ þ
kþ b

b
x Reðiv̂vẑzÞ

� k0ðkþ bÞ
b

x Reðiðg1 � v̂vÞẑzÞ �
ðr1b� r2kÞ

r1k
ð2x2 þ 1Þx Reðiv̂vẑzÞ

þ k0ðr1b� r2kÞ
r1k

ð2x2 þ 1Þx Reðiðg1 � v̂vÞẑzÞ

� r2k0b

k
ð2x2 þ 1Þ Reð ŷyðg1 � v̂vÞtÞ ¼ 0;

where

E2 :¼ r1x Reðiv̂vŵwÞ þ r2x ReðiŷyẑzÞ � r1k

b
ReðŵwẑzÞ

� r2ð2x2 þ 1Þ b

k
Reðv̂vŷyÞ þReðŵwẑzÞ � k0b

k
Reððg1 � v̂vÞ ŷyÞ

� �
:

Case r1b0 r2k. In the case of di¤erent wave speeds, we combine (2.25)

and (2.28) to obtain

q

qt
E2 þ r1x

2 x Reðiv̂vŵwÞ � k

b
ReðŵwẑzÞ

� �� �
þ r1kðx2 þ 1Þx2jŵwj2 þ x2jẑzj2

þ r2bðx2 þ 1Þj ŷyj2 � ðx2 þ 1Þx2jv̂vj2 � b

k
ð2x2 þ 1Þjv̂v� k0ðg1 � v̂vÞj2

þ k0ðx2 þ 1Þx2 Reððg1 � v̂vÞv̂vÞ

þ 1

b
ðkx2 þ kþ bÞ � ðr1b� r2kÞ

r1k
ð2x2 þ 1Þ

� �
xfReðiv̂vẑzÞ � k0 Reðiðg1 � v̂vÞẑzÞg

� r2k0b

k
ð2x2 þ 1Þ Reð ŷyðg1 � v̂vÞtÞ ¼ 0:

Thus, applying the Hölder inequality to this equation, we estimate

q

qt
E2 þ r1x

2 x Reðiv̂vŵwÞ � k

b
ReðŵwẑzÞ

� �� �
þ r1kðx2 þ 1Þx2jŵwj2ð2:29Þ

þ 1

2
x2jẑzj2 þ r2bðx2 þ 1Þj ŷyj2

a h1ðtÞðx2 þ 1Þx2jv̂vj2 þ b

k
ð2x2 þ 1Þjh1ðtÞv̂v� k0ðg1 � v̂vÞj2

þ k0ðx2 þ 1Þx2jv̂vj jðg1 � v̂vÞj
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þ kþ b

b
þ 2jr1b� r2kj

r1k

� �2
ðx2 þ 1Þ2ðh21ðtÞjv̂vj

2 þ k2
0 jðg1 � v̂vÞj

2Þ

þ r2k0b

k
ð2x2 þ 1Þ Reð ŷyðg1 � v̂vÞtÞ

aCvðx2 þ 1Þ2ðh21ðtÞjv̂vj
2 þ k2

0 jðg1 � v̂vÞj
2Þ

þ r2k0b

k
ð2x2 þ 1Þ Reð ŷyðg1 � v̂vÞtÞ;

where

Cv :¼
kþ b

b
þ 2jr1b� r2kj

r1k

� �2
þ 4b

k
þ

ffiffiffi
2

p
þ 1

2h�
1

:

Calculating ð2:12Þ � ðx2 þ 1Þ2x2 þ ð2:29Þ � x4=ð2CvÞ and using (2.16), we get

x2
q

qt
ðx2 þ 1Þ2Ev þ

1

2Cv

x2E2 þ
1

2Cv

r1x
4 x Reðiv̂vŵwÞ � k

b
ReðŵwẑzÞ

� �� �
ð2:30Þ

þ h1ðtÞ
4

ðx2 þ 1Þ2x4jv̂vj2 þ r1k

4Cv

ðx2 þ 1Þx6jŵwj2

þ 1

4Cv

x6jẑzj2 þ r2b

4Cv

ðx2 þ 1Þx4j ŷyj2

a
g1ðtÞ
g1ð0Þ

ðx2 þ 1Þ2x4jv̂vj2 þ 2r2k
2
0bg

2
1ðtÞ

k2Cv

ðx2 þ 1Þx4jv̂vj2

þ 2r1Cvjg 0
1ðtÞj

2

kg21ð0Þ
ðx2 þ 1Þ3jv̂vj2 þ k2

0

1

2
þ 2

h1ðtÞ

� �
ðx2 þ 1Þ2x4jðg1 � v̂vÞj2

þ r2k
2
0b

k2Cv

ðx2 þ 1Þx4jðg 0
1 � v̂vÞj

2 þ 2

g21ð0Þh1ðtÞ
ðx2 þ 1Þ2x4jðg 0

1 � v̂vÞj
2

þ 2r1Cv

kg21ð0Þ
ðx2 þ 1Þ3jðg 00

1 � v̂vÞj2

a
k0

k

k

k0g1ð0Þ
þ 2r1CvC

2
1

k0g1ð0Þ
þ 2r2k0bg1ð0Þ

kCv

� �
g1ðtÞðx2 þ 1Þ4jv̂vj2

þ k0

k

k

2
þ 2k

h�
1

þ r2bC
2
1

kCv

þ 2kC1

k0g1ð0Þh�
1

þ 2r1Cv
~CC2
1

k2
0g

2
1ð0Þ

 !
ðx2 þ 1Þ4ðg1rv̂vÞ:

Consequently, making the combination ð2:31Þ � ðx2 þ 1Þ4 þ ð2:30Þ � b0, we

arrive at
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q

qt
E1 þ

b0h
�
1

4
ðx2 þ 1Þ2x4jv̂vj2 þ b0r1k

4Cv

ðx2 þ 1Þx6jŵwj2 þ b0
4Cv

x6jẑzj2ð2:31Þ

þ b0r2b

4Cv

ðx2 þ 1Þx4j ŷyj2 þ k0g1ðtÞ
2k

ðx2 þ 1Þ4jv̂vj2

þ k0c1

2k
ðx2 þ 1Þ4ðg1rv̂vÞa 0;

where

E1 :¼ ðx2 þ 1Þ4E0 þ b0x
2

�
ðx2 þ 1Þ2Ev þ

1

2Cv

x2E2

þ 1

2Cv

r1x
4 x Reðiv̂vŵwÞ � k

b
ReðŵwẑzÞ

� ��
;

and b0 is taken as

b0 a
1

2
min

(
k

k0g1ð0Þ
þ 2r1CvC

2
1

k0g1ð0Þ
þ 2r2k0bg1ð0Þ

kCv

� ��1

;ð2:32Þ

c1
k

2
þ 2k

h�
1

þ r2bC
2
1

kCv

þ 2kC1

k0g1ð0Þh�
1

þ 2r1Cv
~CC2
1

k2
0g

2
1ð0Þ

 !�1)
:

Next, we estimate the energy E1. From (2.20) and

E2 þ r1x
2 x Reðiv̂vŵwÞ � k

b
ReðŵwẑzÞ

� �����
����

a
1

2
þ b2h21ðtÞ

k2

� �
ðx2 þ 1Þ2jv̂vj2 þ ðr21 þ r22Þðx

2 þ 1Þjŵwj2

þ 1

2
3þ k2

b2

� �
ðx2 þ 1Þjẑzj2 þ 5r22

2
j ŷyj2 þ k0b

2

k2
ðx2 þ 1Þ2ðg1rv̂vÞ;

we estimate

ðx2 þ 1Þ2jEvj þ
1

2Cv

x2 E2 þ r1x
2 x Reðiv̂vŵwÞ � k

b
ReðŵwẑzÞ

� �����
����

a 1þ 1

k0g1ð0Þ
þ 1

4Cv

þ b2h21ðtÞ
2k2Cv

� �
ðx2 þ 1Þ2x2jv̂vj2

þ 1

2
3r21 þ

r21 þ r22
Cv

� �
ðx2 þ 1Þ2jŵwj2 þ 1

4Cv

3þ k2

b2

� �
ðx2 þ 1Þx2jẑzj2

þ 5r22
4Cv

x2j ŷyj2 þ 1

g1ð0Þ
þ C1

2g1ð0Þ
þ k0b

2

2k2Cv

� �
ðx2 þ 1Þ2x2ðg1rv̂vÞ;
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and this gives

E1 b
3h�

1

4k
jv̂vj2 þ r1

2
jŵwj2 þ 1

2b
jẑzj2 þ r2

2
j ŷyj2 þ k0

2k
ðg1rv̂vÞð2:33Þ

b
h�
1

2k
jv̂vj2 þ r1

2
jŵwj2 þ 1

2b
jẑzj2 þ r2

2
j ŷyj2 þ h�

1g1ðtÞ
4kg1ð0Þ

jv̂vj2 þ k0

2k
ðg1rv̂vÞ

bm1ðjûuj2 þ g1ðtÞjv̂vj2 þ ðg1rv̂vÞÞ;

E1 aM1ðjûuj2 þ g1ðtÞjv̂vj2 þ ðg1rv̂vÞÞ;

where

m1 :¼
1

2
min

h�
1

k
; r1;

1

b
; r2;

h�
1

2kg1ð0Þ
;
k0

k

� �
;

M1 :¼ max

(
1

k
þ 1þ 1

k0g1ð0Þ
þ 1

4Cv

þ b2h21ðtÞ
2k2Cv

� �
; r1 þ

1

2
ð3r21Þ þ

r21 þ r22
2Cv

;

1

b
þ 1

4Cv

3þ k2

b2

� �
; r2 1þ 5r2

4Cv

� �
;
k0

k
þ 1

g1ð0Þ
þ C1

2g1ð0Þ
þ k0b

2

2k2Cv

� �)
;

where we take b0 satisfying (2.32) and

b0 a
1

2
min

(
2;
h�
1

2k
1þ 1

k0g1ð0Þ
þ 1

4Cv

þ b2

2k2Cv

� ��1

; 2 3r1 þ
r21 þ r22
r1Cv

� ��1

;

4Cv

b
3þ k2

b2

� ��1

;
4Cv

5r2
;
b0

b

1

g1ð0Þ
þ C1

2g1ð0Þ
þ k0b

2

2k2Cv

� ��1
)
:

Thus, using (2.31) and (2.33), we get

jûuj2 þU1½v̂v� þ
n1

m1

ð t
0

(
x4

ðx2 þ 1Þ2
jv̂vj2 þ x6

ðx2 þ 1Þ3
jŵwj2 þ x6

ðx2 þ 1Þ4
jẑzj2ð2:34Þ

þ x4

ðx2 þ 1Þ3
j ŷyj2 þU1½v̂v�

)
dt

a
M1

m1
ðjûuj2 þU1½v̂v�Þ;

where U1½v̂v� :¼ g1ðtÞjv̂vj2 þ c1ðg1rv̂vÞ and

n1 :¼
1

2
min

b0h
�
1

2
;
b0r1k

2Cv

;
b0
2Cv

;
b0r2b

2Cv

;
k0

k
;
k0c1

k

� �
:
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Therefore, by virtue of (2.31) and (2.33), one can conclude the pointwise

estimate (2.23) with h given in (2.24) for r1b0 r2k.

Case r1b ¼ r2k. In the case of equal wave speeds, equation (2.28) gives

q

qt
E2 þ r1kx

2jŵwj2 þ 1

2
x2jẑzj2 þ r2bðx2 þ 1Þj ŷyj2ð2:35Þ

a h1ðtÞx2jv̂vj2 þ k0x
2jðg1 � v̂vÞj jv̂vj þ

4b

k
ðx2 þ 1Þðh21ðtÞjv̂vj

2 þ k2
0 jðg1 � v̂vÞj

2Þ

þ ðkþ bÞ2

b2
ðh21ðtÞjv̂vj

2 þ k2
0 jðg1 � v̂vÞj

2Þ þ r2k0b

k
ð2x2 þ 1Þ Reð ŷyðg1 � v̂vÞtÞ

a ~CCvðx2 þ 1Þðh21ðtÞjv̂vj
2 þ k2

0 jðg1 � v̂vÞj
2Þ

þ r2k0b

k
ð2x2 þ 1Þ Reð ŷyðg1 � v̂vÞtÞ;

where

~CCv :¼
kþ b

b

� �2
þ 4b

k
þ

ffiffiffi
2

p
þ 1

2h�
1

:

Calculating ð2:12Þ � ðx2 þ 1Þx2 þ ð2:35Þ � x4=ð2 ~CCvÞ and employing (2.16), we

get

x2
q

qt
ðx2 þ 1ÞEv þ

1

2 ~CCv

x2E2

� �
þ h1ðtÞ

4
ðx2 þ 1Þx4jv̂vj2 þ r1k

4 ~CCv

x6jŵwj2ð2:36Þ

þ 1

4 ~CCv

x6jẑzj2 þ r2b

4 ~CCv

ðx2 þ 1Þx4j ŷyj2

a
1

g1ð0Þ
þ 2r2k

2
0bg1ðtÞ

k2 ~CCv

� �
g1ðtÞðx2 þ 1Þx4jv̂vj2

þ 2r1
~CCvjg 0

1ðtÞj
2

kg21ð0Þ
ðx2 þ 1Þ2jv̂vj2 þ k2

0

1

2
þ 2

h1ðtÞ

� �
ðx2 þ 1Þx4jðg1 � v̂vÞj2

þ 2r1
~CCv

kg21ð0Þ
ðx2 þ 1Þ2jðg 00

1 � v̂vÞj2

þ 2
r2k

2
0b

k2 ~CCv

þ 1

g21ð0Þh1ðtÞ

� �
ðx2 þ 1Þx4jðg 0

1 � v̂vÞj
2

a
k0

k

k

k0g1ð0Þ
þ 2r1

~CCvC
2
1

k0g1ð0Þ
þ 2r2k0bg1ð0Þ

k ~CCv

 !
g1ðtÞðx2 þ 1Þ3jv̂vj2

þ k0

k

k

2
þ 2k

h�
1

þ 2r2bC
2
1

k ~CCv

þ 2kC1

k0g1ð0Þh�
1

þ 2r1
~CCv

~CC2
1

k2
0g

2
1ð0Þ

 !
ðx2 þ 1Þ3ðg1rv̂vÞ:
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Consequently, making the combination ð2:31Þ � ðx2 þ 1Þ3 þ ð2:36Þ � ~bb0, we

arrive at

q

qt
~EE1 þ

~bb0h
�
1

4
ðx2 þ 1Þx4jv̂vj2 þ

~bb0r1k

4Cv

x6jŵwj2 þ
~bb0
4Cv

x6jẑzj2ð2:37Þ

þ
~bb0r2b

4Cv

ðx2 þ 1Þx4j ŷyj2 þ k0g1ðtÞ
2k

ðx2 þ 1Þ3jv̂vj2

þ k0c1

2k
ðx2 þ 1Þ3ðg1rv̂vÞa 0;

where

~EE1 :¼ ðx2 þ 1Þ3E0 þ ~bb0x
2 ðx2 þ 1ÞEv þ

1

2 ~CCv

x2E2

� �

and ~bb0 is taken as

~bb0 a
1

2
min

(
k

k0g1ð0Þ
þ 2r1

~CCvC
2
1

k0g1ð0Þ
þ 2r2k0bg1ð0Þ

k ~CCv

 !�1

;ð2:38Þ

c1
k

2
þ 2k

h�
1

þ r2bC
2
1

k ~CCv

þ 2kC1

k0g1ð0Þh�
1

þ 2r1
~CCv

~CC 2
1

k2
0g

2
1ð0Þ

 !�1)
:

We also estimate the energy ~EE. Because of

jE2ja
1

2
þ b2h21ðtÞ

k2

� �
ðx2 þ 1Þjv̂vj2 þ ðr21 þ r22Þðx

2 þ 1Þjŵwj2

þ 1

2
3þ k2

b2

� �
ðx2 þ 1Þjẑzj2 þ 5r22

2
ðx2 þ 1Þj ŷyj2 þ k0b

2

k2
ðx2 þ 1Þðg1rv̂vÞ;

we have

ðx2 þ 1ÞjEvj þ
1

2Cv

x2jE2j

a 1þ 1

k0g1ð0Þ
þ 1

4Cv

þ b2h21ðtÞ
2k2Cv

� �
ðx2 þ 1Þx2jv̂vj2

þ 1

2
3r21 þ

r21 þ r22
Cv

� �
ðx2 þ 1Þ2jŵwj2 þ 1

4Cv

3þ k2

b2

� �
ðx2 þ 1Þx2jẑzj2

þ 5r22
4Cv

ðx2 þ 1Þx2j ŷyj2 þ 1

g1ð0Þ
þ C1

2g1ð0Þ
þ k0b

2

2k2Cv

� �
ðx2 þ 1Þx2ðg1rv̂vÞ;
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and this gives

~EE1 b ðx2 þ 1Þ3 3h�
1

4k
jv̂vj2 þ r1

2
jŵwj2 þ 1

2b
jẑzj2 þ r2

2
j ŷyj2 þ k0

2k
ðg1rv̂vÞ

� �
ð2:39Þ

b ðx2 þ 1Þ3
�
h�
1

2k
jv̂vj2 þ r1

2
jŵwj2 þ 1

2b
jẑzj2 þ r2

2
j ŷyj2

þ h�
1g1ðtÞ

4kg1ð0Þ
jv̂vj2 þ k0

2k
ðg1rv̂vÞ

�

b ~mm1ðx2 þ 1Þ3ðjûuj2 þ g1ðtÞjv̂vj2 þ ðg1rv̂vÞÞ;

~EE1 a ~MM1ðx2 þ 1Þ3ðjûuj2 þ g1ðtÞjv̂vj2 þ ðg1rv̂vÞÞ;

where

~mm1 :¼
1

2
min

h�
1

k
; r1;

1

b
; r2;

h�
1

2kg1ð0Þ
;
k0

k

� �
;

~MM1 :¼ max

(
1

k
þ 1þ 1

k0g1ð0Þ
þ 1

4Cv

þ b2

2k2Cv

� �
; r1 1þ 3r1

2

� �
þ r21 þ r22

2Cv

;

1

b
þ 1

4Cv

3þ k2

b2

� �
; r2 1þ 5r2

4Cv

� �
;
k0

k
þ 1

g1ð0Þ
þ C1

2g1ð0Þ
þ k0b

2

2k2Cv

� �)
;

where we take ~bb0 satisfying (2.38) and

~bb0 a
1

2
min

(
2;
h�
1

2k
1þ 1

k0g1ð0Þ
þ 1

4Cv

þ b2

2k2Cv

� ��1

; 2 3r1 þ
r21 þ r22
r1Cv

� ��1

;

4Cv

b
3þ k2

b2

� ��1

;
4Cv

5r2
;
b0

b

1

g1ð0Þ
þ C1

2g1ð0Þ
þ k0b

2

2k2Cv

� ��1
)
:

Therefore, using (2.31) and (2.39), we get

jûuj2 þU1½v̂v� þ
~nn1
~mm1

ð t
0

(
x4

ðx2 þ 1Þ2
ðjv̂vj2 þ j ŷyj2Þð2:40Þ

þ x6

ðx2 þ 1Þ3
ðjŵwj2 þ jẑzj2Þ þU1½v̂v�

)
dt

a
~MM1

~mm1
ðjûuj2 þU1½v̂v�Þ;
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where

~nn1 :¼
1

2
min

b0h
�
1

2
;
b0r1k

2Cv

;
b0
2Cv

;
b0r2b

2Cv

;
k0

k
;
k0c1

k

� �
:

Finally, the pointwise estimate (2.23), with h given in (2.24) for r1b ¼ r2k,

is also obtained by virtue of (2.31) and (2.39). This completes the proof of

Theorem 2.3. r

2.3. Pointwise estimate for k0 ¼ 0 and b0 > 0

Theorem 2.4. Let u be a solution of problem (1.5)–(1.6) with k0 ¼ 0

and b0 > 0. Then ûu satisfies the following pointwise estimates in the Fourier

space:

jûuðt; xÞjaCe�czðxÞtjûu0ðxÞjð2:41Þ

for some constants C; c > 0, where

zðxÞ ¼

x4

ð1þ x2Þ3
if

k

r1
0

b

r2
;

x4

ð1þ x2Þ2
if

k

r1
¼ b

r2
:

8>>>><
>>>>:

ð2:42Þ

Proof. We also employ here the equations derived in the proof of

Theorem 2.2, but now regarding that k0 ¼ 0.

Combining (2.9) and (2.10) for k0 ¼ 0, we firstly have

q

qt
E3 þ x2ðr1kjŵwj

2 þ jẑzj2Þ þ ðx2 þ 1Þjv̂vj2 � r2ðð2kþ bÞx2 þ kÞj ŷyj2ð2:43Þ

þ r1ðbþ kÞx ReðiŵwŷyÞ þ ðr1b� r2kÞð2x2 þ 1Þx ReðiŵwŷyÞ

� b0x
2 Reððg2 � ẑzÞẑzÞ � r1b0ð2x2 þ 1Þ Reðŵwðg2 � ẑzÞtÞ ¼ 0;

where

E3 :¼ r1x Reðiv̂vŵwÞ þ r2x ReðiŷyẑzÞ þ r1 ReðŵwẑzÞ

þ ð2x2 þ 1Þfr1 ReðŵwẑzÞ þ r2 Reðv̂vŷyÞ � r1b0 Reððg2 � ẑzÞŵwÞg:

As before, we separate again the next proofs in two cases concerning the

wave speeds.

Case r1b0 r2k. In the case r1b0 r2k, we combine (2.8) and (2.43) to

obtain
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q

qt
fE3 þ x2ðr2x ReðiŷyẑzÞ þ r1 ReðŵwẑzÞÞg þ r1kx

2jŵwj2 þ ðx2 þ 1Þx2jẑzj2 þ ðx2 þ 1Þjv̂vj2

¼ r2ðbðx2 þ 1Þx2 þ kð2x2 þ 1ÞÞj ŷyj2 � r1ðbx2 þ bþ kÞx ReðiŵwŷyÞ

� ðr1b� r2kÞð2x2 þ 1Þx ReðiŵwŷyÞ þ b0ðx2 þ 1Þx2 Reððg2 � ẑzÞẑzÞ

þ r1b0ð2x2 þ 1Þ Reðŵwðg2 � ẑzÞtÞ:

Therefore, applying the Hölder inequality in the right-hand side of this identity,

we estimate

q

qt
fE3 þ x2ðr2x ReðiŷyẑzÞ þ r1 ReðŵwẑzÞÞg þ r1k

2
x2jŵwj2ð2:44Þ

þ h2ðtÞ
2

ðx2 þ 1Þx2jẑzj2 þ ðx2 þ 1Þjv̂vj2

a r2bCyðx2 þ 1Þ2j ŷyj2 þ b20
2h2ðtÞ

ðx2 þ 1Þx2jðg2 � ẑzÞj2

þ r1b0ð2x2 þ 1Þ Reðŵwðg2 � ẑzÞtÞ;

where

Cy :¼
1

r2b
r2ð2kþ bÞ þ r1

ðbþ kÞ2

k
þ 4ðr1b� r2kÞ

2

r1k

( )
:

Then, calculating ð2:13Þ � ðx2 þ 1Þ2 þ ð2:44Þ � x2=ð2CyÞ and using (2.16), we

get

q

qt
ðx2 þ 1Þ2Ey þ

1

2Cy

x2ðE3 þ x2ðr2x ReðiŷyẑzÞ þ r1 ReðŵwẑzÞÞÞ
� �

ð2:45Þ

þ 1

4Cy

ðx2 þ 1Þx2jv̂vj2 þ r1k

8Cy

x4jŵwj2 þ h2ðtÞ
8Cy

ðx2 þ 1Þx4jẑzj2

þ r2b

4
ðx2 þ 1Þ2x2j ŷyj2

a
g2ðtÞ
g2ð0Þ

ðx2 þ 1Þ2x2jẑzj2 þ b20
4h2ðtÞCy

ðx2 þ 1Þx4jðg2 � ẑzÞj2

þ 2Cy

g22ð0Þh2ðtÞ
ðx2 þ 1Þ3jg 0

2 � ẑzj
2

þ 4r1b
2
0

kCy

ðx2 þ 1Þ2ðg22ðtÞjẑzj
2 þ jg 0

2 � ẑzj
2Þ
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þ 2Cy

g22ð0Þ
ðx2 þ 1Þ3ðg22ðtÞjẑzj

2 þ jg 0
2 � ẑzj

2Þ

þ 2r2
bg22ð0Þ

ðx2 þ 1Þ2ðjg 0
2ðtÞj

2jẑzj2 þ jg 00
2 � ẑzj2Þ

a
b0

b

b

b0g2ð0Þ
þ 4r1bb0g2ð0Þ

kCy

þ 2bCy

b0g2ð0Þ
þ 2r2C

2
2

b0g2ð0Þ

� �
g2ðtÞðx2 þ 1Þ3jẑzj2

þ b0

b

 
b

Cy

4r1C
2
2

k
þ 1

4h2ðtÞ

� �
þ 2bCyC2

b0g2ð0Þ
1þ 1

h2ðtÞ

� �

þ 2r2
~CC2
2

b20g
2
2ð0Þ

!
ðx2 þ 1Þ3ðg2rẑzÞ:

Consequently, making the combination ð2:31Þ � ðx2 þ 1Þ3 þ ð2:45Þ � g0, we

arrive at

q

qt
E2 þ

g0
4Cy

ðx2 þ 1Þx2jv̂vj2 þ g0r1k

8Cy

x4jŵwj2 þ g0h2ðtÞ
8Cy

ðx2 þ 1Þx4jẑzj2ð2:46Þ

þ g0r2b

4
ðx2 þ 1Þ2x2j ŷyj2 þ b0g2ðtÞ

2b
ðx2 þ 1Þ3jẑzj2

þ b0c2

2b
ðx2 þ 1Þ3ðg2rẑzÞa 0;

where

E2 :¼ ðx2 þ 1Þ3E0 þ g0

�
ðx2 þ 1Þ2Ey

þ 1

2Cy

x2ðE3 þ x2ðr2x ReðiŷyẑzÞ þ r1 ReðŵwẑzÞÞÞ
�
;

and g0 is taken as

g0 a
1

2
min

(
b

b0g2ð0Þ
þ 4r1bb0g2ð0Þ

kCy

þ 2bCy

b0g2ð0Þ
þ 2r2C

2
2

b0g2ð0Þ

� ��1

;ð2:47Þ

c2

 
b

Cy

4r1C
2
2

k
þ 1

4h2ðtÞ

� �
þ 2bCyC2

b0g2ð0Þ
1þ 1

h2ðtÞ

� �

þ g0
2r2

~CC2
2

b20g
2
2ð0Þ

!�1)
:
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Let us estimate the energy E2. Using (2.20) and

jE3 þ x2ðr2x ReðiŷyẑzÞ þ r1 ReðŵwẑzÞÞj

a
3

2
ðx2 þ 1Þjv̂vj2 þ 3r21ðx

2 þ 1Þjŵwj2 þ r22ðx
2 þ 1Þ2j ŷyj2

þ ð1þ h2ðtÞ2Þðx2 þ 1Þjẑzj2 þ b0ðx2 þ 1Þðg2rẑzÞ;

we have

ðx2 þ 1Þ2jEyj þ
1

2Cy

x2jE3 þ x2ðr2x ReðiŷyẑzÞ þ r1 ReðŵwẑzÞÞj

a
3

4Cy

ðx2 þ 1Þx2jv̂vj2 þ 3r21
2Cy

ðx2 þ 1Þx2jŵwj2 þ r22
1

2Cy

þ 1

� �
ðx2 þ 1Þ3j ŷyj2

þ 1

2
þ 1

b0g2ð0Þ
þ 1þ h2ðtÞ2

2Cy

 !
ðx2 þ 1Þx2jẑzj2

þ 1

g2ð0Þ
1þ C2

2

� �
þ b0

2Cy

� �
ðx2 þ 1Þ2x2ðg2rẑzÞ;

and this gives

E2 b ðx2 þ 1Þ3 1

2k
jv̂vj2 þ r1

2
jŵwj2 þ 3h�

2

4b
jẑzj2 þ r2

2
j ŷyj2 þ b0

2b
ðg2rẑzÞ

� �
ð2:48Þ

b ðx2 þ 1Þ3
�

1

2k
jv̂vj2 þ r1

2
jŵwj2 þ h�

2

2b
jẑzj2 þ r2

2
j ŷyj2

þ h�
2g2ðtÞ

4bg2ð0Þ
jẑzj2 þ b0

2b
ðg2rẑzÞ

�

bm2ðx2 þ 1Þ3ðjûuj2 þ g2ðtÞjẑzj2 þ ðg2rẑzÞÞ;

E2 aM2ðx2 þ 1Þ3ðjûuj2 þ g2ðtÞjẑzj2 þ ðg2rẑzÞÞ;

where

m2 :¼
1

2
min

1

k
; r1;

h�
2

b
; r2;

h�
1

2bg2ð0Þ
;
b0

b

� �
;

M2 :¼ max

(
1

k
þ 3

4Cy

; r1 þ
3r21
2Cy

;
1

b
þ 1

2
þ 1

b0g2ð0Þ
þ 1

Cy

;

r2 þ r22
1

2Cy

þ 1

� �
;
b0

b
þ 1

g2ð0Þ
1þ C2

2

� �
þ b0

2Cy

� �)
;
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where we take g0 satisfying (2.47) and

g0 amin

(
1;
2Cy

3k
;
Cy

3r1
;
h�
2

4b

1

2
þ 1

b0g2ð0Þ
þ 1þ ðh�

2 Þ
2

2Cy

 !�1

;

1

2r2

1

2Cy

þ 1

� ��1

;
b0

2b

1

g2ð0Þ
1þ C2

2

� �
þ b0

2Cy

� ��1
)
:

Then, using (2.46) and (2.48), we conclude

jûuj2 þU2½ẑz� þ
n2

m2

ð t
0

(
x2

ðx2 þ 1Þ2
jv̂vj2 þ x4

ðx2 þ 1Þ3
jŵwj2 þ x4

ðx2 þ 1Þ2
jẑzj2ð2:49Þ

þ x2

x2 þ 1
j ŷyj2 þU2½ẑz�

)
dt

a
M2

m2
ðjûuj2 þU2½ẑz�Þ;

where U2½ẑz� :¼ g2ðtÞjẑzj2 þ c2ðg2rẑzÞ and

n2 :¼
1

2
min

g0
2Cy

;
g0r1k

4Cy

;
g0h

�
2

4Cy

;
g0b

2
;
b0

b
;
b0c2

b

� �
:

Hence, the pointwise estimate (2.41), with z given in (2.42) for r1b0 r2k,

can be conclude from (2.46) and (2.48).

Case r1b ¼ r2k. In the case r1b ¼ r2k, the equation (2.28) (with k0 ¼ 0)

provides

q

qt
E3 þ

r1k

2
x2jŵwj2 þ h2ðtÞ

2
x2jẑzj2 þ ðx2 þ 1Þjv̂vj2ð2:50Þ

a r2b
~CCyðx2 þ 1Þj ŷyj2 þ b20

2h2ðtÞ
x2jg2 � ẑzj2

þ r1b0ð2x2 þ 1Þ Reðŵwðg2 � ẑzÞtÞ;

where

~CCy :¼
1

r2b
r2ð2kþ bÞ þ r2kþ r1ðbþ kÞ2

2k

( )
:

Then, calculating ð2:13Þ � ðx2 þ 1Þ þ ð2:50Þ � x2=ð2 ~CCyÞ and employing (2.16),

we get
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q

qt
ðx2 þ 1ÞEy þ

1

2 ~CCy

x2E3

( )
þ 1

4 ~CCy

ðx2 þ 1Þx2jv̂vj2 þ r1k

8 ~CCy

x4jŵwj2ð2:51Þ

þ h2ðtÞ
8 ~CCy

x4jẑzj2 þ r2b

4
ðx2 þ 1Þx2j ŷyj2

a
g2ðtÞ
g2ð0Þ

ðx2 þ 1Þx2jẑzj2 þ b20

4 ~CCyh2ðtÞ
x4jg2 � ẑzj2

þ 2 ~CCy

g22ð0Þh2ðtÞ
ðx2 þ 1Þ2jg 0

2 � ẑzj
2

þ 4r1b
2
0

k ~CCy

ðx2 þ 1Þ2ðg22ðtÞjẑzj
2 þ jg 0

2 � ẑzj
2Þ

þ 2r2
bg22ð0Þ

ðx2 þ 1Þ2ðjg 0
2ðtÞj

2jẑzj2 þ jg 00
2 � ẑzj2Þ

þ 2 ~CCy

g22ð0Þ
ðx2 þ 1Þðg22ðtÞjẑzj

2 þ jg 0
2 � ẑzj

2Þ

a
b0

b

 
b

b0g2ð0Þ
þ 4r1bb0g2ð0Þ

k ~CCy

þ 2

b0g2ð0Þ
ðr2C2

2 þ b ~CCyÞ
!
g2ðtÞðx2 þ 1Þ2jẑzj2

þ b0

b

 
b

~CCy

4r1C
2
2

k
þ 1

4h2ðtÞ

� �
þ 2b ~CCyC2

b0g2ð0Þ
1þ 1

h2ðtÞ

� �

þ 2r2
~CC2
2

b20g
2
2ð0Þ

!
ðx2 þ 1Þ2ðg2rẑzÞ:

Consequently, combining ð2:31Þ � ðx2 þ 1Þ2 þ ð2:51Þ � ~gg0, we obtain

q

qt
~EE2 þ

~gg0
4 ~CCy

ðx2 þ 1Þx2jv̂vj2 þ ~gg0r1k

8 ~CCy

x4jŵwj2 þ ~gg0h2ðtÞ
8 ~CCy

x4jẑzj2ð2:52Þ

þ ~gg0r2b

4
ðx2 þ 1Þx2j ŷyj2 þ b0g2ðtÞ

2b
ðx2 þ 1Þ2jẑzj2

þ b0c2

2b
ðx2 þ 1Þ2ðg2rẑzÞa 0;
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where

~EE2 :¼ ðx2 þ 1Þ2E0 þ ~gg0 ðx2 þ 1ÞEy þ
1

2 ~CCy

x2E3

( )
;

and ~gg0 is taken as

~gg0 a
1

2
min

(
b

b0g2ð0Þ
þ 4r1bb0g2ð0Þ

k ~CCy

þ 2

b0g2ð0Þ
ðr2C 2

2 þ b ~CCyÞ
 !�1

;ð2:53Þ

c2
b

~CCy

4r1C
2
2

k
þ 1

4h�
2

� �
þ 2b ~CCyC2

b0g2ð0Þ
1þ 1

h�
2

� �
þ 2r2

~CC2
2

b20g
2
2ð0Þ

 !�1)
:

We also estimate the energy ~EE2 as follows. Because of (2.20) and

jE3ja
3

2
ðx2 þ 1Þjv̂vj2 þ 3r21ðx

2 þ 1Þjŵwj2 þ ð1þ h22ðtÞÞðx
2 þ 1Þjẑzj2

þ 3r22
2

ðx2 þ 1Þj ŷyj2 þ b0ðx2 þ 1Þðg2rẑzÞ;

we have

ðx2 þ 1ÞjEyj þ
1

2Cy

x2jE3ja
3

4Cy

ðx2 þ 1Þx2jv̂vj2 þ 3r21
2Cy

ðx2 þ 1Þx2jŵwj2

þ 1

2
þ 1

b0g2ð0Þ
þ 1þ h22ðtÞ

2Cy

� �
ðx2 þ 1Þx2jẑzj2

þ r22 1þ 3

4Cy

� �
ðx2 þ 1Þ2j ŷyj2

þ b0

2Cy

þ 1

g2ð0Þ
1þ C2

2

� �� �
ðx2 þ 1Þx2ðg2rẑzÞ

and this provides

~EE2 b ðx2 þ 1Þ2 1

2k
jv̂vj2 þ r1

2
jŵwj2 þ 3h�

2

4b
jẑzj2 þ r2

2
j ŷyj2 þ b0

2b
ðg2rẑzÞ

� �
ð2:54Þ

b ðx2 þ 1Þ2
�

1

2k
jv̂vj2 þ r1

2
jŵwj2 þ h�

2

2b
jẑzj2 þ r2

2
j ŷyj2

þ h�
2g2ðtÞ

4bg2ð0Þ
jẑzj2 þ b0

2b
ðg2rẑzÞ

�

b ~mm2ðx2 þ 1Þ2ðjûuj2 þ g2ðtÞjẑzj2 þ ðg2rẑzÞÞ;

~EE2 a ~MM2ðx2 þ 1Þ2ðjûuj2 þ g2ðtÞjẑzj2 þ ðg2rẑzÞÞ;
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where

~mm2 :¼
1

2
min

1

k
; r1;

h�
2

b
; r2;

h�
1

2bg2ð0Þ
;
b0

b

� �
;

~MM2 :¼ max

(
1

k
þ 3

4Cy

; r1 þ
3r21
2Cy

;
1

b
þ 1

2
þ 1

b0g2ð0Þ
þ 1þ h22ðtÞ

2Cy

;

r2 þ r22 1þ 3

4Cy

� �
;
b0

b
þ b0

2Cy

þ 1

g2ð0Þ
1þ C2

2

� �)
;

and ~gg0 is taken as (2.47) and

~gg0 a
1

2
min

(
2;
4Cy

3k
;
2Cy

3r1
;
h�
2

2b

1

2
þ 1

b0g2ð0Þ
þ 1þ h22ðtÞ

2Cy

� ��1

;

1

r2
1þ 3

4Cy

� ��1

;
b0

b

b0

2Cy

þ 1

g2ð0Þ
1þ C2

2

� �� ��1
)
:

Thus, using (2.52) and (2.54), we finally get

jûuj2 þU2½ẑz� þ
~nn2
~mm2

ð t
0

(
x2

x2 þ 1
ðjv̂vj2 þ j ŷyj2Þð2:55Þ

þ x4

ðx2 þ 1Þ2
ðjŵwj2 þ jẑzj2Þ þU2½ẑz�

)
dt

a
~MM2

~mm2
ðjûuj2 þU2½ẑz�Þ;

where

n2 :¼
1

2
min

~gg0

2 ~CCy

;
~gg0r1k

4 ~CCy

;
~gg0h

�
2

4 ~CCy

;
~gg0r2b

2
;
b0

b
;
b0c2

b

( )
:

Therefore, the pointwise estimate (2.41), with z given in (2.42) for

r1b ¼ r2k, is obtained by means of (2.52) and (2.54). This finishes the proof

of Theorem 2.4. r

3. Spectral analysis

In this section, we investigate the optimality of the pointwise estimates

achieved in Theorems 2.2, 2.3, and 2.4, for a suitable choice of the memory

kernels. To this end, we shall proceed as before by dealing with the three cases

concerning the parameters k0 and b0.
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3.1. Optimality for k0 > 0 and b0 > 0

Let us assume k0 > 0 and b0 > 0 and suppose that gjðtÞ :¼ ejmje
�mj t=sj for

j ¼ 1; 2, where mj > 0, 0 < ej < 1 and s1 ¼ k0 and s2 ¼ b0. Then, it is easy

to check that these functions satisfy the conditions (1.3)–(1.4) required in

Assumption 1.1, with constants cj ¼ Cj ¼ mj and ~CCj ¼ m2
j . Under this setting,

we introduce the new variables

v :¼ kðfx þ cÞ; w :¼ ft; z :¼ bcx; y :¼ ct:

p :¼ kðfx þ cÞ � kk0

e1
ðg1 � ðfx þ cÞÞ; q :¼ bcx �

bb0

e2
ðg2 � cxÞ:

Consequently, problem (1.1) can be rewritten as the following symmetric hyper-

bolic system

A0ut þ Aux þ Lu ¼ 0;ð3:1Þ

where u ¼ ðv;w; z; y; p; qÞ> and A0 ¼ diagð~ee1=k r1 ~ee2=b r2 e1=k e2=bÞ,

A ¼ �

0 ~ee1 0 0 0 0

~ee1 0 0 0 e1 0

0 0 0 ~ee2 0 0

0 0 ~ee2 0 0 e2

0 e1 0 0 0 0

0 0 0 e2 0 0

0
BBBBBBBB@

1
CCCCCCCCA
;

L ¼

0 0 0 �~ee1 0 0

0 0 0 0 0 0

0 0 0 0 0 0

~ee1 0 0 0 e1 0

0 0 0 �e1 e1m1=k 0

0 0 0 0 0 e2m2=b

0
BBBBBBBB@

1
CCCCCCCCA
;

where ~eej :¼ 1� ej for j ¼ 1; 2. Additionally, the symmetric system (3.1) can be

expressed in term of its components as follows

vt � kwx � ky ¼ 0;

r1wt � ð1� e1Þvx � e1 px ¼ 0;

zt � byx ¼ 0;

r2 yt � ð1� e2Þzx � e2qx þ ð1� e1Þvþ e1 p ¼ 0;

pt � kwx � kyþ m1 p ¼ 0;

qt � byx þ m2q ¼ 0:
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Also, applying the Fourier transform in (3.1), we obtain

A0ûut þ ixAûuþ Lûu ¼ 0:ð3:2Þ

To obtain the desired property for the solution ûu of the Fourier problem

(3.2), we analyze the eigenvalues of the corresponding eigenvalue problem. For

detailed arguments on the subject applied to other systems, we refer [16, 17, 18]

to readers.

Here, the eigenvalues satisfy the characteristic equation

detðlI � F̂FðixÞÞ ¼ 0; where F̂FðixÞ :¼ �ðA0Þ�1ðixAþ LÞ;

that is, the parameter l satisfies the following sixth-order polynomial equation

r1r2ðlþ m1Þðlþ m2Þl4 þ fr1bðlþ m1Þðlþ m2~ee2Þð3:3Þ

þ r2kðlþ m2Þðlþ m1~ee1Þgx2l2 þ r1kðlþ m2Þðlþ m1~ee1Þl2

þ kbðlþ m1~ee1Þðlþ m2~ee2Þx4 ¼ 0:

Let us study the asymptotic expansion of l ¼ lðxÞ for jxj ! 0 and for

jxj ! y, once these expansions essentially determine the asymptotic behavior of

solutions. We first consider the following asymptotic expansion for jxj ! 0:

ljðxÞ ¼
Xy
l¼0

lj;kx
k; j ¼ 1; . . . ; 6:ð3:4Þ

Substituting (3.4) in (3.3), we compare the terms of the same order in x. Doing

so, we obtain

ljðxÞ ¼ oj þOðjxjÞ; l4ðxÞ ¼ �m2 þOðjxjÞ;ð3:5Þ

lkðxÞ ¼G

ffiffiffiffiffiffiffi
b~ee2
r1

s
ix2 � be2

2r1m2
G

r1b~ee2 þ r2k~ee1
2r1k~ee1

ffiffiffiffiffiffiffi
b~ee2
r1

s
i

 !
x4 þOðjxj5Þ

for j ¼ 1; 2; 3 and k ¼ 5; 6. Here, oj is a solution for f ðoÞ ¼ 0 with

f ðoÞ :¼ o3 þ m1o
2 þ k

r2
oþ km1~ee1

r2
:ð3:6Þ

Remark that these solutions satisfy o1 þ o2 þ o3 ¼ �m1. Since f ð0Þ ¼
km1~ee1=r2 > 0 and f ð�m1Þ ¼ �km1e1=r2 < 0, we get ReðojÞ < 0 for j ¼ 1; 2; 3.

Analogously, we consider the asymptotic expansion for jxj ! y. For

this purpose, we introduce n by l ¼ xn, and we get from (3.3) the next

identity
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r1r2ðnþ m1x
�1Þðnþ m2x

�1Þn4 þ r1kðnþ m2x
�1Þðnþ m1~ee1x

�1Þx�2n2ð3:7Þ

þ fr1bðnþ m1x
�1Þðnþ m2~ee2x

�1Þ þ r2kðnþ m2x
�1Þðnþ m1~ee1x

�1Þgn2

þ kbðnþ m1~ee1x
�1Þðnþ m2~ee2x

�1Þ ¼ 0:

Then we make the ansatz

njðxÞ ¼
Xy
k¼0

nj;kx
�k; j ¼ 1; . . . ; 6;ð3:8Þ

and replace this expression in (3.7). Thus, we obtain

l1ðxÞ ¼ �m1~ee1 þOðjxj�1Þ; l2ðxÞ ¼ �m2~ee2 þOðjxj�1Þ;ð3:9Þ

and

ljðxÞ ¼G

ffiffiffiffiffi
k

r1

r
ix� m1e1

2
þOðjxj�1Þ;ð3:10Þ

ljþ2ðxÞ ¼G

ffiffiffiffiffi
b

r2

s
ix� m2e2

2
þOðjxj�1Þ

for j ¼ 3; 4 if r1b0 r2k,

ljðxÞ ¼
ffiffiffiffiffi
k

r1

r
ix� 1

4
m1e1 þ m2e2 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm1e1 � m2e2Þ

2 � 4k

r2

s !
þOðjxj�1Þ;ð3:11Þ

ljþ2ðxÞ ¼ �
ffiffiffiffiffi
k

r1

r
ix� 1

4
m1e1 þ m2e2 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm1e1 � m2e2Þ

2 � 4k

r2

s !
þOðjxj�1Þ;

for j ¼ 3; 4 if r1b ¼ r2k.

In conclusion, the asymptotic expansions (3.5), (3.9), (3.10) and (3.11)

reveal us that the pointwise estimate in Theorem 2.2 is optimal.

3.2. Optimality for k0 > 0 and b0 ¼ 0

In the case k0 > 0 and b0 ¼ 0, the Timoshenko system (1.1) is rewritten as

(3.1) with u ¼ ðv;w; z; y; pÞ> and A0 ¼ diagð~ee1=k r1 1=b r2 e1=kÞ,

A ¼ �

0 ~ee1 0 0 0

~ee1 0 0 0 e1

0 0 0 1 0

0 0 1 0 0

0 e1 0 0 0

0
BBBBBB@

1
CCCCCCA; L ¼

0 0 0 �~ee1 0

0 0 0 0 0

0 0 0 0 0

~ee1 0 0 0 e1

0 0 0 �e1 e1m1=k

0
BBBBBB@

1
CCCCCCA:
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Then, the corresponding characteristic equation is

r1r2ðlþ m1Þl4 þ fr1bðlþ m1Þ þ r2kðlþ m1~ee1Þgx2l2ð3:12Þ

þ r1kðlþ m1~ee1Þl2 þ kbðlþ m1~ee1Þx4 ¼ 0:

We also consider the asymptotic expansion of l ¼ lðxÞ for jxj ! 0 and jxj ! y.

Now, replacing (3.4) in (3.12), we obtain for jxj ! 0

ljðxÞ ¼ oj þOðjxjÞ;ð3:13Þ

lkðxÞ ¼G

ffiffiffiffiffi
b

r1

s
ix2 H

r1bþ r2k~ee1
2r1k~ee1

ffiffiffiffiffi
b

r1

s
ix4

� 1

2r1k~ee1

b2e1

m1~ee1
H r2bþ

3ðr1bþ r2k~ee1Þ
2

4r1k~ee1

 ! ffiffiffiffiffi
b

r1

s
i

( )
x6 þOðjxj7Þ;

for j ¼ 1; 2; 3 and k ¼ 4; 5, where oj is a solution for f ðoÞ ¼ 0 with (3.6). On

the other hand, employing (3.8) for jxj ! y, we get

l1ðxÞ ¼ �m1~ee1 þOðjxj�1Þ;ð3:14Þ

and

ljðxÞ ¼G

ffiffiffiffiffi
k

r1

r
ix� m1e1

2
þOðjxj�1Þ;ð3:15Þ

ljþ2ðxÞ ¼G

ffiffiffiffiffi
b

r2

s
ixG

r1k

2ðr1b� r2kÞ

ffiffiffiffiffi
b

r2

s
ix�1 � r21kbm1e1

2ðr1b� r2kÞ
2
x�2 þOðjxj�3Þ;

for j ¼ 2; 3 if r1b0 r2k, and

ljðxÞ ¼
ffiffiffiffiffi
k

r1

r
ix� 1

4
m1e1 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm1e1Þ

2 � 4k

r2

s !
þOðjxj�1Þ;ð3:16Þ

ljþ2ðxÞ ¼ �
ffiffiffiffiffi
k

r1

r
ix� 1

4
m1e1 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm1e1Þ

2 � 4k

r2

s !
þOðjxj�1Þ;

for j ¼ 2; 3 if r1b ¼ r2k. Eventually, the asymptotic expansions (3.13), (3.14),

(3.15) and (3.16) tell us that the pointwise estimate in Theorem 2.3 is also

optimal.

3.3. Optimality for k0 ¼ 0 and b0 > 0

In the case k0 ¼ 0 and b0 > 0, the Timoshenko system (1.1) is rewritten as

(3.1) with u ¼ ðv;w; z; y; qÞ> and A0 ¼ diagð1=k r1 ~ee2=b r2 e2=bÞ,
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A ¼ �

0 1 0 0 0

1 0 0 0 0

0 0 0 ~ee2 0

0 0 ~ee2 0 e2

0 0 0 e2 0

0
BBBBBB@

1
CCCCCCA; L ¼

0 0 0 �1 0

0 0 0 0 0

0 0 0 0 0

1 0 0 0 0

0 0 0 0 e2m2=b

0
BBBBBB@

1
CCCCCCA:

Here, the corresponding characteristic equation is given by

r1r2ðlþ m2Þl4 þ fr1bðlþ m2~ee2Þ þ r2kðlþ m2Þgx2l2

þ r1kðlþ m2Þl2 þ kbðlþ m2~ee2Þx4 ¼ 0:

Using the same arguments as in the previous subsections, we obtain the expan-

sion for the eigenvalues. For the sake of brevity, we omit the technical details

below.

In the low frequency region (jxj ! 0), we have

l1ðxÞ ¼ �m2 þOðjxjÞ;ð3:17Þ

ljðxÞ ¼G

ffiffiffiffiffi
k

r2

r
i � 1

2

�
bm2e2

kþ r2m
2
2

H
1

k

r1bþ r2k

r1
� r2bm

2
2e2

kþ r2m
2
2

� � ffiffiffiffiffi
k

r2

r
i

�
x2

þOðjxj3Þ;

ljþ2ðxÞ ¼G

ffiffiffiffiffiffiffi
b~ee2
r1

s
ix2 � be2

2r1m2
G

r1b~ee2 þ r2k

2r1k

ffiffiffiffiffiffiffi
b~ee2
r1

s
i

 !
x4 þOðjxj5Þ

for j ¼ 2; 3. On the other hand, in the high frequency region (jxj ! y), we

infer

l1ðxÞ ¼ �m2~ee2 þOðjxj�1Þ;ð3:18Þ

and

ljðxÞ ¼G

ffiffiffiffiffi
b

r2

s
ix� m2e2

2
þOðjxj�1Þ;ð3:19Þ

ljþ2ðxÞ ¼G

ffiffiffiffiffi
k

r1

r
ixH

r1k

2ðr1b� r2kÞ

ffiffiffiffiffi
k

r1

r
ix�1

� r21kbm2e2

2ðr1b� r2kÞ
2
x�2 þOðjxj�3Þ;

for j ¼ 2; 3 if r1b0 r2k,
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ljðxÞ ¼
ffiffiffiffiffi
k

r1

r
ix� 1

4
m2e2 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2e2Þ

2 � 4k

r2

s !
þOðjxj�1Þ;ð3:20Þ

ljþ2ðxÞ ¼ �
ffiffiffiffiffi
k

r1

r
ix� 1

4
m2e2 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2e2Þ

2 � 4k

r2

s !
þOðjxj�1Þ;

for j ¼ 2; 3 if r1b ¼ r2k. At last, the asymptotic expansions (3.17), (3.18),

(3.19) and (3.20) provides the optimality of the pointwise estimate in Theorem

2.4.

3.4. No dissipative structure

In the rest of this section, we consider the eigenvalues for (1.1) with k0 ¼
b0 ¼ 0, simply to show that it has no dissipative structure under this undamped

situation. Moreover, it does agree with the fact that the energy E0 is con-

servative when k0 ¼ b0 ¼ 0, see the energy identity (2.3).

Indeed, for this case, the initial problem (1.1) is rewritten as (3.1) with

u ¼ ðv;w; z; yÞ> and A0 ¼ diagð1=k r1 1=b r2Þ,

A ¼ �

0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0

0
BBB@

1
CCCA; L ¼

0 0 0 �1

0 0 0 0

0 0 0 0

1 0 0 0

0
BBB@

1
CCCA:

Thus, the corresponding characteristic equation is given by

r1r2l
4 þ ðr1bþ r2kÞx2l2 þ r1kl

2 þ kbx4 ¼ 0;

from where one sees that the eigenvalues satisfy

l2 ¼ � 1

2r1r2
fðr1bþ r2kÞx2 þ r1kG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððr1bþ r2kÞx2 þ r1kÞ

2 � 4r1r2kbx
4

q
g:

A simple calculation shows that

ððr1bþ r2kÞx2 þ r1kÞ
2 � 4r1r2kbx

4

¼ ðr1b� r2kÞ
2x4 þ r21k

2 þ 2r1kðr1bþ r2kÞx2 > 0;

from where we obtain l2 a 0. Namely, we get l A iR for any x A R, which

means (1.1) with k0 ¼ b0 ¼ 0 has no dissipative structure.
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4. Fundamental solution

In this section, we shall construct the fundamental solution of the sys-

tem (1.5)–(1.6). Let Gðt; xÞ be a 4� 4 matrix-valued function. Then Gðt; xÞ
is called the fundamental solution of (1.5)–(1.6) if it satisfies the following

problem:

A0Gt þ AGx þ LG þM1g1 � Gx þM2g2 � Gx þNg1 � G ¼ 0;ð4:1Þ

Gð0; xÞ ¼ dðxÞI ;

where I is the 4� 4 unit matrix and dðxÞ denotes the Dirac delta function.

Applying the Fourier transform in (4.1), we obtain

A0ĜGt þ ixAĜG þ LĜG þ ixM1g1 � ĜG þ ixM2g2 � ĜG þNg1 � ĜG ¼ 0; ĜGð0; xÞ ¼ I :

Furthermore, applying the Laplace transform in the latter, we also obtain

Mðl; xÞL½ĜGð�; xÞ�ðlÞ ¼ I ;ð4:2Þ

where the matrix coe‰cient Mðl; xÞ is defined by

Mðl; xÞ :¼ lI þ ðA0Þ�1ðixAþ Lþ ixM1L½g1�ðlÞ þ ixM2L½g2�ðlÞ þNL½g1�ðlÞÞ:

Then, we formally obtain ĜGðt; xÞ ¼ L�1½Mð�; xÞ�1�ðtÞ. Once this Laplace

inverse transform exists, we get the fundamental solution Gðt; xÞ described

as

Gðt; xÞ ¼ F�1½ĜGðt; �Þ�ðxÞ:

The next lemma guarantees that ĜGðt; xÞ is well-defined.

Lemma 4.1. For each x A R, the inverse matrix Mðl; xÞ�1
exists as an

analytic function of l in fl A C ; Re l > 0g. Consequently, ĜGðt; xÞ is well-defined
and is given by the formula

ĜGðt; xÞ ¼ 1

2pi

ð gþiy

g�iy
eltMðl; xÞ�1

dl;ð4:3Þ

where g is a fixed positive number.

Proof. For the case k0 ¼ 0 and b0 > 0, the proof of Lemma 4.1 is already

knonwn by Liu-Kawashima [9]. Therefore, in the present proof we assume

k0 > 0 and b0 b 0.

Let us fix x A R. Let l ¼ gþ in and assume that g > �c0, where c0 :¼
minfc1; c2g, and c1 and c2 are the positive constants defined in Assumption

1.1. Then, the Laplace transforms L½g1�ðlÞ and L½g2�ðlÞ are well-defined
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and give

L½gj�ðlÞ ¼
ðy
0

e�gtgjðtÞ cosðntÞdt� i

ðy
0

e�gtgjðtÞ sinðntÞdt ¼: gj1ðlÞ � igj2ðlÞ;

for j ¼ 1; 2. Since (1.3), we obtain

h11ðlÞ :¼ 1� k0g11ðlÞ > 0; h21ðlÞ :¼ 1� b0g21ðlÞ > 0;ð4:4Þ

for gb 0. On the other hand, we have

hj2ðlÞ :¼
gj2ðlÞ
n

¼
ðy
0

e�gtgjðtÞ
sinðjnjtÞ

jnj dt > 0;ð4:5Þ

for gb 0, n0 0, and j ¼ 1; 2. The proof of (4.5) is similar to that presented in

[8, 9].

By a straightforward computation, we have

Dðl; xÞ :¼ det Mðl; xÞ

¼ l2 þ k

r1
ð1� k0L½g1�ðlÞÞx2

� �
l2 þ b

r2
ð1� b0L½g2�ðlÞÞx2

� �

þ k

r2
l2ð1� k0L½g1�ðlÞÞ;

and this furnishes

Re Dðl; xÞ ¼ g2 � n2 þ k

r1
h11ðlÞx2

� �
g2 � n2 þ b

r2
h21ðlÞx2

� �
ð4:6Þ

þ k

r2
ðg2 � n2Þh11ðlÞ

� 2gnþ kk0

r1
g12ðlÞx2

� �
2gnþ bb0

r2
g22ðlÞx2

� �
� 2kk0

r2
gng12ðlÞ;

Im Dðl; xÞ ¼ g2 � n2 þ k

r1
h11ðlÞx2

� �
2gnþ bb0

r2
g22ðlÞx2

� �
ð4:7Þ

þ kk0

r2
ðg2 � n2Þg12ðlÞ

þ g2 � n2 þ b

r2
h21ðlÞx2

� �
2gnþ kk0

r1
g12ðlÞx2

� �
þ 2k

r2
gnh11ðlÞ:

To prove the analyticity for Mðl; xÞ�1, we will study roots of

Dðl; xÞ ¼ 0:ð4:8Þ
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We suppose that l ¼ gþ in with g > �c0 is a root of Dðl; xÞ ¼ 0. Then we

consider the two situations as follows.

Firstly, we consider in the case x0 0. Then, if n ¼ 0, we have l ¼ g and

(4.6) gives

Re Dðl; xÞ ¼ g2 þ k

r1
h11ðlÞx2

� �
g2 þ b

r2
h21ðlÞx2

� �
þ k

r2
g2h11ðlÞ > 0;

for gb 0, which estimate comes from (4.4). Namely, there is no root for (4.8)

with l ¼ gb 0. On the other hand, if n0 0, we assume Im Dðl; xÞ ¼ 0. Then

(4.6) and (4.7) lead to

2gþ kk0

r1
h12ðlÞx2

� �
Re Dðl; xÞ

¼ � g2 � n2 þ k

r1
h11ðlÞx2

� �2
þ n2 2gþ kk0

r1
h12ðlÞx2

� �2( )

� 2gþ bb0

r2
h22ðlÞx2

� �
� kk0

r2
ðg2 þ n2Þ2h12ðlÞ

� 2k2

r1r2
ðh11ðlÞ2 þ k2

0n
2h212ðlÞÞgx

2:

Thus, we obtain Re Dðl; xÞ < 0 for gb 0. Namely, there is no root for (4.8)

with l ¼ gþ in, gb 0 and n0 0.

Secondly, we consider in the case x ¼ 0. Then (4.8) yields

l2 l2 þ k

r2
ðh11ðlÞ þ ik0g12ðlÞÞ

� �
¼ 0;

from where l ¼ 0 a root, and the other roots satisfy ~DDðlÞ ¼ 0, where

~DDðlÞ :¼ l2 þ k

r2
ðh11ðlÞ þ ik0g12ðlÞÞ:

Here, we have

Re ~DDðlÞ ¼ g2 � n2 þ k

r2
h11ðlÞ; Im ~DDðlÞ ¼ 2gnþ kk0

r2
g12ðlÞ:

If n ¼ 0, we have Re ~DDðlÞ > 0 for gb 0. On the other hand, if n0 0, we

obtain Im ~DDðlÞ > 0 for gb 0. Namely, there is no root for (4.8) with l ¼
gþ in and g > 0.

We conclude that Mðl; xÞ�1 is analytic in fl A C ; Re l > 0g for x ¼ 0 and

in fl A C ; Re lb 0g for x0 0. Therefore we obtain L½ĜGð�; xÞ�ðlÞ ¼ Mðl; xÞ�1

for Re l > 0.
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Consequently, for any fixed g > 0, we can formally express its Laplace

inverse transform as

ĜGðt; xÞ ¼ L�1½Mð�; xÞ�1�ðtÞ ¼ 1

2pi

ð gþiy

g�iy
eltMðl; xÞ�1

dlð4:9Þ

¼ 1

2p

ðy
�y

eltMðl; xÞ�1
dn;

where l ¼ gþ in in the last equation. In the rest of this proof, we show the

convergence for the last integral in (4.9). To this end, because eltMðl; xÞ�1

is integrable over jnjaR for any R > 0, it is enough to prove thatÐ
jnjbR

eltMðl; xÞ�1
dn converges. Sinceð

jnjbR

eltMðl; xÞ�1
dn

¼
ð
jnjbR

eltl�1I dnþ
ð
jnjbR

eltl�1Mðl; xÞ�1ðlI �Mðl; xÞÞdn;

and

jL½g1�ðlÞja
ðy
0

jg1ðtÞjdt <
1

k0
; jL½g2�ðlÞja

ðy
0

jg2ðtÞjdt <
1

b0
;

it is not hard to prove
Ð
jnjbR

eltMðl; xÞ�1
dn converges. Therefore, we can con-

clude that the last integral in (4.9) converges. Hence, the existence of ĜGðt; xÞ
is proved as well as it is given by the formula (4.3). This completes the proof

of Lemma 4.1. r

4.1. Pointwise estimates in the Fourier space

Using the fundamental solution Gðt; xÞ of (1.5)–(1.6), the solution of prob-

lem (2.1) is given by

ûuðt; xÞ ¼ ĜGðt; xÞûu0ðxÞ;

where ĜGðt; xÞ is set in (4.3). Therefore, as a prompt consequence of Theorems

2.2, 2.3, and 2.4, we have the following pointwise estimates for ĜGðt; xÞ for all

cases with respect to k0 and b0.

Corollary 4.2. Let us consider k0 > 0 and b0 > 0, and let ĜG be given by

(4.3). Then, ĜG satisfies the pointwise estimate in the Fourier space: jĜGðt; xÞja
Ce�crðxÞt with rðxÞ set in (2.4).
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Corollary 4.3. Let us consider k0 > 0 and b0 ¼ 0, and let ĜG be given by

(4.3). Then, ĜG satisfies the pointwise estimate in the Fourier space: jĜGðt; xÞja
Ce�chðxÞt with hðxÞ set in (2.24).

Corollary 4.4. Let us consider k0 ¼ 0 and b0 > 0, and let ĜG be given by

(4.3). Then, ĜG satisfies the pointwise estimate in the Fourier space: jĜGðt; xÞja
Ce�czðxÞt with zðxÞ set in (2.42).

4.2. L2-estimates via the fundamental solution

By means of the fundamental solution, we know that the solution of

problem (1.5)–(1.6) is given by the formula

uðt; xÞ ¼ ðGðt; �Þ � u0ÞðxÞ;ð4:10Þ

where � denotes the standard convolution with respect to x A R.

Therefore, through Corollaries 4.2, 4.3, and 4.4, we are able to express

the L2-estimates for the solution operator GðtÞ� (and its derivatives) set by the

solution formula (4.10). More precisely, we have:

Proposition 4.5. Let us consider k0 > 0 and b0 > 0. Let us also take kb 0

and 1a pa 2. Then the solution (4.10) satisfies the following decay estimates:

kqk
xGðtÞ � u0kL2 aCð1þ tÞ�

1
4ð1p�1

2Þ�k
4ku0kL p þ Ce�ctkqk

x u0kL2ð4:11Þ

for some constants C; c > 0.

Proposition 4.6. Let us consider k0 > 0 and b0 ¼ 0, and also take

kb 0, lb 0, 1a pa 2. Then the solution (4.10) satisfies the following decay

estimates:

kqk
xGðtÞ � u0kL2 aCð1þ tÞ�

1
6ð1p�1

2Þ�k
6ku0kL p þ Cð1þ tÞ�

l
2kqkþl

x u0kL2ð4:12Þ

if
k

r1
0

b

r2

and

kqk
xGðtÞ � u0kL2 aCð1þ tÞ�

1
6ð1p�1

2Þ�k
6ku0kL p þCe�ctkqk

x u0kL2 if
k

r1
¼ b

r2
ð4:13Þ

for some constants C; c > 0.

Proposition 4.7. Let us consider k0 ¼ 0 and b0 > 0, and also take

kb 0, lb 0, 1a pa 2. Then the solution (4.10) satisfies the following decay

estimates:
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kqk
xGðtÞ � u0kL2 aCð1þ tÞ�

1
4ð1p�1

2Þ�k
4ku0kL p þ Cð1þ tÞ�

l
2kqkþl

x u0kL2ð4:14Þ

if
k

r1
0

b

r2

and

kqk
xGðtÞ � u0kL2 aCð1þ tÞ�

1
4ð1p�1

2Þ�k
4ku0kL p þCe�ctkqk

x u0kL2 if
k

r1
¼ b

r2
ð4:15Þ

for some constants C; c > 0.

Remark 1. In the case of di¤erent wave speeds, one sees from the decay

estimates (4.12) and (4.14) that the decay estimates are of the regularity-loss

type because the decay rate ð1þ tÞ�l=2 is only achieved by assuming the addi-

tional lth-order regularity for the initial data. On the other hand, in the case

of equal wave speeds, the decay estimates (4.13) and (4.15) are not of regularity-

loss type, by having similar features to the decay rate (4.11).

The proofs of Propositions 4.5, 4.6 and 4.7 are derived by the standard

argument based on Theorems 2.2, 2.3 and 2.4, respectively. Indeed, to derive

such desired results we apply the Plancherel theorem and then analyze the low

and high frequency region. We omit the detailed proofs here since they will

be encompassed by the proofs of Theorems 5.4, 5.5, and 5.6 in the subsequent

Section 5. See also [9, 16] for similar approach to other models.

5. Main results on stability

In this section, we show the energy estimate and the decay estimate of

solutions to the problem (1.5)–(1.6). The key argument is the energy method

in the Fourier space, which was implicitly deduced in the proofs presented in

Section 2.

5.1. Energy estimates

Theorem 5.1. Let us suppose that k0 > 0 and b0 > 0, and also take on

u0 A Hs for sb 0. Then the solution u of problem (1.5)–(1.6), which is given by

the formula (4.10), belongs to the class u A C0ð½0;yÞ;HsÞ and satisfies the energy

estimate:

kuðtÞk2H s þ
ð t
0

kq2xuðtÞk
2
H s�2dtaCku0k2H sð5:1Þ

for some constant C > 0.
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Theorem 5.2. Let us suppose that k0 > 0 and b0 ¼ 0, and also take on

u0 A Hs for sb 0. Then the solution u of problem (1.5)–(1.6), which is given

by the formula (4.10), lies in the class u A C0ð½0;yÞ;HsÞ and satisfies the energy

estimates:

kuðtÞk2H s þ
ð t
0

kq3xuðtÞk
2
H s�4dtaCku0k2H s if

k

r1
0

b

r2
ð5:2Þ

and

kuðtÞk2H s þ
ð t
0

kq3xuðtÞk
2
H s�3dtaCku0k2H s if

k

r1
¼ b

r2
ð5:3Þ

for some constant C > 0:

Theorem 5.3. Let us suppose k0 ¼ 0 and b0 > 0, and also take on

u0 A Hs for sb 0. Then the solution u of problem (1.5)–(1.6), which is given

by the formula (4.10), is in the class u A C 0ð½0;yÞ;HsÞ and satisfies the energy

estimates:

kuðtÞk2H s þ
ð t
0

kq2xuðtÞk
2
H s�3dtaCku0k2H s if

k

r1
0

b

r2
ð5:4Þ

and

kuðtÞk2H s þ
ð t
0

kq2xuðtÞk
2
H s�2dtaCku0k2H s if

k

r1
¼ b

r2
ð5:5Þ

for some constant C > 0.

Proof of Theorems 5.1, 5.2, and 5.3. In the previous section, we have

just proved that the solution u is given by the formula (4.10) for all cases.

Furthermore, in Section 2, we have shown that this solution satisfies, in each

specific case, the energy estimates (2.22), (2.34) and (2.40), (2.49) and (2.55)

in the Fourier space. Therefore, the completion of the proof is done as

follows.

Case k0 > 0 and b0 > 0. Multiplying (2.22) by ðx2 þ 1Þs and integrating

the resultant inequality with respect to t and x, we have

kuðtÞk2H s þ
ð t
0

ðkqxðv; yÞðtÞk2H s�1 þ kq2xðw; zÞðtÞk
2
H s�2ÞdtaCku0k2H s ;

which gives (5.1).

Case k0 > 0 and b0 ¼ 0. Here, we apply the same argument to (2.34) and

(2.40). Then we arrive at
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kuðtÞk2H s þ
ð t
0

ðkq2xvðtÞk
2
H s�2 þ kq3xwðtÞk

2
H s�3 þ kq3xzðtÞk

2
H s�4 þ kq2xyðtÞk

2
H s�3Þdt

aCku0k2H s

for r1b0 r2k, and

kuðtÞk2H s þ
ð t
0

ðkq2xðv; yÞðtÞk
2
H s�2 þ kq3xðw; zÞðtÞk

2
H s�3ÞdtaCku0k2H s

for r1b ¼ r2k. These estimates imply that (5.2) and (5.3) hold true.

Case k0 ¼ 0 and b0 > 0. Now, we note that the estimates (2.49) and (2.55)

lead to

kuðtÞk2H s þ
ð t
0

ðkqxvðtÞk2H s�2 þ kq2xwðtÞk
2
H s�3 þ kq2xzðtÞk

2
H s�2 þ kqx yðtÞk2H s�1Þdt

aCku0k2H s

for r1b0 r2k, and

kuðtÞk2H s þ
ð t
0

ðkqxðv; yÞðtÞk2H s�1 þ kq2xðw; zÞðtÞk
2
H s�2ÞdtaCku0k2H s

for r1b ¼ r2k. These estimates also provide (5.4) and (5.5). r

5.2. Decay rate estimates

Theorem 5.4. Under the same assumptions of Theorem 5:1, let us addi-

tionally consider u0 A Lp for 1a pa 2. Then the solution satisfies the following

decay estimate:

kqk
x uðtÞkH s�k aCð1þ tÞ�

1
4ð1p�1

2Þ�k
4ðku0kL p þ ku0kH sÞ; 0a ka s

for some constant C > 0.

Theorem 5.5. Under the same assumptions of Theorem 5:2, let us addi-

tionally consider u0 A Lp for 1a pa 2 and sb ð1=p� 1=2Þ=3, and set the

number

qs;p :¼
1

4
3s� 1

p
� 1

2

� �� �
b 0:

Then the solution satisfies the decay estimates:
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kqk
xuðtÞkH s�ðkþlÞ aCð1þ tÞ�

1
6ð1p�1

2Þ�k
6ðku0kL p þ ku0kH sÞ; 0a ka qs;p

kqk
x uðtÞkL2 aCð1þ tÞ�

1
2ðs�kÞðku0kL p þ ku0kH sÞ; qs;p a ka s

)

if
k

r1
0

b

r2
;

where l ¼ ð1=p� 1=2Þ=3þ k=3; and

kqk
x uðtÞkH s�k aCð1þ tÞ�

1
6ð1p�1

2Þ�k
6ðku0kL p þ ku0kH sÞ; 0a ka s if

k

r1
¼ b

r2
;

for some constant C > 0 in both cases.

Theorem 5.6. Under the same assumptions of Theorem 5:3, let us addi-

tionally consider u0 A Lp for 1a pa 2 and sb ð1=p� 1=2Þ=2, and set the

number

rs;p :¼
1

3
2s� 1

p
� 1

2

� �� �
b 0:

Then the solution satisfies the decay estimates:

kqk
x uðtÞkH s�ðkþlÞ aCð1þ tÞ�

1
4ð1p�1

2Þ�k
4ðku0kL p þ ku0kH sÞ; 0a ka rs;p

kqk
x uðtÞkL2 aCð1þ tÞ�

1
2ðs�kÞðku0kL p þ ku0kH sÞ; rs;p a ka s

9=
;

if
k

r1
0

b

r2
;

where l ¼ ð1=p� 1=2Þ=2þ k=2; and

kqk
x uðtÞkH s�k aCð1þ tÞ�

1
4ð1p�1

2Þ�k
4ðku0kL p þ ku0kH sÞ; 0a ka s; if

k

r1
¼ b

r2
;

for some constant C > 0 in both cases.

Proof of Theorems 5.4, 5.5, and 5.6. Since the proof of Theorem 5.4 is

the same (not to say simpler) as the other proofs, we only detail the proof of

Theorems 5.5 and 5.6. Furthermore, because of the similarity of the arguments

(again not to say simpler) in case k=r1 ¼ b=r2, we only give the proof in case

k=r1 0 b=r2.

Firstly, we prove Theorem 5.5 with k=r1 0 b=r2. Since hðxÞb cx6 for

jxja 1 and hðxÞb cx�2 for jxjb 1, we have
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kqk
x uðtÞk

2
H s�ðkþlÞ ¼

ð
R

ðx2 þ 1Þs�ðkþlÞ
x2kjûuðt; xÞj2dx

aC

ð
R

ðx2 þ 1Þs�ðkþlÞx2ke�chðxÞtjûu0ðxÞj2dx

aC

ð
jxja1

ðx2 þ 1Þs�ðkþlÞx2ke�cx6tjûu0ðxÞj2dx

þ C

ð
jxjb1

ðx2 þ 1Þs�ðkþlÞx2ke�cx�2tjûu0ðxÞj2dx

:¼ JL þ JH :

In the low frequency region, employing the Hölder inequality, we estimate

JL aC

ð
jxja1

x2ke�cx6tjûu0ðxÞj2dxaCkx2ke�cx6tkLrðjxja 1Þku0k
2
L p 0

aCð1þ tÞ�
1
3ð1p�1

2Þ�1
3kku0k2L p

for kb 0, where p 0 and r are satisfied 1=pþ 1=p 0 ¼ 1 and 1=rþ 2=p 0 ¼ 1 for

1a pa 2. On the other hand, in the high frequency region, we also estimate

JH aC sup
jxjb1

ðx�2le�cx�2tÞ
ð
jxjb1

ðx2 þ 1Þsjûu0ðxÞj2dxaCð1þ tÞ�lku0k2H s

for kb 0 and lb 0. Therefore, combining these estimates, we obtain

kqk
x uðtÞk

2
H s�ðkþlÞ aCð1þ tÞ�

1
3ð1p�1

2Þ�1
3kku0k2L p þ Cð1þ tÞ�lku0k2H s :ð5:6Þ

For

0a ka
1

4
3s� 1

p
� 1

2

� �� �
;

substituting l ¼ ð1=p� 1=2Þ=3þ k=3 in (5.6), we arrive at

kqk
x uðtÞk

2
H s�ðkþlÞ aCð1þ tÞ�

1
3ð1p�1

2Þ�1
3kðku0k2L p þ ku0k2H sÞ:

On the other hand, for

1

4
3s� 1

p
� 1

2

� �� �
a ka s;

substituting l ¼ s� k in (5.6), we get

kqk
x uðtÞk

2
L2 aCð1þ tÞ�ðs�kÞðku0k2L p þ ku0k2H sÞ:

These estimates lead to the desired estimates in Theorem 5.5.
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Secondly, we prove Theorem 5.6 with k=r1 0 b=r2. Because of hðxÞb cx4

for jxja 1 and hðxÞb cx�2 for jxjb 1, we also have

kqk
x uðtÞk

2
H s�ðkþlÞ aCð1þ tÞ�

1
2ð1p�1

2Þ�1
2kku0k2L p þ Cð1þ tÞ�lku0k2H s :ð5:7Þ

For

0a ka
1

3
2s� 1

p
� 1

2

� �� �
;

replacing l ¼ ð1=p� 1=2Þ=2þ k=2 in (5.7), we arrive at

kqk
x uðtÞk

2
H s�ðkþlÞ aCð1þ tÞ�

1
2ð1p�1

2Þ�1
2kðku0k2L p þ ku0k2H sÞ:

On the other hand, for

1

3
2s� 1

p
� 1

2

� �� �
a ka s;

replacing l ¼ s� k in (5.7), we get

kqk
x uðtÞk

2
L2 aCð1þ tÞ�ðs�kÞðku0k2L p þ ku0k2H sÞ:

Thus, these estimates also lead to the desired estimates in Theorem 5.6. There-

fore, the proofs are over by noting that the remaining estimates follow similarly.

r

Remark 2. We finally stress the novelties and improvements of this section

as follows.

( i ) In case k0 > 0 and b0 > 0, Theorems 5:1 and 5:4 provide, for the first

time, new decay rate estimates for the system (1.5)–(1.6), independently

of any relation among the coe‰cients and also without regularity-loss of

decaying.

( ii ) In case k0 > 0 and b0 ¼ 0, Theorems 5:2, and 5:5, also prove for the first

time new decay estimates as expressed therein. They are optimal in sense

of Section 3 but in case of di¤erent wave speeds we note that the results

are of regularity-loss type.

(iii) In case k0 ¼ 0 and b0 > 0, as already mentioned before, Liu-Kawashima

[9] and Mori [11] derived the energy estimate and the decay estimate

previously. The estimates achieved in Theorems 5:3 and 5:6 are optimal

and revealed the relationship between the decay estimates and the physical

parameters.

A. Physical modeling and mathematical aspects

For the sake of completeness, and also to clarify the physical modeling

behind the mathematical system (1.1), we bring to our context the main ideas
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developed recently by Alves et al. [1]. Then, as a mathematical curiosity, we

employ di¤erent geometric aspects on distance in R to consider the model along

the whole real line.

Our starting point is the Boltzmann theory for viscoelastic materials where

the stress s is assumed to rely on both the instantaneous strain e and the strain

history feðsÞ; 0a sa tg: Thus, according to Boltzmann [3, 4], the following

stress-strain constitutive law is in place

sðtÞ ¼ E eðtÞ �
ð t
0

gðt� sÞeðsÞds
� �

:¼ EfeðtÞ � ðg � eÞðtÞg;ðA:1Þ

where the constant E stands for the Young modulus of elasticity, and the

function g is known as relaxation measure of the material or simply memory

kernel.

On the other hand, in what concerns a thin 3D-beam

½�L;L� �W ¼ fðx; y; zÞ; x A ½�L;L� and ðy; zÞ A Wg

of length L > 0 and uniform cross section W � R2 made of homogeneous

isotropic viscoelastic material, the following Timoshenko Hypotheses ðHÞ are

assumed (cf. Prüss [12, Chapter 9] and Drozdov-Kolmanovskii [5, Chapter 5]):

ðH1Þ ð0; 0Þ is the center of W so that
Ð
W
z dydz ¼

Ð
W
y dydz ¼ 0;

ðH2Þ diam WfL so that the thickness of the beam is very thin when com-

pared to length;

ðH3Þ the bending takes place only on the ðx; zÞ-plane, that is, normal stresses

in the y-axis are negligible in general;

ðH4Þ the matrix of stress tensor s ¼ ðsijÞ1ai; ja3 is considered with only two

e¤ective stresses, namely, s11 and s13, and the remaining stresses are

neglected ðsijA0Þ.
Additionally, the displacements and the rotation angle in the ðx; zÞ-plane

are expressed by means of the following Notations ðNÞ:
ðN1Þ u ¼ uðt; xÞ: the longitudinal displacement of points lying on the hori-

zontal x-axis;

ðN2Þ c ¼ cðt; xÞ: the angle of rotation for the normal to the x-axis;

ðN3Þ w1ðt; x; zÞ ¼ uðt; xÞ þ zcðt; xÞ: the longitudinal displacement;

ðN4Þ w2ðt; x; zÞ ¼ fðt; xÞ: the vertical beam displacement.

Under the above structural conditions, we can derive the linear model (1.1)

which refers to viscoelastic Timoshenko beams with a viscoelastic coupling on

both the shear force and the bending moment. To clarify this statement, we

proceed in some steps as designed below.

Stress-Strain relations. Taking into account the relevant stresses s11 and s13
in the Boltzmann context (A.1), then the stress-strain relations for viscoelastic
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Timoshenko beams (cf. [5, 12]) are given by

s13ðt; �Þ ¼ 2kGfe13ðt; �Þ � k0ðg1 � e13Þðt; �Þg;ðA:2Þ

s11ðt; �Þ ¼ Efe11ðt; �Þ � b0ðg2 � e11Þðt; �Þg;ðA:3Þ

where G is the constant shear modulus, k is a shear correction coe‰cient,

g :¼ k0g1 and g :¼ b0g2 are relaxation memory kernels with non-negative

weighted coe‰cients k0 and b0 that might cancel the viscoelastic e¤ect on

bending and shear deformations, and the index ‘‘�’’ denotes points lying in the

ðx; zÞ-plane.

Elastic strains. Now, following again [5] (see (2.4) on page 339 therein), the

standard formulas for the components of the infinitesimal elastic strain tensor

can be exhibited by

e13ðt; �Þ :¼
1

2

qw1

qz
þ qw2

qx

� �
ðt; �Þ ¼ 1

2
ðcðt; xÞ þ fxðt; xÞÞ;ðA:4Þ

e11ðt; �Þ :¼
qw1

qx
ðt; �Þ ¼ uxðt; xÞ þ zcxðt; xÞ:ðA:5Þ

Shear and Bending relations. Going back to postulations ðH1Þ–ðH4Þ and

following once again [12] (see the identities (9.10)–(9.11) therein) the standard

formulas for the bending moment and the shear force are given by

Sðt; xÞ ¼
ð
W

s13ðt; �Þdydz and Mðt; xÞ ¼
ð
W

zs11ðt; �Þdydz;ðA:6Þ

respectively, where we have normalized the equations in (A.6) by the area

A :¼
Ð
W
dydz and inertial moment I :¼

Ð
W
z2 dydz of the cross section W.

Viscoelastic coupling on the shear force. Regarding (A.2), (A.4), and the first

identity in (A.6), the following (not so classical) viscoelastic law for the shear

force comes up

Sðt; xÞ ¼ kGAfðfx þ cÞðt; xÞ � k0ðg1 � ðfx þ cÞÞðt; xÞg;ðA:7Þ

which has been firstly derived in [1, Section 2].

Viscoelastic coupling on the bending moment. Now, using (A.3), (A.5), the

second identity in (A.6), and also ðH1Þ, one gets the (classical) viscoelastic law

for the bending moment

Mðt; xÞ ¼ EIfcxðt; xÞ � b0ðg2 � cxÞðt; xÞg;ðA:8Þ

which eliminates the variable u ¼ uðt; xÞ corresponding to the longitudinal

displacement on the x-axis. In other words, it can be interpreted as a too
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small horizontal displacement ðuA0Þ when compared to the vertical displace-

ment j and the rotation angle c in the beam deformation.

Motion equations for beams of Timoshenko-Ehrenfest type. In order to derive

the desired viscoelastic system (1.1), we are going to consider a well accepted

model in di¤erential equations encompassing bending and shear deformations.

To do so, we follow the model for vibrations of prismatic beams developed by

Timoshenko-Ehrenfest, cf. [6, 14, 15], namely,

rAfttðt; xÞ � Sxðt; xÞ ¼ 0;

rIcttðt; xÞ �Mxðt; xÞ þ Sðt; xÞ ¼ 0;

�
ðA:9Þ

for ðt; xÞ A ð0;yÞ � ð�L;LÞ, where r represents the mass density per area unit.

The remaining variables are already set above.

The viscoelastic model on bounded intervals. Under the above structured steps,

we can deduct the viscoelastic Timoshenko system related to (1.1) but on

bounded domains. Indeed, replacing (A.7)–(A.8) in (A.9), we arrive at the next

viscoelastic beam system:

rAftt � kGAððfx þ cÞx � k0ðg1 � ðfx þ cÞxÞÞ ¼ 0;

rIctt � EIðcxx � b0ðg2 � cxxÞÞ
þ kGAððfx þ cÞ � k0ðg1 � ðfx þ cÞÞÞ ¼ 0;

8<
:ðA:10Þ

for ðt; xÞ A ð0;yÞ � ð�L;LÞ: Therefore, by using the notation

r1 ¼ rA; r2 ¼ rI ; k ¼ kGA; b ¼ EI ;ðA:11Þ

one can see that (A.10) corresponds to (1.1) but for spatial x-variable belonging

to the bounded domain ð�L;LÞ, L > 0. For k0 > 0 and b0 ¼ 0, (A.10) means

the Timoshenko system with viscoelastic coupling on shear force, being treated

for x A ½0;L� only recently in [1]. On the other hand, when k0 ¼ 0 and b0 > 0,

then (A.10) reduces to the classical viscoelastic Timoshenko system firstly intro-

duced by [2], and subsequently studied by several authors up to nowadays,

still in bounded intervals like ½0;L�. Finally, for k0 > 0 and b0 > 0, (A.10)

represents a fully damped viscoelastic Timoshenko-Ehrenfest system. A slightly

modified version of (A.10) was considered by Grasselli et al. [7], where the

authors present the system with history, nonlinear source terms and external

forces.

The model posed on 1D-spaces: a mathematical curiosity. Under the physical

meanings aforementioned, a simple way to reach (1.1) by means of (A.10)–

(A.11) it is, mathematically speaking, to take the limit L ! y over the interval

ð�L;LÞ, that is, to consider the beam length L > 0 large enough to understand
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the problem over R ¼ lim
L!y

ð�L;LÞ: This procedure may lead to the issue of

infinite beam length. On the other hand, according to the stereographic pro-

jection p of R onto the unit sphere S 1 � fð0; 1Þg � R2, one can see R as a

subset of the extended real line R :¼ fþyg [ R which in turn is isometric to S 1

with some proper notion of distance, called chordal metric, leading to the notion

of finite length in S 1 � fð0; 1Þg. For all details of these statements we refer to

[13, Chapter 4] (see § 4.2 therein). Below we present the main ideas adapted to

our case. Indeed, one knows that

p : R ! S 1 � fð0; 1Þg

x 7! pðxÞ ¼ 2x

1þ x2
;
x2 � 1

x2 þ 1

� �

is a bijection with explicit inverse

p�1 : S 1 � fð0; 1Þg ! R

x ¼ ðx1; x2Þ 7! p�1ðxÞ ¼ x1

1� x2
:

Thus, we can extend p to a bijection P : R ! S 1 by setting PðþyÞ ¼ ð0; 1Þ:
Moreover, we can define a metric d on R by the formula

dðx; yÞ ¼ jPðxÞ �PðyÞj:

According to [13, Theorem 4.2.1], we have

dðx; yÞ ¼

2

ð1þ jxj2Þ1=2
if x A R; y ¼ þy;

2jx� yj
ð1þ jxj2Þ1=2ð1þ jyj2Þ1=2

if x; y A R:

8>>>><
>>>>:

The metric d is called the chordal metric on R, and by definition one can

see that the map P is an isometry from ðR; dÞ to S 1 with the Euclidean metric

induced by R2, which proves the desired. Moreover, we observe that: (i) the

metric space R ¼ P�1ðS 1Þ is compact, being known as one-point compactifi-

cation of R; (ii) the metric topology on R induced by the chordal metric is

the same as the Euclidean topology, once p maps R homeomorphically onto

the open subset S 1 � fð0; 1Þg of S 1. Therefore, the metric space R, seen as a

subset of R and with the notion of chordal distance therein, is bounded. More

specifically, we have

R ¼ p�1ðS 1 � fð0; 1ÞgÞ ¼ P�1ðS 1 � fð0; 1ÞgÞ � P�1ðS 1Þ ¼ R:
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Under the above mathematical concerns, one can interpret the issue of

infinite beam length as a beam given by the intrinsic measure of S 1 � fð0; 1Þg
in S 1, which is for sure finite. In conclusion, this fact provides mathematical

aspects, just for the reader’s curiosity, to consider the viscoelastic beam system

(A.10) in ð0;yÞ � R, by leading to the beginning problem (1.1).

Acknowledgement. The authors would like to thank the anonymous ref-
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Birkhäuser Verlag, Basel, 1993.

[13] Ratcli¤e, J. G., Foundations of hyperbolic manifolds, Second edition, Graduate Texts in

Mathematics, 149, Springer, New York, 2006.

[14] Timoshenko, S. P., On the correction for shear of the di¤erential equation for transverse

vibrations of prismatic bars, The London, Edinburgh, and Dublin Philosophical Magazine

and Journal of Science, 41 (1921), 744–746.

[15] Timoshenko, S. P., Vibration problems in engineering, Third edition, Van Nostrand Com-

pany, New York, 1955.

[16] Ueda, Y., Optimal decay estimates of a regularity-loss type system with constraint condi-

tion, J. Di¤erential Equations, 264 (2018), 679–701.

122 Marcio Antonio Jorge Silva and Yoshihiro Ueda



[17] Ueda, Y., New stability criterion for the dissipative linear system and analysis of Bresse

system, Symmetry, 10 (2018), 542.

[18] Ueda, Y., Characterization of the dissipative structure for the symmetric hyperbolic system

with non-symmetric relaxation, J. Hyperbolic Di¤er. Equ., 18 (2021), 195–219.

nuna adreso:

Marcio Antonio Jorge Silva

Department of Mathematics

State University of Londrina

Londrina, 86057-970, PR

Brazil

Yoshihiro Ueda

Faculty of Maritime Sciences

Kobe University

Kobe, 658-0022

Japan

E-mail: ueda@maritime.kobe-u.ac.jp

(Recevita la 13-an de aŭgusto, 2021)
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