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Abstract. Many real-world applications are modeled by Volterra integral—differential equations of the form
t
ugy — Au + /g(t —s)Au(s)ds =0 in Q x (0,00),
a

where Q is a bounded domain of R and g is a memory kernel. Our main concern is with the concept of so-called creation
time, the time o where past history begins. Separately, the cases @« = —oo (history) and o = 0 (null history) were extensively
studied in the literature. However, as far as we know, there is no unified approach with respect to the intermediate case
—o00 < a < 0. Therefore we provide new stability results featuring (¢) uniform and general stability when the creation time
a varies over full range (—o0,0) and (i%) connection between the history and the null history cases by means of a rigorous
backward (o — —o0) and forward (o — 07) limit analysis.
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1. Introduction

In the present paper, inspired by a model that emerged at the beginning of the twentieth century with
Volterra [37,38] and revisited more recently by Fabrizio, Giorgi and Pata [12], we shall deal with the
following N-dimensional initial-boundary value problem
t
uy — Au + /g(t —5)Au(s)ds=0 in Q x (0,00),
) (L)
u=0 on I x (a,00),
u(z,t) = up(z,t), (x,t) € Qx (0], w(z,0) =us(x), z € 9Q,

where Q C R” is a bounded domain with smooth boundary 9 and g is a memory kernel. The parameter
a < 0 is called creation time, see, e.g., [12, Section 2], which means that the past history is assumed to
vanish before the time «. The initial data ug : © x («,0] — R are the prescribed finite past history of the
unknown displacement v = u(z,t) and u; = atuo‘tzo.

We note that the Volterra integro-differential equation in (1.1) can be obtained by means of the
Volterra stress—strain constitutive relation

o(z,t) = Go(z)e(z,t) + /G'(m,t —s)e(z,s)ds, a<0, (1.2)

where G = G(+,s), s > 0, stands for a symmetric tensor, commonly called nowadays by Boltzmann
function, Go(-) = lims—,0 G(+, s), and G'(-, s) is the relazation function given by the derivative of G(-, s)
with respect to s, see, e.g., Boltzmann [4,5]. We refer again to [12, Section 2] for more details on the
derivation of viscoelastic constitutive law (1.2) as well as the physical modeling of problem (1.1).

In the history and null history scenarios, namely, formally taking the limit cases & = —oc0 and a =
0, particular model (1.1) has been deeply studied in literature. Indeed, we refer to [3,8,10,11,13,15—
18,20,30,33,34,39] for problems involving the backward memory limit « = —oo and [1,2,6,7,9,21,22,24,
27,28,32,36,39] for models where the forward memory limit o = 0 is invoked. We also quote the books
[14,23,35] where a wide class of viscoelastic problems is addressed in both cases.

On the other hand, when one considers intermediate creation time a € (—00, 0), as before, we highlight
that the past history must vanish before «, giving the idea of “beginning” time, that is, the principle
(alpha) of the history.

Therefore, under the above statements, our main goal is to analyze intermediate problem (1.1) with
respect to the creation time —oo < v < 0. Our main results are concerned with existence and uniqueness
of solution, general stability and limit analysis when o — 0~ and o — —o0. In what follows, we are going
to clarify the main novelties and contributions of such results.

1.1. The intermediate stability results

In the intermediate instance o € [—o0, 0], for a given solution u of problem (1.1), we define the energy
functional E, (t) = Eq(u(t), us(t)), t > 0, as
1 5 1 5 1 a
Fa(t) = g lua)13 + 5 (L= ha(0) [Vu()]3 + 509 & V(o). (13)
where, for simplicity, we have used the notation (see also Sect. 3),

t—a t—a
[}

ha(t) := / g(s)ds, (¢gOVu)(t) = / g(8)|[|[Vu(t) — Vu(t — s)||3ds, t>0. (1.4)
0 0
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Our first main result (Theorem 3.1) features the exponential and general stabilities with respect to
a-energy defined in (1.3). It is briefly stated as it follows.

Exponential behavior. For any ty > 0, the energy functional E,(t) satisfies the exponential-type stability
Eo(t) < Co(to)Eq(0) e o)t ¢ 5 ¢ (1.5)

for some structural positive constants Cy(to) and v4(to) (explicitly given in (3.5)—Sect. 3), provided that
the memory kernel satisfies

g'(t) < —&og(t), t>0, (1.6)

for some constant & > 0.

As a matter of fact, from computations point of view, exponential stability (1.5) will be a consequence
of a more general stability result, which is obtained under a more generic memory kernel (in a certain
way) than (1.6). More precisely, we have:

A general behavior. Assume that

Ko := sup ||[Vuo(r)|3 < oc. (1.7)
7€ (a,0)

For any ty > 0, the energy satisfies the following decay rate

t s t
~ Yo (to) [E(T)dT —Fa(to) [E(s)ds
Ealt) < Calto) | Eal0)+ [0 (g(s) — s — s | &

0

t—a

+ Cl(to) / g(7)dr, (1.8)

t

for all t > to, for some positive constants Cq(to) = Ca(to, Eo(0), Ko) and A4 (to) (explicitly given in
(3.9)-Sect. 3), provided that, for some suitable function £ : [0,00) — RT, the memory kernel satisfies

g'(t) < =€(t)g(t), t>0. (1.9)

Let us give some comments on general decay (1.8) as well as on assumptions (1.7)—(1.9) at this
moment. At first glance, new and explicit decay rate (1.8) may seem mildly strange, but it will be a
natural extension that intermediates, with respect to the creation time «, the energy decay rates related
to the history (o = —oo) and the null history (o = 0) problems, both under assumption (1.9). This
statement will be clearer later, after recalling the stability results to the limit problems. Before doing
so, we first remark that hypothesis (1.9) generalizes, in some direction, the exponential memory kernel
and yields explicit decay rates for (1.1) in the already known situations o = 0 and a@ = —o0 according
to [20,27] and still in the present intermediate case —oo < a < 0 as well. We also mention that there
are some other works dealing with more general kernels, see, e.g., [1,2,8,9,19,24,25,29,31-34,36]. For
these latter, the issue falls on the difficult in obtaining explicit stabilities for all cases with respect to the
parameter «, which justifies our choice of assumption (1.9) for the memory kernel in this pioneering article
handling the intermediate case. The drawback of (1.8) is that it is a non-uniform stability (nor optimal)
due to the constant C,, depending on boundedness condition (1.7) and the “tail” given by fttfa g(s) ds.
Nevertheless, (1.5) represents a uniform (exponential) stability that does not depend on (1.7).
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1.2. Regarding the history and null history problems

Let us start by formally considering the forward case @ = 0. In this context, the energy functional
Eo(t) = Eo(u(t),us(t)), t >0, corresponding to problem (1.1),—o, is given by
¢

1 1 1
Eo(®) = 5 lu®l + 5 1= [ 9)ds | IVa(ol + 560V, (1.10)
0
where the notation (¢C0Vu) is obtained from (1.4) in the formal limit & = 0. In this occasion, the existing
stability results are given as follows.
Exponential stability. It is well-known since near the last decade of the previous century, see, e.g., the
classical references [14,23,35], that: there exist constants Cy,y > 0 such that

Eo(t) < Co Eg(0)e ™, Vit >0, (1.11)

since assumption (1.6) is regarded.
More recently and generally somehow, we also have:
General Stability. As stated in [27,28], both works appearing in the year 2008, one has: there exist
constants Cy,vy > 0 such that
t
Eo(t) < Co Eo(0)e TEE s, (1.12)
once hypothesis (1.9) is taken into account.

In the present paper, under assumption (1.9), we still prove that general stability (1.12) can be
concluded by combining energy perturbation with a previous result proposed by Martinez in 1999 for
dissipative systems, see, e.g., [26, Lemma 1].

On the other hand, in the formal backward limit & = —o0o, problem (1.1),—_o is equivalent to a
(viscoelastic) initial-boundary value problem involving the following equations

oo oo

uge — | 1 f/g(s) ds Auf/g(s)Ant(s) ds=0 in Q x (0,00), (1.13)
0 0
m+nt=u in Qx(0,00) x (0,00),
where the variable 7, originally introduced by Dafermos [11], is called relative displacement history. It is
defined as

n'(-,s) == u(-,t) —u(,t—s), t>0,5>0. (1.14)

We refer to Grasseli and Pata [18] (see Sections 3 and 4 therein) for a detailed study on the one-to-
one correspondence between problems (1.1),—_o and (1.13) with its corresponding initial-boundary
conditions.

In this case, the energy functional associated with (1.13) is defined as

1 1

Bat) = 5lue@ 4 5 (1= [ a(s)ds | IVuIE + 5 [ 96 199" 6) 1B s,

0 0
and the exponential stability result in the history case reads exactly like in (1.11), replacing Ey(t) by
E(t). See also [13,15,30] among others. A more recent and explicit somehow general stability for this
case is proved in [20] and reads as: for some to > 0, there exist constants dg € (0,1) and C > 0 depending

on initial data such that
t

E.(t)<C Em(0)+/g175°(5) ds|e
0

—do t& s)ds ~ 7
§<@ +C/g(5) ds, (1.15)
t
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for all t > to, provided that (1.7) holds for a = —oco and g satisfies (1.9).

As stated above, stability results (1.12) and (1.15) are already known in the literature for their
respective cases. In addition, it is worth pointing out that both decay rates can be reached by formally
proceeding the limits @« — 0~ and @ — —oo in (1.8), respectively. It means that (1.8) predicts a link
between the two already known results. Actually, in the present work, both stabilities (1.12) and (1.15)
will be achieved as a consequence of a rigorous (forward and backward) limit analysis on new intermediate
general decay (1.8) (resp. (1.5) in the exponential case), not merely replacing & = 0 and o = —oo therein
roughly. This is the main topic of Sect. 4, as clarified below.

1.3. Organization of the paper and main contributions

Under the previous statements, we are now in position to highlight our main contributions.

#1. In Sect. 2, we present the existence and uniqueness of solution for (1.1) in the intermediate case
a € (—00,0), by providing an understanding of how to work with null extension of initial data before
the creation time a. Thus, we extend the methodology employed in [9, Section 4], from the limit
case a = 0 to the intermediate scenario.

#2. In Sect. 3, we state and prove Theorem 3.1. As far as we know, it is the first result that delivers
explicit exponential and general decay rates for the energy corresponding to intermediate problem
(1.1). To do so, we employ a key regularizing procedure as introduced by Guo et al. [21]. Therefore,
we first work with regular solutions and then achieve the desired stability result for the weak solution
through Proposition 3.3.

#3. In Sect. 4, by means of Theorems 4.3 and 4.6, we rigorously analyze the forward (¢« — 07) and
backward (o — —o0) limits, for every fixed time ¢ > 0, of the intermediate energy E, (t), by proving
that it converges to Ey(t) and E(t) as @« — 0~ and a — —oo, respectively. Summarizing, for any
t > 0 given, we have the following convergence diagram:

Eo(t) “F=° Eut) “=% Eo(t)

As a consequence, known key results (1.12) and (1.15) can be obtained as limit cases from our unified
analysis. See for instance Corollaries 4.4 and 4.7. Hence, we finally conclude that, via Theorems 3.1,
4.3 and 4.6, intermediate general stability (1.8) provides a “bridge” linking the history and null
history stability cases (1.15) and (1.12), as the time creation « varies the range (—oo,0) from
backward to forward. In particular, all statements also hold true in the exponential setting.

All the precise assumptions and the (above) statements will be carefully formalized in Sects. 2, 3 and
4 in the remaining paper.

2. Existence and uniqueness

Let us start by considering the initial-boundary value problem for the intermediate system with « notation
to the creation time
t

U — Au + /g(t —s5)Au(s)ds=0 in Q x (0,00),

o (2.1)
u=0 on I x (a,00),
u(z, t) = up(z,t), (x,t) € Q x (a,0], ue(z,0) =uy(z), x € Q.
The well-posedness for (2.1) in the limit situations @ = 0 and o = —o0 is very well-known, as stated in

introduction. In this section, the main goal is to clarify that (2.1) is also well posed for any —oco < a < 0
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as well. Indeed, although problem (2.1) does not generate a linear semigroup for —oco < a < 0, it is
possible to use the history space setting to explore its solution by considering the null extension of initial
data, namely, by setting the null history ug(-,¢) = 0 for all ¢ € (—o0, a]. Such a methodology is already
known for the limit case @ = 0 as presented in [9, Section 4]. In what follows, we are going to prove that
a complementary procedure can be done for all —oo < a < 0.

2.1. The history setting

Let us set u(+,t) = ug(+,t) = 0 for —oo < ¢ < a. Then, problem (2.1) can be rewritten with « replaced by
—00, and considering the auxiliary history variable n as defined in (1.14), we can convert problem (2.1)
into the next one:

oo
upp — LAU — /g(s)Ant(s) ds=0 in £ x(0,00), (2.2)
0
m+nt=u in Qx(0,00) x (0,00), (2.3)
with boundary conditions
u=0 on 9N x[0,00), n=0 on 9N x [0,00) x (0,00), (2.4)
and initial data
u(z,0) = dg(z), u(x,0) =ui(z), n°x,s)=mno(z,s), €Q, s>0, (2.5)
where we have denoted
l:=1- /g(s) ds,
0
Ug is the null extension of ug in (—o0, ), (2.6)

no(-,8) == {“0(‘)a 5> —a,

uo(+) —up(+,—s), 0 < s < —q,
nt(z,0) = 1ir(rj1+ n'(z,s) =0, (z,t)€Qx[0,00).

Now, in order to solve problem (2.2)—(2.5), we consider the basic assumption on the memory kernel.

Assumption 2.1. Let g € L*(R*) N CY(RT) be a non-increasing positive function such that

oo

g(0) >0, (=1- /g(s) ds > 0. (2.7)
0

We define the standard Hilbert spaces
(L2(Q)a H ’ HQ’ ('v )) and (Hé(Q)’ HV ! ”2; (V VvV ))7

the usual weighted L2-space
Ly(RY; Hy () = ¢ 0+ (0,00) — Hg(); /Q(S)HV??(S)H%dS <00 =W,
0

with inner product and norm

(oo}

(16w, = [ o6 (Vas), Ve ds and [l = (e, Vi€ € W,
0
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and the Hilbert phase space
M= Hy(Q) x L*(Q) x Wy, [(u, v, )3, = £ Vull3 + [lvll3 + I3y,

for all (u,v,m) € H. We also denote by A; the constant associated to the embedding H}(Q) — L?(1Q),
that is,

Mllullz < [[Vull2,  u € Hy(Q).
Under the above notations and setting U = (u,v,n) with v = u,, history system (2.2)—(2.5) is equivalent
to the following abstract Cauchy problem
gU =AU, t>0
{ dt - 77 ’ (2.8)
U(0) = (o, u1, o) := U,
where the linear differential operator A : D(A) C H — H is defined as

oo

A(u,v,m) := [ v, lAu+ /g(s)An(s) ds,—ns+v |,
0
with domain
D(A) =< (u,u,n) € H; v E H&(Q)Ju + /g(s)n(s) ds € HQ(Q),nS €Wy, n(-,0) =0
0

Theorem 2.1. [16, Thm. 2.2] Under Assumption 2.1, if Uy € H, then there exists a unique mild solution
U = (u,v,n) € C([0,00),H) for (2.8) given by U(t) = eA*Uy. Moreover, if Uy € D(A), the mild solution
is the regular one U € C([0,0), D(A)) N C([0,00), H).

In other words, problem (2.8) is Hadamard well-posed with respect to mild and strong solutions and,
consequently, system (2.2)~(2.5) so is it.

2.2. Back to the original problem

For Uy = (tg,u1,m0) € H, we know that U = (u,v,n) is a mild solution of (2.8) if and only if (u,v)
satisfies the variational problem related to (2.2)—(2.5), see for instance [18, Sect. 4]. In particular, if we
take initial data in the following subspace of H

({LOaul?nO) € {(uavﬂ?) € Ha 77(5 - Oé) =u, §> 0} = V?

then we have a one-to-one correspondence between problems (2.8) and (2.1) and, therefore, the first
component u of the vector solution (u,v,n) solves problem (2.1). Indeed, through the notations in (2.6)
and since 7 can be explicitly expressed by the formula

t(s) = u(t) —u
m(s) {u(t)—ﬂ

i— t
O(t - 8)7 t S S,
see again [18, Sect. 4], then

g =1no(s —a) =g — up(a —s), Vs>0.

From this we have @y = 0 in (—o0, «). Additionally, from (2.2)-(2.5) along with (2.6) and (2.9), it is not
so difficult to prove that u is a variational solution of problem (2.1).
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Besides, we still observe that the third condition in (2.6) allows us to conclude that ug(-, s), o < s < 0,
belongs to the space

Wy(a,0) = d ' (00) = H(@)s [ 9(o)[Vu(—s)[Fds < oo ¢
0
whenever it is taken 4 = ug € Hj(Q) and 19 € W, = LZ(R*; Hj(Q)). Consequently, using again the
explicit formula for 7 in (2.9), then u belongs to the space
T—a
Wy, T) == u: (o, T) — Hy(Q); / g(8)|[|[Vu(T — s)[|5ds < o0 3,

for any time T > 0. Hence, we conclude that problem (2.1) has a unique solution (in the weak variational
sense) in the class

(u,ur) € O([0,00); Hy(Q) x L*(Q)), with uw e W, (o, T), ¥ T > 0. (2.10)

Finally, in what concerns regular solutions for (2.1), we notice that the above procedure cannot be
done for any general regular initial data. Indeed, under the requirements in the definitions of the subspace
V and the domain D(A), the one-to-one correspondence between problems (2.1) and (2.8) is only possible
if we consider the null initial position wy = 0, which leads to a particular case of regular solutions to
problem (2.1) related to suitable initial data.

Remark 2.2. Under the above statements, one concludes that problem (2.1) is only well-posed with
respect to variational (weak) solutions in the general setting of initial data. However, regularity of solution
is a very useful attribute to deal with the stability results, which are usually achieved for weak solutions
by density arguments. Thus, some regularizing process is necessary to work with a general regular solution
of (2.1). For instance, one can define a special type of cutoff function as done in [9] (see on pages 33-34
therein) and then consider initial data in a proper subspace. Also, a regularizing procedure as presented
by Guo et al. [21] can be used to approach the stability of variational solutions of (2.1).

3. Stability result

Let us start by recalling that the energy F,(t) associated with problem (2.1) is given by
1

Fa(t) = gl + 5 (1~ ha®)) V()] + 5(9 6 V) (1), >0, (31)

for any a € (—00,0). In order to prove a general stability result for F,(t), let us consider an additional
assumption on the memory kernel.

Assumption 3.1. The function g fulfills the following linear differential inequality
g'(t) < =€(t)g(t), t>0, (3.2)

for some function € : [0,00) — RT satisfying either:

(i) € is a constant function, namely, £ = & > 0;
(ii) ¢ is a non-constant, non-increasing and differentiable function.

The first main stability result of this paper reads as follows:

Theorem 3.1. Let us take on Assumptions 2.1 and 3.1. For any a € (—00,0) we have:
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I. Uniform (Exponential) Stability. Let
M
olt) ==
@0 g0

where ho(t) is set in (1.4). If we assume condition (3.2)-(i), then for a fized to > 0 the energy
functional E4(t) decays exponentially

[8¢hq(t) + 48 + 3[ha(t)]?], (3.3)

Eo(t) < Co(to)Eq(0) e vl g 5 ¢4 (3.4)
where
(2 7
Cuo(ty) =1+ -+ ,
(fo) 2ca(to) \2 ' £g(0) (3.5)
Talto) 1= S ot
4g(0)ca(to) + o(€g(0) + 2A1)
II. A Non-uniform General Stability. Let us assume condition (3.2)-(ii) and suppose that
Ko = sup |[Vuo(r)|3 < oc. (3.6)
7€ (e,0)
Let
4
Ka(to) := cal(to) (ZEO‘(O) + 2Ka) ) (3.7)

Then, for a fized to > 0, the energy functional E,(t) decays as
t

~ Yo (t %grdr —Fa (t tfsds
Ealt) < Calto) | Eal0)+ [0 (g(s) — s s | &

(=)

+ Cl(to) / g(T)dr, (3.8)

for all t > tg, where

Ka(to) ,2¢4 (o) + £(0) (; + Al) } ’

C’a(to) ‘= max { Salto 79(0)
£(0)ATL

Ta(t0) = J7g07entto) + £(0) Tg(@) 5 22y e 0

Before proving Theorem 3.1, let us first introduce some notations and technical results.

~—~

3.1. Functional notations

In order to provide a pattern functional notation to the subsequently technical results, we introduce some
notations and a useful result on the convolution setting.
For any a < 0 and ¢ > 0, we define:

(g% 2)(t) = /g(t —5)z(s)ds = / g(s)z(t — s)ds, (3.10)
[e% 0
(98 2)(t) = / ot — $)(2(t) — 2(s)) ds = / 9(3)(=(t) — (t — 5)) ds, (3.11)
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t

t —a
[e]
(902)(t) := /g(t —s)ll2(t) — 2(s)[3ds = / g(s)ll=(t) — 2(t — s)[I3 ds. (3.12)
« 0
Under the above notations, we have:
t—a
Lemma 3.2. Let us take z € {u (o t) = L2Q); [ g(s)|lu(t—s)||3ds < oo} )
0

(a) If g € L*(RY), then (g 6 2)(t) € L2(Q) and

19 & 2) (I3 < llgllrmy (9 O 2)(E), ¢ >0, (3.13)
(b) If g € CL(RY) and z(t) € L*(2), t > 0, then
(wid@haw):%%{MMWdﬂﬁmvwgﬁd@ﬁ
5 gt — o)z~ (o' B 2)(0). (3.14)

Proof. The proofs of both items are standard. For the sake of the readers we give the main idea to reach
them. Indeed, using (3.11), (3.12) and Holder’s inequality, we obtain

t—a 2

(g ¢ 2)(®)]3 < /w@ﬁ@@wmfdr@ﬁﬁm

0
< ha(t)(g O 2)(2),

from where (a) follows. To arrive at (b), we take the time distributional derivative in the first expression
of (g 0] z)(t) given in (3.12) and then use (3.10). O

3.2. Auxiliary technical results

Due to the weak regularity of the solution (u,w;) in (2.10), we cannot apply multipliers directly in (2.1).
Thus, in the next computations, we are going to work initially with a smooth sequence defined through
the resolvent operator as regarded in [21, Sect. 3] for a uniqueness purpose. Here, this procedure will lead
to the proof of (3.8) in Theorem 3.1 for such a regularizing sequence and, consequently, to the solution
of (2.1) by means of the important limit properties provided by [21, Prop. 5.1].

Let (u,u;) be the solution of (2.1) given by (2.10), and let us consider the regularizing resolvent
operator R, := (I —n 'A)"1: H71(Q) — H}(Q), n € N. We also set the smooth sequence u" := R,u
and the corresponding energy functional

L) = I I3 + 5 (1~ ha®) IVa" @13 + 50 & Va) (1), 120, (315)

where we have used notation (3.12). In this direction, the following result holds true.

Proposition 3.3. Under the above notations, the following statements hold.
o Ifue L*(Q), then ||u"|, < |lullz, and u™ — u in L*(2), as n — oo.
o Ifuc HLQ), then ||u”HHé < lullgy, and u™ — u in Hg(Q), as n — oo.

Proof. Both properties are direct consequences of the definition ™ = R,u and Proposition 5.1 in [21]
with e = 1/n. O

Moreover, we have the following energy identity.
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Lemma 3.4. Under the above notations and Assumption 2.1, then the regularized energy E(t) satisfies
the following identity:

d n 1 n 2 1 = n
3 Pa() = =59t —a)[Vu" (Bl + 5(¢" O Vu")(E), t>0. (3.16)
Proof. Firstly, we apply the regularizing resolvent operator R, on every term of problem (2.1). Then,
taking the multiplier u}" and using identity (3.14), energy identity (3.16) follows readily. O
Let tg > 0 be fixed. To the next lemma we also set the functionals for ¢ > tg
DY (t) := (uff (1), u" (1)), (3.17)
L (1) = —(up (1), (g S u™)(1)), (3.18)
and the perturbed energy
1 A1 A2 9 A2
Fr(t) == |1 EZ(t) + —=[ha(to)]” ®T(t) + —=ha(to) P5(1). 3.19
20 = |1 g | 20 + s lhalto)? #10) + 2Lha(r0) 2300 (3.19)
At a first moment, we observe that it is easy to verify the equivalence
1 1 N
—E't) < F'(t) < |= EN(t t > 1. 3.20
204()— a()—|:2+£g(0):| a()7 = o ( )

Lemma 3.5. Under the above notations and Assumption 2.1, then the regularized perturbed energy F(t)
satisfies, for a fixed tg > 0, the following estimate:
d A2
—F"(t) < —
dt alt) < 4¢(0)

where hq(to) and co(to) are given in (1.4) and (3.3), respectively.

o (L) B2 (£) + calto) (9 O Vu™)(t), t> to, (3.21)

Proof. First, taking the time derivative of ®} defined in (3.17) and using (2.1) under the action of R,,,
we get

d n n n x n n
721 () = llut O3 = (1 = ha(®)) [Vu" ()3 — ((g & Vu)(t), Vi (2))- (3.22)
From (2.7), applying Young’s inequality and using (3.13), we deduce
d n n 3 n 2 ¢ n 2 3
— < - 2 - .
SL() < B0 + 5 [ ()] — LIVa @I + 5 (9 O Va) 1), (323)

Now, deriving the functional ®% defined in (3.18) and using again (2.1), after acting R,, on it, we
obtain

d ..\
3 22(1) = —ha(®)llu(t ||2+ZJ (3.24)

where
Ji(t) = (1= ha(t) (Vu"(2), (g & Vu™)(1)),
Ta(t) = [[(g & Vu™) (13,
Ta(t) = —(up (1), (¢ o u™)(t)).
Fixing tg > 0, we apply Cauchy—Schwarz and Young’s inequalities and use (3.13) to have

O] aghalto) [V ()] + S ha(to)] (o & Vur) 1),

()] < (g O Vu")(8).
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Moreover, from Cauchy-Schwarz, Young and Poincaré’s inequalities, we infer

9(0)

axzlhalto)] 7!’ 0 V™) (t).

Is(0)] < ghato) [ (1)1 -

Replacing the estimates for J;(¢), i = 1,2,3, in (3.24), we arrive at

d n ha(t ) n ¢ n
G20 < == O3 + Sphalto)[Vu ()13
6 e
+ {1 + g[ha(to)]_1:| (g OVu"™)(t)
0 «
—g(—)\g[ha(to)]*l(g’ O Vu™)(t), Yt>t. (3.25)
1
Finally, deriving F? defined in (3.19) and using (3.16), (3.23) and (3.25), we get
d A2 Y
—F"(t) < — ho(t)12E™(t) — L_[ho(to)? || V" (1)]|2
FEA 0 <~ T el B (D) — s ha (o) IV ()13
A2 o
— L ho (bl ()12 + colt "(t
oy O I (O + calto) 9 8 Tu) ()
A1 = n
+8£g(0) (¢' O Vu"™)(2). (3.26)
Then, we conclude from (3.26) that (3.21) holds true. O

Now we prove two auxiliary stability results for the regularized energy E”(t) set in (3.15).

Proposition 3.6. Under the above notations and Assumptions 3.1-(1), the reqularized energy EI(t) satis-
fies, for a fized ty > 0, the following n-decay rate:

EN(t) < Colto)ER(0) e 7o)t ¢ > ¢, (3.27)
where Co(to) and v4(to) are given in (3.5).

Proof. From (3.2) with £ = &, and taking into account (3.16) we have

a o d
& (g0 Vu")(t) < —(¢" O Vu")(t) < —2 E"(1). (3.28)
Then, combining (3.21) with (3.28), we obtain
d ot 2 d
— I (t) < — Et)—2 —E? 2
3P0 < — 1 ha(to) EL(E) — 2ealto) 3B (3.29)
where F is given in (3.19) and ¢4 (tp) > 0 comes from Lemma 3.5. In addition, defining
15(t) == 2ca(to) B (1) + S0 F (D), (3.30)
we readily get
1 M
2 ENt) <IM(t) < |2 —+—— || EX(t). 31
calto) EZ(0) < 1200) < [2a(t0) + & (5 + 0 )| E200) (3.31)
Moreover, deriving (3.30) and using (3.29) and (3.31) we have
d
n < _ Y.
dtIa (t) = Wa(tO) Ia(t)

Hence, by the differential Gronwall’s inequality and (3.31), one concludes that (3.27) holds true. 0
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Proposition 3.7. Let

4
Kan(to) := calto) (EEZ(O) +2 sup IIVUS(T)H%)

T€(a,0)

118

(3.32)

Under the above notations and Assumption 3.1-(ii), the regularized energy EZ(t) satisfies, for a fized

to > 0, the following n-decay rate:

t N )

Yo (to) | E(T)dT —Aalto) [£(s)ds

EL(t) < Conlto) (E2<o>+ [ [g(s)—g<s—a>]ds) A
0

t—a
+Canlte) [ g(r)ar
t
where
”a,n(tO)

Con(to) = max{ Selio) ,2¢q(to) +£(0) @ + é;(lo)) } ;

_ 0 :
70000 = Ty s io) + @) 0 + 2

Proof. First of all, regarding notation (3.12) and applying assumption (3.2), we observe that
t t
0 / g() [V () — Vur(t — s)|2ds < — / ¢ ()T (£) — V(¢ — s)||2 ds

0 0
d
< —2—FE"(t).
< 25BN
Then, multiplying both sides of (3.21) by £(¢) and combining with (3.35), we obtain
d n )‘% 2 n d n
§(t) 5 Fa(t) < ~190) [ha(t0)]7€(t) E5(t) — 2 ca(to) — B (t)

dt @ dt

t—a

+ ca(to) £(1) / g(s)[Vu"(t) = Vu"(t = 5)[3 ds,

where F is given in (3.19) and ¢, (o) > 0 is given by (3.3). Now, defining
S (t) := 2ca(to) EG (1) + £() F (1),
we obtain the equivalence
2¢4(to) En(t) < J3(t) < |:20a(t0) +£(0) <2 + Eg(()))} EZ(t).
So, deriving (3.37), using (3.36) and noting that &’(¢) F2(t) < 0, we have

t—a
d A2
—J"¢) < —
a7 = 19(0)

t

Now, for s > ¢, we have

n n n n 4 n
V™ (t) = Vug (t = s)[3 < 2|V ()13 + 2| Vug (t = s)II3 < 72a(0) +2 Ko,

[ha (t0)P€(t) B (t) + calto)§(t) / g()Vu"(t) = Vu"(t - 5)||3 ds.

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
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where, from Proposition 3.3 and assumption (3.6), one has

Kon= sup |[Vud(n)|3 < sup |[|[Vuo(7)||5 = Ka < oo, VneN. (3.40)
T7€(a,0 T€(a,0)
This yields
t—a 4
0 [ @IV © - var(e - s)13as < (FE20) + 2K ) bl (3.41)
t
t—a

with b, (t) = &(t) / g(s) ds. Then, using (3.38) and (3.41) in (3.39), it follows that
t

ST+ 3lt0) ST < Ren(to)ba(h) (3.42)

where we denote
4 4
(1) 1= calto) (FER0) +2 Ko ) = calto) { FERO) 42 swp V0] ).
14 14 T€[a,0]
Solving differential inequality (3.42), we arrive at
t s
Yo (to) [&(T)dT
T7(0) + Keun (t0) / ]

0

Sa(to) (fs(s) ds

JO(t) <e ba(s)ds | . (3.43)

Also, from assumption (3.2) we get
t

o (to) [ €(r)dr
/eAY 7] ba(s)ds =

0

! s—«

t s
1 Fa(to) [E(T)dT /

- e 0 7)d7T ds

’Yoe(tO) O/ ( ) g( )

S

t t—«
1 Yo (to) [ £(T)dT
< e ! /g(T) dr

t

t s
n ﬁ /e“/a(to),off(T)dT[g(s) (s —a)] ds

Thus, we obtain from (3.43) the inequality

JI() < [ J2(0) +

t s t
an(t Fa(to) [ £(T)dT —Fa(to)) [ &(s)d
m~,(0)/ev(o({ [9(s) — g(s — a)] ds el g s)ds
Va(to)

Ha,n(tO) "
T Fato) / glr)dr. (3-44)

Using again (3.38) in (3.44) we finally conclude that

1
EN(t) <——
a() = QCa(tO)
t

1 Keen(t0) / Fa(to) ] €(r)dr S (to) [ €()ds
< —— | J0) + —= e 0 s)—g(s—a)lds | e 0
Sen(le) (0) 5o lto) lg(s) — g( )l

Ja ()
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Ra,n tO T
2ca to Yo (t
Falto) [ €(r)dr ~Fato) [ €(s)ds
< Canlto) +/ ’ f [g(s) —g(s —a)]ds | e Talio) [
0
t—a

+Canlte) [ gr)ar
t
which is precisely estimate (3.33) with C,_,,(to) given in (3.34). O

3.3. Proof of the main result

We finally conclude decay rates (3.4) and (3.8) in Theorem 3.1 by means of Proposition 3.3. Indeed, as a
direct consequence of Proposition 3.3 we obtain that the first two terms of E7(t) set in (3.15) converge
to the first two terms of E, (t) defined in (3.1). Moreover, we also claim that

t—a

(9 0 vu)(t) = / g()Vu"(t) = V' (t = 5)|I3 ds

— / 8)||[Vu(t) — Vu(t — s)||3ds, as n — oo, (3.45)

for any given parameters —oo < o < 0 and t > «. In fact, defining
Gi(t,s) = [Vu"(t) = Vu' (t = s)|l2 = [[Vu(t) = Vu(t — s)|2,
Gy(t,s) = [[Vu"(t) = Vu"(t — s)|l2 + [[Vu(t) — Vu(t — s)|l2,
then
V™ (t) = Vu (t = s)[3 = | Vu(t) = Vu(t - )|l = G} (t, 5)G5 (t, 5).

Again from Proposition 3.3 we have

Gt 8)] < [Vu"(t) = Vu(b)ll + VU™ (t = s) = Vu(t = s)[l2 = 0, (3.46)
as n — o0o. On the other hand, using once more Proposition 3.3, we estimate G (¢, s) as follows
G2 (L, 8)| < 2[Vu(®)ll2 +2([Vu(t = s)[2, s>0. (3.47)

Thus, from (3.46)—(3.47) we deduce
g9(s)GT(t,s)G5(t,s) — 0, as n— o0, s>0.
Moreover, there exists a constant C' > 0 (which may depend on E,(0) and K, ) such that
9(s)GY (t, 8)G5 (¢, 5)] < Cg(0), s> 0.
From these two latter, desired limit (3.45) can be obtained by the Dominated Convergence Theorem and,
therefore, it holds that
lim E}(t) = Ey(t), t>0, (3.48)

n—oo
with

K?a,n(to) S ﬁa(t())a Coz,n(to) S C’a(tO)a (349)
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where k4 (to) and Cy(to) are given in (3.7) and (3.9), respectively. Hence, from (3.48)(3.49) we can pass
the limit in (3.27) and (3.33) as n — oo to reach (3.4) and (3.8), respectively. This completes the proof
of Theorem 3.1. O

4. Limit analysis

This section is devoted to the precise analysis of general decay (3.8) within the limit situations & — 0~
and @ — —oo, for every given time. Although the stability results for (2.1) in the formal (limit) cases
a =0 and o = —oo are well-known, as mentioned in introduction, we are going to see that (3.8) provides
a good formulation that allows us to reach; as a consequence, the same (already known) stability results
for history and null history problems (2.1)a=_o and (2.1),—0, respectively, via limit procedures. As a
consequence, the same statement holds true in particular exponential case (3.4).
To organize the notations, we first set the family of negative parameters A = {a; o < 0} and, for each
a € A, we denote by (u®, u) the unique weak solution of (2.1) associated with initial data (ug,u1). Also,
we denote the corresponding energy by E¥(t) = FE,(u*(t),u{(t)) as defined in (3.1) along with notation
(3.12), that is,
1 1

Eq(t) = Slut @3+ 5 (1= ha®) [Vu@)lI3 +

%(g 0 Vu®)(t), t> 0. (4.1)

4.1. Forward memory limit: o« — 0~

Let us first consider the classical initial-boundary value problem for the viscoelastic wave equation without
history
t

vy — Av + /g(t —5)Av(s)ds =0 in € x (0,00),

J (12)
v=0 on I x[0,00),
v(x,0) = vo(z), ve(x,0) =wv1(z), =€,
and its corresponding energy E{(t) = Eo(v(t), v¢(t)) given by
1 1 / 1
B0 = 3l + 5 (1= [9(9)as | IVe@IB+ 560v0)0), 20, (43)

0

where the notation (¢ Vv)(t) corresponds to (3.12) with o = 0.

The existence and uniqueness result of weak solution to problem (4.2) is very well-known, see for
instance [6,7,9-11,13,14,18]. Roughly speaking, it reads as follows: under Assumption 2.1, if (vg,v1) €
HE(Q) x L%(Q), then problem (4.2) has a unique weak solution in the class

(v,v) € C([0,00); HE(Q) x LA(Q)).

Moreover, under additional Assumption 3.1, one proves the next general stability for E{(¢) set in (4.3)
over weak solutions of (4.2).

Theorem 4.1. Under Assumptions 2.1 and 3.1-(ii), then there exist constants C,~v > 0 such that
t

— [ €(s)ds
B < B 0)e 1Y viso. (4.4)

Proof. See Theorem 3.6 in [27]. See also [28, Theorem 3.5] and [20, Subsection 4.1]. O
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Theorem 4.1 was first proved by Messaoudi in 2008. However, here we are going to prove that it can
be reached as a consequence of a Martinez’s lemma proposed in 1999 to obtain decay rate estimates for
dissipative systems, as readjusted to our case as follows.

Lemma 4.2. [26, Lemma 1] Let £ : Rt — R be a non-decreasing function and let ¢ : [0, +o0) — [0, +00)
be a strictly increasing C'-function such that

o(t) — 400, as t— +oo.

Let us also assume that there exists a constant w > 0 such that
“+oo

/ )¢/ (t) dt < %5(5), Vs> 1. (4.5)

Then, there exists a constant C > 0 depending on (1) such that
Et) < Cem @M yi>1.

Sketch of the proof of Theorem 4.1. Taking a closer look at Sect. 3.2 and defining corresponding func-
tionals (3.17)—(3.19) related to E{(t), then it is proved similarly to (3.20)—(3.21) that

LB < B (1) < Bw;@} Ey(), 120, (46)
and
gF”(t) < - M [ho()PEY (L) + co (¢OV)(t), t>1 (4.7)
a0 > 49(0) 0 0 o9 ) )

for some constant ¢y > 0.
Multiplying (4.7) by £ and integrating the resulting expression on the interval (s,7), 1 < s < T, we
get

T T T
2
S [ E5en < - [ RO+ o [doEnvo o (48)
From (4.8), noting that

d d d d
el - _ = >
S R0En) = & (RE) (1)~ SEWR() > & (RE) (1),
and regarding (3.35) for the couple (v", EY), we deduce

T

[ho(l)F/Eé’(t)S(t) dt < Fg(s)€(s) — Fg (T)E(T) + 2co (Eg (s)€(s) — EG(T)8(T)).  (4.9)

S

A
4g9(0)

Thus, using (4.6) and taking T'— oo in (4.9), we obtain
/ EL(DE(t) dt < WEL(s), Vs> 1, (4.10)

t
for some constant @ > 0, which is (4.5) with £(¢t) = E§(t), ¢(t) = [£(s)ds and w = 1/w. Therefore,
0

decay rate (4.4), for t > 1, is a direct consequence of (4.10) and Lemma 4.2. Also, it can be easily obtained
on (0,1), see, e.g., [27,28]. O
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Now, under the above notations, we are in position to prove that general decay rate (4.4) can be
reached as consequence of (3.8) in the forward limit o — 0~, which will be a consequence of our next
second main result.

Theorem 4.3. Let us consider o € A, (ug,u1) € Wy(a,0) x L*(Q) and suppose that Assumption 2.1 and
(3.6) hold. If u® is the weak solution of (2.1) and v is the weak solution of (4.2) with vy = up(0) and
v1 = uq, then for every time t > 0 it holds the following limit

lim EY(t) = Ej(t), (4.11)
a—0—
where EY(t) and E§(t) are the energies given in (4.1) and (4.3), respectively.

Proof. Let 0 be the null extension of vy in (e, 0) and ¥ the unique weak solution of (2.1) associated with
Up- Due to the uniqueness, then it is easy to see that v can be expressed by:

’D(,t) — {U("t)v t> 07

0, a<t<O.
Setting v* = u® — ¥, we observe that v* is the weak solution of (2.1) with initial conditions
v¥(z,t) = wo(z,t) — vo(x,t), (z,t) € A x(a,0), vi*(z,0)=0, ze€. (4.12)
Integrating (3.16) from 0 to t for the v®™ = R, v® function, using (2.7), applying Proposition 3.3 and
regarding (3.48) for EY(t) = Eq(v*(t), v (t)), we obtain
—a
Eo(v®(t), v (1)) < Ea(v®(0),0'(0)) = /9(8)||Vua(—8) — Vol[3 ds. (4.13)
0
Now, from (3.6), we note that

VU (=5) — Vo2 < 2K + [ Vroll2) — 4 VeolZ, as a— 07,
and from (4.13) one gets

—Q

0< lirgi Ey(v*(t), v (1)) < lirgﬁ 2K, + || Voo l|2) /g(s) ds | =0,

0
that is,

lim B, (v (), v2(t)) = 0. (4.14)

a—0—

Thus, using (4.14) and recalling that v* = u® — ¥, we obtain the following convergences when a goes to
0™

u®(t) — o(t) = v(t) in Hy(Q), >0, (4.15)
u(t) — 0:(t) = ve(t) in L3(Q), >0, (4.16)
(g 0 Vu®)(t) — (g 01 Vo)(t) in R, (4.17)
We claim that
(9 0 Vu®)(t) — (9O V0)(t), t=0. (4.18)

Indeed, writing

—Q

(90Vo)() = (90 Vo) (t) — /g(t*S)dS Vo3,
0
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we have from (4.17) that
(90 Vu)(t) = (9O Vo)1) = [(9 0 Vu)(t) - (9 O Vo) (1)

—Q
+ /g(t —9)ds | [Vu@)|Z — 0, as a— 0",
0
which shows (4.18). Hence, from (4.15), (4.16) and (4.18), we conclude that limit (4.11) holds true. O

As a promptly consequence of Theorems 3.1 and 4.3, we also conclude stability (4.4) for null history
problem (4.2). More precisely, we have:

Corollary 4.4. Let us take Assumptions 2.1 and 3.1 into account. If u is a weak solution of (4.2), then
for any fized to > 0, the energy E{(t) satisfies (4.4) (rep. (1.11) for & = & > 0 constant) for all t > to.

Proof. For every time t > t, stability (4.4) (rep. (1.11) for £ = &y > 0 constant) can be directly obtained
by taking the limit when o — 0~ in (3.8) (resp. (3.4)) and using (4.11). O

4.2. Backward memory limit: « — —oo

Now, we are going to analyze the convergence of EY(t) set in (4.1) when a — —oo, for every fixed
time. Let us consider the initial-boundary value problem for the viscoelastic wave equation with (infinity)
history

¢
wye — Aw + / gt —s)Aw(s)ds =0 in Q x (0,00),
s (4.19)
w=0 on 00 xR,
w(x,t) = wo(z,t), (x,t) € Q% (—00,0], w(z,0)=wi(zx), =€,
which is equivalent to the following autonomous problem (see, e.g., [18])
Wyt — 1—/g(s)ds Aw—/g(s)AC(s)ds =0 in 2 x (0,00),
0 0
G+ C=w in Qx(0,00) % (0,00), (4.20)
w=0 on 0N x[0,00), (=0 on 9N x [0,00) x (0,00),
w(z,0) = wo(z), wi(z,0) =wi(z), C(x,s) = (o(z,s), €Q,s>0,
(2,00 =0 (2,t) € 2 x[0,00),

by setting the relative displacement history ¢*(-,s) := w(-,t) —w(-,t —s), t > 0, s > 0 and taking proper
initial conditions such as (y(s) = wo—wo(—s). In this case, the energy EY (t) = Eoo (w(t), we(t),t), t >0,
associated with problem (4.20) can be denoted by

B0 = 5lun)l3 + 5 (1= [o)ds | IVul + 50 B vu)) (4.21)
0

where the notation (g 0 Vw)(t) corresponds to (3.12) with o = —o0, that is,

(9 O Va)( /g NVIw(t) —w(t - s)]|I3 ds = /g(S)IIVCt(S)II§d8= 1* 1, - (4.22)
0 0

which coincides with the notation [|¢t|| a4, €.g., in [16,20], with respect to (.
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The existence and uniqueness result for (4.20) is stated as in Theorem 2.1, namely, for weak solutions
it reads as follows: under Assumption 2.1, if (wg,w1,Co) € H, then system (4.20) has a unique weak
solution in the class

(’LU, W, C) € C([Ov 00)7 H)
Additionally, under Assumption 3.1 and assuming that
Ko :=sup||Vwg(s)]|2 < +o0, (4.23)
5<0

one proves the next general stability for E¥ (¢) set in (4.21) over weak solutions of (4.20).

Theorem 4.5. Under Assumptions 2.1 and 3.1-(ii), and also condition (4.23), then there exist constants
do € (0,1) and Cy > 0 depending on initial data such that

t t o]
w w 1—6, —do [ £(s) ds
EX(t)<Cy | ELO0)+ [ g7%(s)ds | e © +Cy [ g(s)ds, (4.24)
0 t
for all t > ty, where ty is a positive fized time.
Proof. See Theorem 2.1 in [20]. O

Now, under the above notations for the history case, we are again in position to prove that general
decay rate (4.24) can be achieved as consequence of (3.8) in the backward limit &« — —oo, for every given
time. This statement will follow as a consequence of our next third main result.

Theorem 4.6. Let us consider o € A, (wo, w1,(o) € H and suppose that Assumption 2.1 and (4.23) hold.
If (w, €) is the weak solution of (4.20) and u® is the weak solution of (2.1) with ug = wo‘(a B and u; = wy,
then the following limit holds for every time t > 0

lim E%(t) = B (%), (4.25)

oa——00
where EY(t) and E¥ (t) are the energies given in (4.1) and (4.21), respectively.

Proof. We first consider g the null extension of ug in (—oo, «]. Then, let (a%,n%) be the unique weak
solution of (4.20) associated with initial data (ug, w1, (o), where

nt(s) = a®(t) — a®(t —s), n*°s) = Co(s) = wo — io(—s), t,s>0.
Due to the uniqueness of solution for (4.20), it is easy to see that a® is given by:
o . ua(‘,t)at>aa
(’t)_{O, —o0 <t < a.

Now, we set (w*, (%) := (a* —w,n™ — ¢) and observe that (w®, () is a weak solution of (4.20) with
initial data (0,0, 7)), where

U

0, s € [0, —q],
wo(—$), s> —a.

fo(s) = 50(5) —Co(s) = {

Now, similar to (4.13), regarding expressions (4.21)—(4.22) and the above identity for 7y, we note that
BV (t) = Eoo(w®(t), w(t), (™) satisfies
Boo(w (1), wi(t),¢™") < Ex(0,0,700) = /g(s)HVwo(—S)llg ds. (4.26)
Due to boundedness (4.23) we can pass the limit when o — —o0 in (4.26) to get
lim B (w (1), w(t),(*") = 0. (4.27)
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From (4.27) and using (4.22), we obtain the following convergences when a goes to —oo:

a®(t) = u®(t) — w(t) in H}(Q), t>0, (4.28)
AP (t) = ul(t) — wy(t) in L*(Q), t>0, (4.29)
(¢ O Va®)(t) — (g 0 Vw)(t) in R. (4.30)
We also claim that:
(g O Vu®)(t) — (g O Vw)(t), ¢>0. (4.31)
In fact, by noting that

(o B vu)(0) = (g B Vu)(t) = (g 5 Va)0) ~ (o B o) - | [ gs)as | Iva ],

—Q

then (4.31) is just a direct consequence of (4.28) and (4.30).
Therefore, from (4.28), (4.29) and (4.31), we conclude that limit (4.25) holds true. O

As an immediate consequence of Theorem 3.1 and Theorem 4.6, we are going to conclude general
stability (4.24) as a limit case for the history problem.

Corollary 4.7. Let us take Assumptions 2.1 and 3.1 into account and assume that (4.23) holds. If u is a
weak solution of (4.19), then for any fized to > 0, the energy EX%(t) set in (4.21) satisfies (4.24) (rep.
(1.11) for £ =& > 0 constant) for all t > tg.

Proof. We initially observe that

¢ s t s

Yo (to) [E(T)dT Ja(to) [ E(T)dT
/e7 (to) <@ [9(s) —g(s —a)]ds — /e7 (to) <@ g(s) ds, (4.32)
0 0

as @ — —oo, for every fixed time. From (3.2), we have

which implies

t . ¢
Ya(to) [ &(T)dT ~ -
[ g5 as < gy [gts)) e as, (4.33)
0 0
Hence, taking the limit when o — —oco in (3.8) (resp. (3.4))), and using (4.25), (4.32) and (4.33), one
concludes that (4.24) (resp. (1.11) for £ = & > 0 constant) is satisfied for all ¢ > . O
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