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Abstract

We present a complete characterization of the (uniform) exponential stabilization for
a class of viscoelastic models under small delay perturbations. The main ingredient
under consideration is the notion of admissible kernels. While in the standard literature
it is mostly common to request a exponential/general kernel as a sufficient condition
for the exponential/general stability of the whole viscoelastic system under study, here
our objective is to employ the much more general concept of admissible kernels and
prove that it is not only sufficient but also a necessary assumption for exponential
stability in linear viscoelasticity under small delay perturbations.
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1 Introduction
1.1 The Model
Let (H,| - ||, (-, -)) be a Hilbert space and let A : D(A) C H — H be a strictly

positive self-adjoint densely defined operator. Let us study the following second-order
integro-differential problem with delay

0z + A <z — f g($)z(t —9) ds) +udz(t—1t) =0, t >0, (1.1)
0

suplemented by the initial data

Z(t) = ZO(I)’ re (_OO, 0]7 alZ|t=0 =121, alz(t - T) = Zz(t - ‘E)» re (07 T)'
(1.2)

Here, T > 0 is the time lag, © € R is the delay coefficient, and g is the so-called
memory kernel.

As usual, for long-memory and delay problems it is introduced an equivalent
autonomous system which is, indeed, the object of study.
Displacement history. We initially follow Dafermos [3, 4], where the idea of displace-
ment history was introduced. Denoting by

') =z@t)—z(t—s), >0, s>0,

it is easy to verify (formally) that

d ' (s) = —85¢"(s) + dz(t), t,5 >0,
£'(0) = lim ¢'(s) =0, t>0, (1.3)
20(s) = 20(0) — zo(—s), s> 0.

Treating the supplementary system (1.3) as a Cauchy problem and calling V :=
D(A'/?), it can be studied rigorously in the memory space

o
M = {; :RT - V; f gAYz ()*ds < oo},
0
endowed with inner product

C.E)m = /0 () (AY2¢(s), AV2E(s)) ds.

Indeed, Grasselli and Pata [8] obtained several useful results with respect to (1.3) by
showing that L. : D(L) C M — M defined by

D(L) :={¢ e M, L e M and ¢£(0) =0}, L :=—0,¢,
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is the infinitesimal generator of a right-translation semigroup given by

[R()C1(s) = {“S —0. s>t (14)

0, O0<s<rt.

In addition, they used (1.4) to extract an explicit formula for ¢, namely

Ocg _ _
£'(s) = {{ (s —1t)+z(t) — z0(0), s >t, (1.5)

z(t) — z(t — ), 0<s<t.
To do so, they assumed the following general assumption on the memory kernel g.

Assumption 1.1 The kernel g : RT™ — [0, 0o) is absolutely continuous, non-
increasing and summable, with total mass

£ = /Oog(s)ds € (0, 1). (1.6)
0

We remark that, under the scenario of Assumption 1.1, g has possibly a singularity
ats = 0 and g’ exists almost everywhere with g’(s) < 0 for almost every s > 0.
Delay term. With respect to the delay term, we follow the lines of Nicaise and Pignotti
[11], and introduce the variable

u(t, p) = dz(t —tp), pe(0,1), (1.7)

which formally fulfils the following advection-type equation

ov(t, p) +1dpv(t, p) =0, t>0, pe(0,1),
v(t,0) = 9,z(1), t >0,

v(t,1) = 0;z(t — 1), t>0,

v(0, p) = 22(—1p), 0O<p<l

(1.8)

We still stress that, relying on the characteristic method (cf. [5, Section 3.2]), one
can conclude that the unique solution of (1.8) is given by (1.7).
Therefore, from (1.3) and (1.8), in combination with (1.1)—(1.2), and setting

w:=1—-£>0,
we are led to the following equivalent autonomous problem

onz+ A <wz +/ g(s)¢(s) ds) +puv() =0, t>0,
0

¢ =Lt 40z, t>0,
T0v = —0dpv, t>0.

(1.9)
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with corresponding initial data

z(0) = z0 = 20(0), 3,;z(0) = z1,
£0(s) = ¢o(s) 1= 20(0) — zo(—s), s >0, (1.10)
v(0, p) = vo(p) := z2(—7p), 0<p<l,

and compatibility conditions
') =0, v(t,0)=20az(), t>0. (1.11)

Before describing our main result concerning the characterization of stability for
(1.9)—(1.11), we emphasize the notion of admissible kernels and then summarize some
recent achievements on related models.

1.2 State of the Art: Admissible Kernels

Let g be a memory kernel satisfying Assumption 1.1. The most common type of
exponential kernels that can be found in the literature are those satisfying: there exists
8 > 0 such that

g'(s) < —8g(s), (1.12)

for almost every s > 0. Inequality (1.12) was used in several works to control an
integral term arising from the dissipation. Specifically, we have

/0 g§IA ()17 ds < =8lI¢l5y. V¢ e M. (1.13)

We still note that (1.12) is equivalent to

gt +5) <e

g(s),

for every t > 0 and for almost every s > 0. This fact motivates us to consider a large
class of memory kernels as in Chepyzhov and Pata [2] by requiring that: there exist
8 > 0and ¢ > 1 such that g satisfies

gt +5) < ceg(s), (1.14)

for everyt > 0 and for almost every s > 0.
Additionally, from the physical point of view, condition (1.12) is still too restrictive
when compared with (1.14) for ¢ > 1. Indeed, as pointed out in [6, 13—15], we quote

“Under the assumption (1.12), g does not have flat zones or even horizontal
inflection points, when it should be conceivably true that exponential stability
should be preserved if, say, we consider a kernel which is equal to a decreasing
exponential, except on a small set. On the other hand, if ¢ > 1, then the gap
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between the (1.14) and (1.12) is huge since every compactly supported kernel
and some kernels with small flat zones, satisfy (1.14), but not (1.12).”

Now, performing a simple integration in (1.14) we obtain the following inequality

> c
/ gy)dy < gg(s), Vs >0,
N

which in turn motivates the construction of a new class of kernels as defined below.
Definition 1.1 (Admissible Kernel) A function g : R™ — [0, 0o) is an admissible
kernel if there exists ® > 0 such that

/ g()dy <®g(s), Vs>0. (1.15)

Thus, by definition, condition (1.15) is more general than (1.14). However, if
Assumption 1.1 holds true, then both conditions (1.15) and (1.14) are equivalent,
as one can see in [6, Remark 2.3].

The previous discussion can be summarized in Figure 1 below.

1.3 A Brief Literature Overview

No delay perturbation: . = 0. In this situation, problem (1.9) falls into the purely
dissipative system

o
0z + A (wz +/ g(S)é“(S)dS) =0, t>0,
0
0t =Lt + 3z, t>0,

(1.16)

which was studied by several authors for what concerns well-posedness and stability
results. In particular, we are interested in the study of how the flatness of g influences
the exponential stability of the Cp-semigroup of contractions Sy(¢) associated with

Differential inequality g (s) < =dg(s), 6 > 0‘

Pointwise inequality ‘g(t +5)<cefg(s), c>1, §> 0‘

under the Assumption 1.1

Integral inequality / g(T)dr < Cyg(s), C >0

Fig.1 Comparison diagram for conditions (1.12), (1.14) and (1.15)
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(1.16). We recall that a semigroup 7 (¢) : X — X is exponentially stable in a Banach
space X, if there exist M > 1 and y > 0 such that

IT(Oxllx < Me ™ |Ixllx, VxeX. (1.17)

For the linear viscoelastic problem (1.16) without delay (u = 0), we highlight
the following useful results in (uniform) exponential stability (1.17). For the sake of
reading and similarity to what we are interested in the present work, we omit results
on general decays that are not uniform, although there are interesting cases in the
literature.

Regarding the pioneering work by Chepyzhov and Pata [2], we summarize the
following results therein:

R1. the semigroup R(t) set in (1.4) is exponentially stable on M iff the pointwise
inequality (1.14) holds true;

R2. if So(t) associated with (1.16) is exponentially stable on V- x H x M, then the
semigroup R(t) set in (1.4) is exponentially stable on M. Consequently, (1.14)
remains true by R1.

Additionally, in Pata [13] it is shown that if the kernel g is not “too flat”, then
(1.14) implies the exponential stability of So(¢), which provides the converse of R2.
Mathematically speaking:

R3. If the rate of flatness (see (3.4) for its definition) of the kernel g is less than 1/2,
then (1.14) is a sufficient condition to obtain the exponential stability of So(t).

Concrete examples of kernels generating stability, uniform stability, and even insta-

bility for Sp(¢) can be found in Pata [14]. Furthermore, in Pata [15] semigroup tools
are invoked to extend the result of [13] up to kernels with flatness rate higher than or
equal to 1/2, by allowing kernels almost totally flat in the study of stability in linear
viscoelasticity with no delay term involved.
The role of delay perturbation: u # 0. Now, going back to (1.9)—(1.11), we first remark
that it does not generate a dissipative semigroup S, (¢) promptly. So, to overcome this
small difficulty, we cite the work by Guesmia [9], where the well-posedness of (1.9)—
(1.11) is considered for the first time. In addition, it is proved the following stability
result therein:

R4. Under the assumption (1.12), the corresponding energy functional decays expo-
nentially provided that the delay is sufficiently small (depending on memory kernel
g and structural constants).

This result R4 corresponds to claim that the associated Cy-semigroup Sy, (¢) is expo-
nentially stable for small delays. Also, in Alabau-Boussouira et al. [1] an alternative
method has been applied to conclude, roughly speaking, that the stability result R4
still holds true under the classical condition (1.12). In general, the assumption (1.12)
along with the fact g(0) > 0 (which avoids singularity at the origin of the memory
kernel) have been mostly assumed in the previous stability analysis when dealing with
viscoelastic models (with or without delay), as one cansee in [10, 12, 17, 18]. Nonethe-
less, as pointed out above, such condition is too restrictive and is usually regarded as a
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sufficient condition to prove the exponential stability of the corresponding (semigroup)
solution, which can be summed up in the next diagram:

Assumption (1.12) \ = ] Exp. Stab. of S, (t) (1.18)

provide that 0 < |u| < o for some po > 0.

1.4 Our Main Result and Organization

From the above exposition, our main goal in this work is to find out that admissible
kernels are enough to ensure the converse of (1.18) for small delay perturbations.
Obviously, if g = 0 then problem (1.9)—(1.11) is not damped and also blows up due
to the presence of delay perturbations (cf. Nicaise and Pignotti [11]). Therefore, one
sees the importance of the dissipativity provided by the memory kernel g and our
main result (Theorem 3.1) provides the sufficient condition (Assumption (1.14)) to
reach the uniform stability for (1.9)—(1.11). Though this is the relevant implication,
for the sake of completeness, we still consider the converse of Theorem 3.1 which
ends this work with a full characterization of the asymptotic behavior for solutions of
(1.9)—(1.11) by means of admissible kernels, still including small delay perturbations
(Theorem 3.8). Consequently, we prove the following equivalence:

Assumption (1.14) | & ]Exp. Stab. of R(r) \ & ’Exp. Stab. of S, (1), u #0

provided that 0 < || < po for some g > 0.
The remaining work is organized as follows. In Sect. 2 we introduce the preliminary
tools in linear semigroup theory. In Sect. 3 we state and prove our main stability results.

2 Semigroup Framework

Our goal in this short section is just to prepare the semigroup framework to deal with
the subsequently stability result for (1.9)—(1.11).
Denoting by

1
D:=L%*0,1;H) = {v :(0,1) > H, f lv(p) > dp < oo}
0
endowed with the norm
2 ! 2
IIvIID=/0 lv(p)II~dp,

we first observe that the asymptotic behavior of solutions for (1.9)—(1.11) will be done
in the Hilbert space

H, =V xHxMxD
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equipped with the norm
Iz, w, ¢, 0%, = @l A2 + [wi® + 1213, + Tlullvip.

The existence and uniqueness of solution for (1.9)—(1.11) is sketched as follows.
Calling by w = 9,z and Z = (z, w, ¢, v)7, for each u € R, we rewrite (1.9)—(1.11)
as the abstract IVP

WZ=B,Z, >0
{’ ptor =0 2.1

Z(0) = Zo,
where Zg := (zo, z1, £o, vo)! and B, : D(B,) C s, — s, is given by

D®,) = {(z, w,t,v)l € VxV xDL)xD,

w2 +14(¢) € D(A), dyv e D, v(0) = w)
with

w
—Afwz +1,(0)] — po(l)
L{ + BIZ ’
—%a,,v

B,Z =

and
oo
I, (0) == /0 gL' (s), teM.
Under the Assumption 1.1 and still assuming
WPzl < 1A?2), Y z e DA, 2.2)
for some A > 0, then proceeding similar to [9], and invoking the classical abstract
results of [19], one can show that for each u € R\{0}, the operator B, is an infinites-

imal generator of a Cp-semigroup S, (¢) in 7. Consequently, it holds the following
statements:

o If Zy € J], then (2.1) has a unique mild solution Z(¢) = S, (t) Zo in the class
Z € C([0, +00); J7,).
o If Zop € D(IB,,), then (2.1) has a unique classical solution in the class

Z € C([0, +00); D(B,)) N CL([0, +00); 7).
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e The solution fulfills the energy inequality

d oo
Enzmniﬁ;A g ®NA2E ()| ds +2ulllz@I?, > 0. (2.3)

From now on, the semigroup generated by (2.1), and hence related to problem
(1.9)—(1.11), is always regarded as

Su(t) =B, >0, (2.4)

whose characterization of the exponential behavior will be concluded in the next
section.

Remark 2.1 Actually, the study of existence and long-time behaviour of the semigroup
S, (t) can be done considering a class of admissible kernels containing a finite number
of jumps or an infinite increasing sequence of jumps [6, Remark 2.1].

3 Main Stability Result

We are in position to state the main result of the paper.

Theorem 3.1 Let us assume Assumption 1.1 and that R, < % If g is an admissible
kernel in the sense of Definition 1.1, then there exists a constant jvo > 0, independent
of W, such that S, (t) = eBul given in (2.4) is exponentially stable on ., for every
0 < [ul < po.

To prove Theorem 3.1, we are going to introduce some auxiliary tools and technical
results to be developed in the next two subsections. Then, the completion of the
proof is done right after, as well as its converse which gives the promised exponential
characterization result.

3.1 Functional Notations

In what follows, we provide the necessary notations to set the functionals over the
solutions of (1.9)—(1.11), namely, those coming from the semigroup solution (2.4) for
any p € R\{0}. The next concepts were firstly introduced by Pata [13] to deal with
case £ = 0in (1.9).

Let ¢ > 0 be given. To simplify the notations, we shall always denote by C; all
(different) positive constants depending on ¢ as well as by C all (different) other
generic positive constants.

Let E be a mensurable set of R*. The probability measure of E associated to g is
defined by

1
§(E) == Z/ g(s)ds.
E
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For any « > 0, we consider the disjoint decomposition R™ = M, U P, where
Mc={s eR", kg'(s) + g(s) <0}, Pc={seR", kg'(s) +g(s) >0}UO
and O is the null set where g’ is not defined. Then, we may write
I, = I + 1Y (3.1
where
1) = / g6)' (s)ds, I ():= f g()¢' () ds,
Py M
and, for every ¢ € M, we have
1¢I5, = /P g)IA2¢()]? ds + /M gAY ()7 ds = Pe(§) + M ().
(3.2)
A straightforward application of Holder’s inequality yields the estimates

T (A2 < L8(POP(Q), T (AP < €3(MOML (D), V¢ € M.

(3.3)
Now, we define the flatness set of g as
Fe:={s € RT, g(s) > 0 and g'(s) = 0},
and the flatness rate of g as
Ry 1= g(Fp). (34)
As pointed in [15], the sets P, are decreasingly nested with
() Pc=F,u0
k>0
and, consequently,
Jim 2(Po) = Re. (3.5)

To deal with the possible singularity at s = 0, we observe that for any ¢ € (0, 1),
there exist s, > 0 such that

/Oss g(s)ds < %8 3.6)
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Then, we set the truncated kernel g, : Rt — R by
8e(s) 1= &(5e) X(0,5.1(5) + 8(5) X(s.,00) ()
which satisfies
8e(s) = [8(se) — 8()IX(0,5.1 + &(s) = g(s), s> 0. (3.7

Under the above statements, we set the following helpful functionals ¥; : JZ,, — R,
i=1,2,3,4,as

Vi(z, w, {,v) = (w, 2),
1
‘IJZ(Z7 w, é‘v U) = _Z (w’ ]:[gg (é‘)) )

o o0
W3z, w, ¢, v) :=/0 (/ g(y)m(y)dy) 1AY25(s) — A2 ds,
)
1
WiGw 60 = [ pIFdp,
which are object of study in the sequel.

3.2 Technical Estimates

We start by exploring the strength of admissible kernels.

Lemma 3.2 If g is an admissible kernel, then there exists ap > 0, independent of |,
such that

3

Wi w, & vl < ol w, g )l (3:8)
i=1

for every (z, w, £, v) € J,.

Proof 1t is a direct consequence of Cauchy-Schwarz and Young’s inequalities com-
bined with (1.15). O

Let Zo = (20, wo, {0, vo) € D(B,) and Z (1) = Sy, (1) Zo = (2(1), 3:2(1), ¢, v(1)) €
D(@B,). Since D(B,,) is dense in .77, we emphasize that all results below remain valid
for Zy € .

Lemma 3.3 Along the solutions, the functional V| satisfies the following inequality

d
SNz = 18:2(0)1I* — (1 — e)|A 221> + CeM (¢
—(A22(0), 1 (AY2¢h) — p(u(, 1), 2(0)),

for every e > Q.
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Proof Using (1.9);, we have

d
Sz = 18:z(0)1I1* — @l A2 z(1))?

= (A2, T, (A7) = a0, v, D).
On the other hand, from (3.1), (3.2) and (3.3), we infer

_ (Al/zz([), Hg(Al/zé_z)) _ _ (Al/zz(t)’ HQ/I,((AI/ZCt)> _ (Al/zz([)’ Hé’K (A1/2;’)>
= 14 2O (4126 = (4220, 15 (41 2))
< 0e A1 + CMe(e") — (A"220), I (A2 ).

Combining the above estimates, the result follows. O

Lemma 3.4 For every ¢ > 0, the functional V> fulfills the inequality

%%(Z(r» < — (1 —&) 13,z > + 20e" | A2z (1))

+[1+ e3P + 0s 2] Peeh)

g(sé‘) o /
+CM () + 5 ( /0 —g <s>||A1/2;f<s>||2ds>

+§<A1/2z(r>, I (A2¢h) + %(v(r, 1), I (€")

Proof Taking the derivative of Wy (Z(¢)) and using (1.9);, we get

4
d I
&7 V220 = L0 ZO) + G0l D 1€, (3.9)
where,
1 oo
w1z = ( | gs<s)ds> 18,2001,
1 t
O2Z(1) 1= = (42(0). L, (L)
3(2() = 7 (AV22(0). 1, (A%,
1
@4(Z(0) = 7 (Le(AV2"). L, (4'21))

Let us give a proper estimate for the right side of (3.9). Indeed, we can write
Se 5 1 Se 2 2
Q1(Z@) = =78 dz O + 5 A g(s)ds | 10:z(1” — 19 z() 11"
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From (3.6), we obtain
e z) = - (1-3) 10

Now, by definition of g, we infer
g(se) S t 1 o0 t
2 (Z(1)) = v (8r2(1), L' (5)) ds — 7 g(s) (0r2(1), L' (5)) ds.
Since ¢! € D(IL), we can use the same arguments from [8] to get
1 o0
22z = 7 [ —® (420,66 ds
Se

Thus, from Hoélder’s inequality and (2.2) we have

1 o0
P2(Z(1)) = Sl (/ AU dS>

1 o0 2
gnatz(r)nz + 5o ( / —g' ®IIAY (9] ds)

Se

€ g(ss) o /
= SI0z @1 + =5 (/0 —g (s>||A”2;’<s)||2ds> :

IA

To estimate ®3(Z(t)), we use (3.7) to write
D3(Z(1)) = P3.1(Z(1)) + P32(Z (1)) + %(A‘/zza), Ig<(A2¢h),  (3.10)

where,

®31(Z(1) = —% /0 Le(s) — g(s))(A22(0), A2 (s)) ds,

32(2(0) = Z(A2(0). 1 (412,

Using again (3.6) and taking into account that g is nondecreasing, we obtain

IA

|®31(Z(1))] 9( fo gAY ()] ds) IAY 2z ()]

l
w Se 1/2
- (fo g(s)ds) I Il A2z

IA

14

1/2 1/2
we weé
P +

< el 21 A2 (1) 112
< we 7 zO” + T, T,

M, (2.
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From (3.3), we can estimate ®3 2(Z(t)) by

A

[®3.220)] = ZIAV 22T (A2

IA

%E1/2||A1/22(1)||[Mx(it)]l/z

w
< wel| AY2z(0)11F + —M, (¢").
4f¢

Replacing the above estimates in (3.10) we arrive at

well?
k14

+ (A2 (), I (412,

O3(Z(1) < 20e' | AV 22(0)|1* + P (¢") + CeM, (¢")

To estimate the term ®4(Z(¢)), we use (3.1), (3.3) and (3.7) to get

1/ [® 2
P(Z(1) = 5 ( fo gAY ()] ds)
< §(POP (L") 4 2[ (PP (E M (¢)]Y? + M, (¢")

R 1+¢!/2
=1+ Sl/z)g(PK)PK(ft) + (81%) MK@I)'

Plugging the above estimates in (3.9), we conclude the desire estimate. O

Lemma 3.5 Along the solutions, the functional V3 satisfies the following equality

%wg(zm) = =P (@) +2(A22(1), 15 (A2 1)),

Proof Differentiating W3(Z(¢)) and using (1.9),, we get

d e oo d
—W3(Z(1) = — /0 ( / g(y)xPK@)dy)gnA‘/%f(s)uzds

dt
> > d 1/2 o1 1/2
+2/0 / gMxp (y)dy 7 (A ¢'(s), A z(t)) ds.

Hence, integrating by parts and taking into account that ¢’ € D(IL), we obtain the
desire result. O

Lemma 3.6 Along the solutions, the functional V4 fulfills the inequality

d
T Ya(Z®) = =2t v 1% + 13,z 1* — e > v, DI
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Proof Taking the derivative of W4(Z(¢)) and using (1.9)3, we get

d 1
Wy (Z(1) = -2t /0 e 2Pu(t, p)IIFdp + 13,z 1* — e > v, DI

dt
< =2t vk + 19z 11* — e lv(, D%

O

For the next lemma, we previously stress that if g is an admissible kernel such that
R, < %, then from (3.5) we can pick ko > 0 large enough such that g(Py,) < %

Lemma 3.7 Let g be an admissible kernel such that Ry < % and, for everyn > 0, we

set

1
T(Z(0) = nlIZ0)l%, + a1 (Zm) +¥2Z@) + 3 (F +0) ¥a(Z@)

-2
0e
+ﬁ 3 Wy (Z(1)),
where we denote
r
@0 =5 +8(Pg) € (1/2,1), Bo:=1—ap € (0,1/2).

Then, there exist bg > 0 and ey > 0, independent of ||, such that

-2t
0z =z, | < (ﬂ%fm +bo) 1Z@)1%,- (3.11)
and
-2t
AL AT

d 5 oz 2
—Yu(Z(@)) < — [gﬂoe —”|M|} 18z~ —

dt
:306_41' |,l,L| 1/2 2 ; 5
- (@14 220I? + ey € + 100, DIP)
[ ) )
ot @) = [ = Cof (/0 8 <S>|IA”24“’<s>||2ds> .

(3.12)

Proof First, we observe that (3.11) holds from (3.8) with

bozaomax{%+ao,1} > 0.
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Next, combining Lemma 3.3, Lemma 3.4, Lemma 3.5, Lemma 3.6 and taking into
account that

M, (¢ < ko ( f —g’(s>||A‘/24’(s)||2ds), >0, (3.13)
0
we have

d [7
5 20 =~ | ghoe™ G +n|u|)] la:z(0)11?

~[a0 =2 G = 0] @l a2z

- 2‘;#3" 1/2(g<PK0)+w)]IP’K0(€f)
—4t
_ﬁoz rv@)|3 — ﬁo S DR

- ( / ” —g’<s>||A“2¢’<s>||2ds)
0

2 )
+Tf"(A1/2z<t), I (A12¢1)
— 1 (u(2, 1), c02(0)) + %(v(t, 1), L (£, (3.14)

for every € € (0, 1). Let us estimate the two last terms of (3.14). Indeed, using (3.3)
we obtain

w P N
= (A7), 1" (A1) | < 208 (Pey) 1A 22(0)]1? + IPKO(;)
The last term can be estimate by

—n(r, 1), aoz(1)) + %(v(l, 1), I (¢")

[

= —i [0 DIZ + @l A 2201 + 1615, ]

4t

Plugging the above estimates in (3.14) and using that e™** < 1, we arrive at

d [7
X2 = —| o = (V2 +n|u«|)} Iz
r —4r
- WT —&2 (3~ po) - %} ol A2z
[ Bo e o |l
T —l/? (g(PK0)+w):| Py (£1) + VILTE 12" 134
—4t —4r
e o - [ - ek [ee e
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—[n— Cel ( / —g’<s>||A1/2¢’<s>||2ds> , (3.15)
0

for every ¢ € (0, 1). At this point, we choose

2 16t
g0 = 16’3(036—_/30)2 €, 1).
Since
8(1)/2 < foe ™ < Poe ™ min {62’, — ! } ,
4(3 — Po) 4 8(Py) +
we conclude (3.12) from (3.15). O
3.3 Proof of Theorem 3.1 (Completion)
Let o > 0 defined by
110 == Bo e > min {8370’ a)mll/Ze_ZT , ﬁoejfo—i-cgcocgo } ;

where by > and Cg, > 0 are given by Lemma 3.7. From the choice of 11, we observe
that

27 —4t -2t
max{'BOe +b0,ﬂoe +C}<'Boe .
8l 8o 2|l

Then, we can take no > 0 satisfying

—27
+C} <ng < Poe
2|l

ﬂO 672‘[ ﬁO 6741'
0,
8lul 8k

max {

For this choice of ng, we deduce from (3.11) and (3.12) that Y,,,(Z(¢)) > 0 and

Poe ™ |
8 wlrl/?

x (18,201 + 0l 42202 + Py 1) + T0O1 )

ﬂ N Boe 4 /0"_ , 1/2 010712 )
+w“1/2MK0(§) 8k0 ( , ¢ A= ()7 ds ),
(3.16)

d
ETnO(Z(f)) = —|:
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for every ¢ > 0. Combining (3.13) and (3.16) and noting that

Boe™™ o™
8 wlA1/? 16

we arrive at

,30 e—4r

d
77 (o (Z(1) = ——

dt

15,1 Zo 11 % - (3.17)

Let T > 0 be fixed. Integrating (3.17) in (0, T') and noting that Y,,,(Z(T)) > 0, we
have

16 ¢%7

T
0< [ ||SM(I)ZO||_2]?71 dt < Yo (Zo) < +00. (3.18)
0

0

Since the right side of (3.18) does not depend on 7' > 0 we get
> 2
/ ||S/4(I)ZO||fy;;L < 400, VY Zye .
0

Hence, applying [16, Theorem 4.1] wiht p = 2, we conclude that S, () is exponen-
tially stable in .77}, for 0 < |u| < uo. O

3.4 Final Remark: Exponential Characterization

Actually, it is possible to characterize the uniform (exponential) stability for (1.9)-
(1.11) in terms of admissible kernels (see (1.15)), the solution semigroup S, (t) = eBut
given in (2.4), and right-translation semigroup R(t) = el set in (1.4). It reads as
follows:

Theorem 3.8 Let us assume Assumption 1.1 and that Ry < % Then, the following
assertions are equivalent:
(D) g is an admissible kernel in the sense of Definition 1.1;
(II) there exists a constant |1y > 0, independent of 1, such that S, (t) = eBut given

in (2.4) is exponentially stable on 7, for every 0 < || < po;

(IIl) the right-translation semigroup R(t) = e set in (1.4) is exponentially stable
on M.

Therefore, if it holds one of these conditions, all of them hold and the solution Z(t) =

S, (1) Zo of (2.1) satisfies

IZOll.z, < CllZollge ™, =0,

for some structural positive constants C, w.

Proof Theorem 3.1 ensures that (I) = (II). The proof of (II) = (III) is similar to [2,
Theorem 3.2] but using the semigroup S, /2) (¢) instead of Sy(). The lastimplication
((IT) = (D)) follows exactly the same arguments as in [2, Theorem 3.3]. m|
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