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ABSTRACT. We analyze the stability properties of a linear thermoelastic Tim-
oshenko-Gurtin-Pipkin system with thermal coupling acting on both the shear
force and the bending moment. Under either the mixed Dirichlet-Neumann or
else the full Dirichlet boundary conditions, we show that the associated solu-
tion semigroup in the history space framework of Dafermos is exponentially
stable independently of the values of the structural parameters of the model.

1. Introduction.

1.1. The model. The vibrations of a Timoshenko beam of length L > 0 are de-
scribed by the linear evolution PDE system [27, 28]

{ p1pee — Sz =0,
P2@bn __-Adg 4_‘3 = 07

where ¢ = ¢(z,t) and 1 = ¢(x,t) are functions of the space-time variable (z,t) €
(0,L) x (0,00) and represent the vertical displacement and the rotation angle of
the cross-section of the beam, respectively. The constants pi, p2 > 0 are physical
parameters of the model, while S and M stand for the shear force and the bend-
ing moment, respectively. When the beam is subject to an unknown temperature
distribution, one may assume that S and M satisfy the constitutive laws (see [2])

{ S = k(s +1) — 0,
M = by, — 0§,

2020 Mathematics Subject Classification. Primary: 35B40, 45K05; Secondary: 47D03, 74D05.

Key words and phrases. Timoshenko system, Gurtin-Pipkin law, thermal coupling, exponential
stability.

* Corresponding author: Filippo Dell’Oro.

T The second author has been supported by the CNPq, Grant #301116/2019-9.

t The third author has been supported by the CAPES, Finance Code 001 (PICME Scholarship).

2189


http://dx.doi.org/10.3934/dcdss.2022050

2190 FILIPPO DELL’ORO, MARCIO A. JORGE SILVA AND SANDRO B. PINHEIRO

where 0 = 0(z,t) and £ = &(x,t) represent the temperature (deviations from a
constant reference temperature) along the longitudinal and vertical directions, re-
spectively, and k,b,v,0 > 0 are further physical parameters. To complete the
picture, we need to consider two additional equations describing the evolution of
and &. Here, we employ the Gurtin-Pipkin thermal laws [18]

p3b; — w1 / 9(8)022(t — s)ds + (pz + 1)t =0,
0

o0 (1)

pa&s — wo / h(8)&zs(t — 8)ds + opue = 0,
0

where ps3, ps, w1, w2 > 0 are physical parameters and the convolutions kernels
g,h : [0,00) — [0,00) are convex integrable functions of unit total mass, whose
precise properties will be specified later. The values of # and £ for negative times
are regarded as initial data of the problem. Accordingly, we end up with the follow-
ing thermoelastic Timoshenko-Gurtin-Pipkin beam system with thermal coupling
acting on both the shear force and the bending moment

P10t — k(e +¥)e + 70, =0,
P2T/Jtt - bwww + k(‘px + '(/)) - 79 + O-fw = Oa

Pl — @1 /OOO 0()0, (1 — ) + (g + 1)y = 0, @

pa&y — w2 / h(s)fzx(t - S)dS + 0y = 0,
0
complemented with the initial conditions
(,0(3},0) ZQOQ(J?), <pt(xa0) :(I)()(Jf),
1/}(1’70) :11}0('%)7 ¢t(x30) :\PO(I)v
0(x,0) = Oy(x), O(z,—5)|s>0 = po(x, 8),
§(m,0) :£O<x)a E(."II, _S)‘S>O :(10(3373)a
where g, ®g, 1o, Yo, 0o, Po, &0, o are prescribed data. We consider either the mixed
Dirichlet-Neumann boundary conditions

(P(Oat) - @(Lat) = wz((),t) = 1/)95(L7t) = ax(ovt) = em(Lat) - f(O,t) = £(L7t> = é)a
4

(3)

)

or else the full Dirichlet boundary conditions

W(Ovt) = QO(L’ t) = ’(/)(Ovt) = ¢(L,t) = G(O’t) = H(L’t) = E(Ovt) = f(L7 t) =0. (5)
As detailed in the sequel, the treatment of the boundary conditions (5) is harder
than (4) and constitutes one of the main challenges of the article.

The aim of the present paper is to study the asymptotic properties of the solution
semigroup S(t) associated with (2)-(5) in the history space framework of Dafermos
[11]. Before describing our main results, we briefly summarize some recent achieve-
ments on related models where different thermal laws have been employed.

1.2. The Fourier law. When the Gurtin-Pipkin laws (1) are replaced by the clas-
sical Fourier ones
{ 03975 - wlewz + ,Y((pw + w)t = Oa (6)
p4£t - w?fza: + Uwa:t =0,
we obtain the so-called Timoshenko-Fourier system with full thermal coupling,
whose stability properties have been recently studied in [2]. In that paper, for
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a wide range of boundary conditions including (4) and (5), it is shown that the
associated solution semigroup is exponentially stable independently of the values of
the structural parameters of the model. The main reason why no constraints on the
coeflicients are needed to get exponential stability lies in the fact that the system
is fully damped, i.e. all the variables in play are effectively damped via the thermal
dissipation. Instead, when the system is only partially damped (i.e. the effects of
either 0 or else ¢ are neglected) exponential stability occurs only within the equal
wave speed assumption p1b = pok (see [1, 6, 22]).

1.3. The Cattaneo law. As is well-known, the Fourier heat conduction law has
a parabolic character and predicts that thermal signals propagate with an infinite
speed (see e.g. [8]). In order to correct this unphysical phenomenon, several alterna-
tive theories have been proposed. One of them is due to Cattaneo [7] and consists in
introducing a (small) thermal relaxation parameter allowing to make the resulting
equation hyperbolic. Considering the Cattaneo law in our model means replacing
(1) with

P30t + ¢o + (P + 1) =0,

Tqt + q + w1l =0,

p4§t + Dz + wat =0,

P+ p+ wele =0,
where ¢ = g(z,t) and p = p(z,t) are the so-called heat-flux variables and 7,¢ > 0
represent the aforementioned thermal relaxation parameters. Note that the system
above reduces to (6) in the limit situation when 7 = ¢ = 0. The stability properties
of the resulting Timoshenko-Cattaneo model with full thermal coupling have been
recently analyzed in [15], where it is proved that the associated solution semigroup is
exponentially stable independently of the values of the structural parameters. As in
the Fourier case, this happens because the system is fully damped, and indeed when
the effects of either 0 or else ¢ are neglected exponential stability holds only within
appropriate conditions that somehow generalize the equal wave speed assumption
(see [26]).

(7)

1.4. Our results. As our main result, we show that the semigroup S(t) associated
with (2)-(5) is exponentially stable independently of the values of the structural
parameters of the model. Since the Cattaneo law can be seen as the particular
instance of the Gurtin-Pipkin one corresponding to the choices

1 _s 1 _s
g(s) = O and h(s) = IR
the exponential stability of the Timoshenko-Cattaneo system follows as a special
case (see the final Section 5 for more details). Even more so, the Timoshenko-
Fourier system can be recovered from the Timoshenko-Gurtin-Pipkin one through
a proper singular limit procedure, where the kernels g and A collapse into the Dirac
mass at zero (see again Section 5 for more details).

As in the Fourier and the Cattaneo cases, the fact that system (2) is fully damped
allows us to achieve the exponential stability without any restriction on the struc-
tural parameters of the model, contrarily to what happens in the partially damped
situation where appropriate stability conditions are needed (see [14]). Still, the
main challenge encountered in our analysis is connected to the treatment of the
full Dirichlet boundary conditions (5) which produce some “pointwise” boundary
terms in the estimates. Such terms have been handled in [2] by means of a general
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observability inequality recently established in [3, 21], combined with some localized
estimates obtained by means of appropriate cut-off functions. This method heavily
relies on the regularization of the temperature variables provided by the parabolic-
ity of the heat equation, and thus cannot be applied to (2)-(5) due to the hyperbolic
character of the Gurtin-Pipkin thermal law. Hence, specific observability-type in-
equalities are needed to treat our problem.

1.5. Plan of the paper. In the forthcoming Section 2 we introduce the functional
setting and the notation, while in the subsequent Section 3 we deal with the ex-
istence of the solution semigroup S(¢). In Section 4 we state and prove the main
result of the article. The final Section 5 is devoted to some concluding remarks.

2. Functional setting and notation. We denote by RT = (0,00) the positive
half-line and by iR the imaginary axis in the complex plane. The symbols L%, H', H}
and H? denote the standard (complex) Lebesgue and Sobolev spaces on (0, L), while
(-,-) denotes the standard inner product on L?, with associated norm || - ||. We also
introduce the spaces

L
Li:{feﬁ;/ f(z)dz =0} and H!=H'NL2
0

the latter equipped with the gradient norm. Concerning the convolution kernels g
and h, we suppose that for s > 0

o) = [ wtoan w = [ v

where the so-called memory kernels y,v : RT — [0,00) are non-increasing abso-
lutely continuous functions, possibly unbounded near zero. Note that p and v are
integrable with total mass g(0) and h(0), respectively, and that are differentiable
almost everywhere with non-positive derivative. They are also required to satisfy
the conditions

' (s) + 01 u(s) <0, (8)
V' (s) +d2v(s) <0, (9)

for some 1,02 > 0 and almost every s > 0. Next, we introduce the so-called
memory spaces

_JR2®YED (e (4) B i
M{Li(R+;H5) (b.c. (5)) and N = L}(R"; Hy)

endowed with the inner products

(11,72t = / ) e ma(e)ds, (GG = / " U(){Cra (5), Can (5))ds.

The induced norms will be denoted by || - ||am and || - || or, respectively. Finally, we
define the state space

HZ{H&XLQXHifofoxMxLQXN (b.c. (4))
Hi X L2 xHE X L2 x L2 x M x L2xN  (bc. (5))
equipped with the inner product
(U, 02 = k{po + %, @o + §) + p1(P, ) + b, ) + p2( ¥, D)
+ p3(0,0) + @1 (0, ) am + pal&, &) + @2(¢, Owr
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for every U = (¢, ®,4,¥,60,1,£,¢) and U = (3,®,%),¥,6,7,, () belonging to H.
The induced norm, equivalent to the standard product norm, will be denoted by
Il - % and reads

1013, = Kllew + 917 + prl @I + bllva]|* + o2 ]
+p3]|011 + @ llnl3 + palléll + w2 Clly-

A word of warning. Along the paper, we will make use of the Young, Holder
and Poincaré inequalities without explicit mention. We will also tacitly employ the
equivalence between the norm || - || and the standard product norm on the space H.

3. The semigroup. Let us consider the infinitesimal generator T' of the right-
translation semigroup on M, that is, the linear operator

Tn=—n' with domain D(T) = {17 EM:n' € M and lir% Inz(s)] = 0},
s

where 7’ is the weak derivative with respect to s € RT. We will also consider the
infinitesimal generator of the right-translation semigroup on N, denoted again by
T and defined in exactly the same way. Calling for every n,( € D(T)

Iyl = /Om—ms)mx(sn?ds and T[] = /Om—u%s)cz(s)n?ds,

we have the equalities (see e.g. [17])

Re (T'n,mm = —%F[n] <0, (10)
Re (¢, ) = —3 ) <0 (1)

Next, in the same spirit of [11], we define for s > 0 the auxiliary variables

¢ _ [ _ ¢ _ [ _
n(z,s)f/o O(x,t —r)dr and ¢z, 8) /Og(x,t r)dr.

Note that within the mixed Dirichlet-Neumann boundary conditions (4) the vari-
ables n and ( satisfy the boundary conditions

77;(0’5) = U;(L, S) = Ct(oas) = Cf(Las) =0,
while within the full Dirichlet boundary conditions (5) the variables n and ¢ satisfy
the boundary conditions

n'(0,s) = n'(L,s) = ¢*(0,s) = ¢'(L,s) = 0.
At this point, we rewrite (2) as

prpw — k(z + 1)z + 70, =0,

p2tes — Dhga + k(0 + 1) =90 + 06, =0,
path = 1 [ uas(s)ds + 2l + ) =0,
m—1Tn—0=0,

pits w2 [ o6 aa(s)s 4 00 =0

G —TC—€=0.
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The initial conditions (3) translate into
{ <p(x,0) = @0(33)7 @t(‘rao) = ( ) (37, ) ¢0($), 1/%(9570) = \IIO(J?),
0(x,0) = bo(x), n°(x, ) =no(z,5), £(,0) = (@), °(z,5) = Co(a,9),

where 19(z, s) fo po(x,7)dr and (o(x,s) = fo qo(z,r)dr. Introducing now the
state vector

(13)

U(t) = (p(t), (), 0 (t), (1), 0(t),n", (), ¢") € H
we view problem (12)-(13) as the abstract first-order ODE
U, = .AU, t >0,
L v s (9

where Uy = (@0, ®o, Yo, Vo, 0o, M0, €0, Co) € H and the operator A: D(A) CH — H
reads

i)
g pﬁl((pa: + zél)w - pllea:
v g%_ (g + ) + 20— 26,
A 0 B 7.[0 nzcac dS_ *(q) +\I/)
n T77 + 0
g fo C:m ds — *lI/
TC +£
The domain of A is defined as
{(UeW | ta, [;° 1(s)na(s)ds € Hy; W, 60 € H!} (b.c. (4))
D(A) = oo
{UeW |y eH*Y,0e€ Hj; [ u(s)n(s)ds € H?} (b.c. (5))

where
W={UeH|pe H*® € Hg;/ooo v(s)¢(s)ds € H*;n,¢ € D(T)}.
With the aid of (10)-(11), after a standard computation we get the equality
Re (AU, U)y = — 2 T = ST <0, YU € D(A), (15)

so that A is dissipative. By means of standard techniques (see e.g. [12, 23]), one
can also prove that I — A is surjective. Thus A is densely defined and, due to
the Lumer-Phillips theorem, it is the infinitesimal generator of a contraction Cjp-
semigroup S(t) : H — H (see e.g. [24]). In particular:
e if Uy € H, then problem (14) has a unique mild solution U € C°([0, 00),H)
given by
U(t) = S(t)Uy, t=>0;
e if Uy € D(A), then problem (14) has a unique classical solution
U € C°(0,00), D(A)) N C*(]0,00), H);

o if Uy € D(A™) for some n > 2, then the solution is more regular, that is

Ue ﬁ C" ([0, 00), D(AY)).

£=0
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4. Exponential stability. The main result of the paper reads as follows:

Theorem 4.1. The contraction Cy-semigroup S(t) : H — H generated by A is
exponentially stable, namely, there exist two structural constants w > 0 and K =
K(w) > 1 such that

1Sl ) < Ke ™", Wt >0

The remaining of the section is devoted to the proof of Theorem 4.1.

4.1. Resolvent analysis. For every A € R and U= ((ﬁ,@,q&, \i/,é,ﬁ,é, é) € H, we
consider the resolvent equation

U — AU = U

in the unknown U = (¢, ®,¢, ¥, 0,n,£,¢) € D(A). Multiplying by 2U in H, taking
the real part and exploiting (15), we get the identity

@1 T[n] + @oT[¢] = 2Re (AU — AU, U)gy = 2Re (U, U)y,.
Recalling that I'[n] > 0 and T'[¢] > 0, we readily find
@ T[] + @2T[¢] < 2(|U]|]|T ]| (16)
Such an estimate yields the following bound on the memory variables 1 and (.
Lemma 4.2. For every A € R, the inequality
@1 lInll + ¢ < ellU el T e
holds for some structural constant ¢ > 0 independent of .

Proof. Follows immediately from (16) and (8)-(9). O

At this point, we write the resolvent equation componentwise:

iNp— @ = ¢, (17)
IA1® — k(pr + ¥)x + V02 = p1 D, (18)
M) — U = ), (19)
N2 U — by + k(0 + ¥) — 70 + 0&, = 2P, (20)
Vot = 1 [ (s (s)ds + 2 (0 + ) = (21)
ixp—Tn—0=mn, (22)
IApa€ — /0 T (5)Can(5)ds + oW = paé, (23)
INC—TC¢—¢=¢. (24)

In the next two results, we establish suitable controls on the temperature variables
0 and &.

Lemma 4.3. For every A € R and every € € (0,1), the inequality
c ~
mWW+ﬂMﬂPSdWﬁf+QWWMWW

holds for some structural constant ¢ > 0 independent of A and €.
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In the proof of Lemma 4.3, as well as in the proofs of the subsequent Lemmas
4.4-4.9, we always denote by ¢ > 0 a generic structural constant independent of A,
whose value might change from line to line or even within the same line.

Proof. In order to deal with the possible singularity of y at zero, we fix so > 0 such
that p(sp) > 0 and we define the kernel m(s) = 1(50)X(0,s0](8) + £(5)X(s0,00)(5)-
Then, we consider the space

o JLA®SLE) (e (1)
T\ LARN L) (be (5))

equipped with the inner product

7ty = / " in(s){mn(s), ma(s)) ds.

Since m(s) < p(s), the memory space M is continuously embedded into Uy. There-
fore, we can multiply (22) by ps6 in Uy, finding the identity

pal [ m(s)ds) 161 = Npatn, O, ~ps T, Oty ~ps(i. Ok (25
0
=1 =1

Exploiting (21), it is not difficult to see that

o0 2 o0
e [ ulnalds) e [ aenslas) ]
0 0

+ e, Vv | + ¢l (n, 0)us|

< cllnllzs + cllnlall @l + ellnlladl ¥l + cllnlladle]

< cllnllja + ellnlmllUllae + Ul U1l

Integrating by parts in s (the boundary terms vanish, see e.g. [17]), we also infer
that

Bl = los [ = (s)n(s), 00| <ol [ - (6)ma(o)lds) < el e/ T
S0 S0
Plugging the estimates above into (25) and noting that |—ps(7, 0)i, | < c||U||% ||[-7H’H>

we obtain

pslll* < cllnllfa + clnllam Ul + ellU sl Ul + ellU I3 v/Tn]

< c[UlllUl + cllUla NIU[4]1U

where the second inequality follows from (16) and Lemma 4.2. Thus, for every
e € (0,1), we end up with

9 C =
psllON* < ST + 2T IT 1

where ¢ > 0 is independent of A and e.

Next, in order to deal with the possible singularity of v at zero, we fix s; > 0 such
that v(s1) > 0 and we introduce the kernel n(s) = v(51)x(0,5,](5) + V()X (s1,00) (5)-
Then, we consider the space

Vo = L% (RT; L?),
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equipped with the inner product

(€1, v, = /Ooo n(s)(C1(s), C2(s))ds.

Being n(s) < v(s), the memory space N is continuously embedded into Vy. As a
consequence, multiplying (24) by p4€ in Vo, we get

p4(/oo n(s)ds) €17 = iApa(C, E)vy —pa{TC,E)vy —palC, E)ve- (26)
0

;:[{ ::Ié

An exploitation of (23) yields
1] < ellCl + ellKallU s+ ell U U 13,

while integrating by parts in s we find

|1I5] < || U]l VT

(cf. the corresponding estimates for I; and I above). Plugging these inequalities
into (26) and owing to (16) and Lemma 4.2, we finally get

pall€l* < ellclle + el U la + el UllallTll + ellT 17/ TIC]

< AUVl + ellUla/ U 13U 12

€ c ~
< SIUIR A+ Ul
for every € € (0,1) and some ¢ > 0 independent of A and . The proof is finished. [
Lemma 4.4. For every A € R, the inequality
10211 + €11 < e[1+ N\ NUlllTl3 + el U1
holds for some structural constant ¢ > 0 independent of A.

Proof. As in the proof of Lemma 4.3, we consider the kernel m(s) = p(s0)Xx(0,s0](5)+
1(8)X (s0,00) () Where sg > 0 is such that p(sg) > 0. Then, we introduce the space

_ LR HY) (b (4))
sy (e (5)
equipped with the inner product

e = / " (s) 1z (5), 72 (5))ds.

Again, since m(s) < pu(s), the memory space M is continuously embedded into U;.
Thus, multiplying (22) by 6 in U;, we infer that

([ ml)ds) 16217 = X6, — (.0, ~ (5. O
0
It follows from Lemma 4.2 that

WA, O | < el A0 ([0l ae < A0\ NTU 131U 13-

Moreover, integrating by parts in s and using (16), we can write (cf. the estimate
for I in the proof of Lemma 4.3)

| = {Tn, 00, | = |/Oo — ' (5)(na(5), 02 )ds| < el VT ] < el I\ 11Tl T |-
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Finally, it is casy to see that | — (A, 0),| < ¢/|6z]||U|l3, and the required bound for
|0 follows.

In order to estimate ||£;||, we proceed in an analogous way. As in the proof of
Lemma 4.3, we consider the kernel n(s) = v(s1)x(0,5,](5) + ¥(5)X(s,,00)(5) Where
s1 > 0 is such that v(s;) > 0, and we introduce the space

Vi = Ly (RY; Hy)
equipped with the inner product

(1o, = / " () (Cra(5), Can(s)) ds.

Since A is continuously embedded into V;, multiplying (24) by £ in V; we find
([ nts)as) el = N, = (766w, — (€
0

Arguing exactly as above, the modulus of the right-hand side is less than or equal
to

[+ NTlENV U NT 2 + ell€allT 1,
and the required bound for ||| has been proved. O

The next step is to control the variables ® and V.
Lemma 4.5. For every A € R and every € € (0,1), the inequality
C ~
pill®l* + p2l| @I < el Ul + ellUllae[liow + vl + [19211] + S 1Tl U1
holds for some structural constant ¢ > 0 independent of A and €.
Proof. Multiplying (18) by ¢ in L? and exploiting (17), we readily infer that

P @] = —p1(®,0) — p1(@, @) + k(g + 1, 0u) — V{0, ¢)-
Invoking Lemma 4.3, for every € € (0,1) we have

prl @l < ellUllsllUlla + clUlllln + 1 + el U101

N 1 —
< | UlallUlln + ellUlwlles + | + cllUllx {5”(]”7{ +oV IIUIHIIUH}

I ~
< el Ul + elUlllles + ¢l + 1Tl Ull,

where ¢ > 0 is independent of A\ and . Now, we multiply (20) by ¢ in L? and we
use (19) to get

P2 W% = —pa (W, ¥0) — po (W, ) + bl|voa||? + k{pw + 1, ) — (0, 0) — 0(€,¥a).

Again, an exploitation of Lemma 4.3 yields

pall )12 < Ul Ullae + el Ul + elUlslle + Il + cllU 1 [l16] + 1I€]]
< eUNl|T Nl + el Ul [low + 9l + 1ell]

1 =
el £+ 2 10T

C A~
< el Ul + elUll[llpe + 2l + 1] + 10Ul Ull

for every € € (0,1), where as before ¢ > 0 is independent of A and . Taking the
sum of the two estimates obtained so far, we reach the thesis. O
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We now need to control the variables ¢, + ¢ and ,. To this end, we introduce
the functions

o) = / T ez s)ds  amd  p(z) = / ()G, 8)ds,
and we set
Plortr,0) = [a(D)|pa(L) + 0(L)] + [a(0) |0 (0) +(0)],

Q, B) = [B(L)[[¢=(L)| + |8(0)[[¢2(0)].

For the b.c. (4) one has P(p, ¥, a) = Q(¢, ) = 0, but this is not the case for the
b.c. (5).

Lemma 4.6. For every A # 0 and every € € (0,1), the inequality

1 ~
Ellpa + 01200l < 0+ | 41 10l T35 [P+ 0000

A2 Al
holds for some structural constant ¢ > 0 independent of A\ and € .
Proof. Replacing (17) and (19) into (21), we find
iIAp30 — @0, + MY (0 + 1) = psf + v(6, + V).
Multiplying the identity above by k(¢ + %) in L?, we obtain

MKz + Y| = @1k{aw, 9o + %) —iApsk(0, 0u +P) +E{p30 + 1(Pr + D), 00 + D).
::J1 ¢:J2

(27)

With the aid of (18), we rewrite J; as
. L

J1 = W1 <Oé,p1@ - "}/em - 1>\p1(I)> + wlk OZ(QDI + 1/}) 0 .

Invoking Lemmas 4.2 and 4.4, it is readily seen that
[, p1® =78 — Xp1®)| < cllnlallbzll + el adl @]+ el Ul Ul
< c[1+ NI N3N T e + el A InlladlT T2,
from where we get
[Tl < e[1+ MU BT+ el amll Ul + ¢ Ple, 9, ).

Since |Jo| < c|A||10]lll¢x + ¢, it follows from (27) together with Lemmas 4.2-4.3,
that

1 .
2k| oo + 9|1* < C[/\| + 1} IUN Ul + cllnllml[Ull# + cll0]lllez + £l

C
+ W’P(% ’ll), Oé)

1 ~ c
< 01+ |+ 1 10l Ol + 1l + cAOI? + Kl + w17

C
+ WP(SDa wa Oé)

cl 1 ~ c
< cllUBy + | 5z + 1] 10l Dl + Bllgs + 1P + 5P (o000
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for every A # 0 and € € (0,1), where ¢ > 0 is independent of A and €. In conclusion,

N c
Kllge+ lI? < e U, + [w n 1} 01Dl + 5P )

In order to prove the analogous bound for |1, ||, we substitute (19) in (23), getting
IANp4E — oy + INoUy = paf + 01y
Multiplying such an identity by by, in L?, we find
INTBl|Yx | = @2b(Ba ) —iAPAD(E, Yu) +pab(E Uu) + 0b(da ). (28)

=J] =J}

Using (20), we rewrite

T = w3(B, p2¥ + 78 — o€, — k(0w + ¥) — A2 ¥) + w2b By |-

An exploitation of Lemmas 4.2 and 4.4 now yields (cf. the corresponding estimate
for J; above)

1 < e[1+ T 1Tl + e[1+ IMICIA T T3 + ¢ Q(x, B).
Since |J5] < ¢|Al|€|I||¥z]l, making use of Lemmas 4.2-4.3 it follows from (28) that

200l < < 35+ 1 10l + | 5+ 1] Il 10T
el + (6. 5)
stn%ﬁch+1}||U|H||U||H+ el el
b + 0.
< U1+ £ [ i+ 1] 0l Dl + 8+ 006 5),

for every A # 0 and ¢ € (0,1), where ¢ > 0 is independent of A and . Hence, we
end up with

1
A2 Y

leading to the desired conclusion. O

bl 2 < cellU]2 + [ o, B),

]|U||H||U||H -

Our final task is to control the terms P(p, ¥, @) and Q(v, 8) (within the b.c. (5)).

4.2. Observability analysis.

Lemma 4.7 (Elastic observability-type inequality). Consider the full Dirichlet
b.c. (5). For every A € R, the following inequalities hold for some structural con-
stant ¢ > 0 independent of \.

(i) Defining Z(p,%) = |(0) + % (0)|? + [@o(L) + ¢ (L)|> we have
Z(p,¥) < U3, + cll Ul U3 + €llU 1 2]162]-
(ii) Defining J(v) = |t (0)[2 + |¢oa(L)[? we have
T@) < c|lUI3, + el Ul + el Ullall-
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Proof. Setting z(z) = (z — L/2) we multiply (18) by z(¢, + ) in L2. Taking real
part of the resulting equality, we obtain

Re [IAp1 (D, 2(pz + ¥)) — k(90 + ©)es 2(00 + ©))] + YRe (02, 2(00 + 1))

Z:P1

= p1Re (D, 2(p, + 1))

Substituting ¢ and ¢ given by (17) and (19) into P, and after an elementary cal-
culation, we find

14 k . “ kL
Pr= @17 + S llen + 9P = pu%Re (@, 29) — paRe (@, 2(80 +4)) — [ T(p, ).
Therefore, we get the identity
_ 224 2 2 _dm1 il
Z(p, 1) = PHNBIP + 7 ia + 2 = Zo2%Re (@, 20) + %R (01,2000 + )
4p1 A 4p1 a h
- — 0} - — P .

Since the modulus of the right-hand side is less than or equal to
cllU N3, + cllU Ul + cllU 1162

the proof of item (i) is finished.
In order to prove item (ii), we multiply (20) by 21, in L?. Taking real part of
the resulting identity, we arrive at

Re [1)\P2<\Ija Z%> - b<wzza Zq/’m)] +kRe <S096 + 1/’; Z¢z>+ Re <U£x - ’YQa Zl/}m>

::P2

= paRe (U, 2¢0,.).
Inserting v given by (19) in Ps, after an elementary calculation we infer that
b A bL
Py = L2 + 2 [” — paRe (¥, 20,) — £ T ().

Thus, we have

2p 2 4k 4o
T(@) = JENEIP + F sl + 2 9Re (0o + 0, 200) + 57 Re (6o, 2000)
il A e (0 2y — 22 )
bLfRe (0, z1)4) L Re (U, z1),) DL Re (U, z1),).

Exploiting the equality above, we readily end up with the desired estimate
T @) < U3 + ellUll || Ul + ellU [l -

The lemma has been proved. O

Lemma 4.8 (Viscoelastic observability-type inequality). Consider the full Dirichlet
b.c. (5). For every A € R and every € € (0,1), the inequalities

Cc c =
Plesth; @) < e Ul + cel|Ulaallb | + <INl | Tl + 21T 1T 1

C C ~
Q¥, B) < ce||U |3, + cellUlxll | + ZIACA T3+ U Ul

hold for some structural constant ¢ > 0 independent of A and .
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Proof. Exploiting the Gagliardo-Nirenberg interpolation inequality (see e.g. [5, p.
233]), we have

C
P(o, ¥, a) < cllallpeo,0) VI(p,¥) < eL(p, ) + g”OéH%oo(o,L)
C C
<eZ(p¥) + gHOtll2 + lladlllas|

for every € € (0,1), where Z(1, ¢) is given by Lemma 4.7 and ¢ > 0 is independent
of A and . On the other hand, combining equations (17), (19) and (21), we can
write

D0y = IApsf + Ny (s + 1) — (e + ) — psb,
which yields the bound

e[| < X101 + llpa + 2] + cll Ul
Since ||a| < ¢||n||m, we finally obtain
c c c ~
Pe, v, @) < eZ(o,0) + —lnllia + Ml 101 + ez + ¢ 1] + ZlinlladiT 1o
C C ~
< ce|l Ul + cellUllaell ol + <Ml Ul + 21U T[T 31

where the second inequality follows from Lemmas 4.2 and 4.7.

We are left to prove the analogous bound for Q(%,3). To this end, exploit-
ing again the Gagliardo-Nirenberg interpolation inequality and arguing exactly as
above, we find

(v, B) < e () + 21181 + <8118

for every ¢ € (0,1), where J(v) is given by Lemma 4.7 and ¢ > 0 is independent of
A and e. Additionally, combining equations (19) and (23), we promptly have

w28, = IApaé + iAoy — oty — paé.
Consequently, we can write

1821l < el Mg+ llall] + el Ul
Due to the fact that ||5]] < ¢||¢||x, we end up with

Qv B) < eT () + ZI¢I + SIS [l + e ] + SN lT1
< cellU1, + UMl + SINICINIT e + SN0 Tl Dl
where the second inequality follows from Lemmas 4.2 and 4.7. The proof is over. [
We finally obtain the following estimate for the terms ¢, + ¢ and ¥,.

Lemma 4.9. For every A # 0 and every € € (0,1), the inequality

1 c 1 ~
Bl + 017 + b0l < ce o+ 1| 10+ 5 [+ Wl O

holds for some structural constant ¢ > 0 independent of A and €.
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Proof. For the b.c. (4) the result follows immediately from Lemma 4.6 (recall that in
this situation P(p, ¢, a) = Q(%, 5) = 0). Hence, we only need to treat the b.c. (5).
By Lemma 4.8, we have

Ple,,0) + Q. 8) < cell Ul + c=[6a ]| + el 1T e
+ SN llag + IS 1T e+ 10l

In the light of Lemmas 4.2 and 4.4, the right-hand side above is less than or equal
to

= C ~ C ~
cel|U3, + e [1+ INTIU 2\ 1T 131Ul + AT U U e+ 21U 11U e

for every ¢ € (0,1), where ¢ > 0 is independent of A and . Applying Lemma 4.6,
we arrive at

1 cl| 1 =
kllpz + 91”4 bl ||* < ce m+1 |U||3¢+€[|A+1} U2/ Ul U [l

cl 1 ~
i |

+

1 1 c[ 1 ~
<ce|= + LU + = |5 + L UulU
< U I+ 5 | o + 110l
for every A # 0 and every ¢ € (0,1). The thesis has been proved. O

4.3. Proof of Theorem 4.1 (completion). In the light of the Gearhart-Priiss-
Huang theorem [16, 19, 25] (see also [20]), the conclusion of Theorem 4.1 follows
provided that iR is contained into the resolvent set p(A) of A and

limsup [[(IA — A) 7| gz < 0. (29)

|A]—o0
In the next two propositions we verify these conditions.
Proposition 4.1. The inclusion iR C p(A) holds.

Proof. Let us assume by contradiction that i\g ¢ p(A) for some A\g € R. Since A
generates a contraction semigroup, then i)\ is necessarily an approximate eigenvalue
(see e.g. [4, Proposition B.2]). This amounts to saying that there exists U, =
(s Prs Yy Py Oy s €y Cn) € D(A) satisfying

[Unlle =1 and iUy — AU, = U, — 0 in H. (30)

We limit ourself to consider the case A\g # 0. When \g = 0 the argument can be
carried out arguing similarly as in the proof of [13, Theorem 7.10] and the details
are left to the reader.

Using Lemmas 4.2, 4.3, 4.5 and 4.9, we estimate

S
U3 < e o T 1Unll3 + cllUnlla [llona + nll + ldnell]

c 1 ~

+€3[|A0|2+ ] 71 Un %
[ 1 | c 1 ~
<cel|m— + 1Ual3 + = | =5 + 1 1Unlll|Un |,
<es| gt _H ||H+E7L)\O|2+ }II | Ul
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for every € € (0,1) and some ¢ > 0 independent of € and ). Fixing now € = e(\g) €
(0,1) small enough that

< L1 +1 -
e — | —
2c ‘)\0| ’
there exists a constant K = K(Xg) > 0 such that ||Up|l3 < K||Uy |3, contradict-
ing (30). O
Proposition 4.2. Condition (29) holds.
Proof. Tt is sufficient to show that, for every || > 1, the inequality
Ul < ellUlln (31)

holds for some structural constant ¢ > 0 independent of A. Once this bound has been
established, Proposition 4.1 ensures that [|(iA — A) 7!z < ¢ for every [A| > 1,
and the latter yields (29).

In order to prove (31) we first notice that for |A\| > 1 the conclusion of Lemma 4.9
becomes

c ~
Fllow + ¢l + bl < ec|UN15 + S 1Tl

Combining the estimate above with Lemmas 4.2, 4.3 and 4.5, for every ¢ € (0,1)
we have

cC ~
1015, < esllUN5, + ellTlln[llox + Sl + 1o l] + S 1Tl U
cC ~
< ce|lUlle + =10l Ull

with ¢ > 0 independent of A and e. Fixing ¢ € (0,1) small enough that ce < %, we
reach (31). O

5. Concluding remarks.

I. As already mentioned in the Introduction, the Gurtin-Pipkin law is more general
than the Cattaneo one. Indeed, choosing for 7,¢ > 0

]. S s
9$)=gr(s)= e and  h(s) = h(s) = -, (32)
and defining the heat-flux variables

q(z,t) = —wy /000 9+ (8)0,(z,t — s)ds,

P t) = —ow /0 T he(9)ea(t — s)ds,

by means of an elementary calculation one can see that ¢ and p satisfy (7) provided
that @ and ¢ satisfy (1). This correspondence is not merely formal and indeed,
arguing as in [14, Section 8], it is possible to show rigorously that the semigroup
S(t) generated by the Timoshenko-Gurtin-Pipkin system corresponding to the par-
ticular choice (32) is exponentially stable if and only if the same does the semigroup
generated by the Timoshenko-Cattaneo system.

II. Also the Fourier law can be recovered from the Gurtin-Pipkin one by means of
a singular limit procedure. To see that, we consider for € > 0 the rescaled kernels

1 S

g-(5)=-g(2) and  h(s) = éh (%)

€
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which converge in the distributional sense to the Dirac mass §p as € — 0. In this
way, system (1) boils down to (6) in the (singular) limit € — 0 (see [10, 14] for more
details). Using a similar procedure it is also possible to recover the Timoshenko-
Coleman-Gurtin system, which consists in replacing (1) with the equations (see [9])

30y — w1 (1 — £)0y0 — wlé/oo 9(8)0z:(t — s)ds + y(pz + )y = 0,
0

- (33)

pa&t — wa(l — )& — wzﬁ/ h(8)Epe(t — s)ds + othyr = 0.
0

Here, ¢ € (0,1) is a fixed parameter and the limit cases ¢ = 0,1 correspond to
the Fourier and the Gurtin-Pipkin models, respectively. Considering for £ > 0 the
rescaled kernels
1—-¢ /s 1—2¢ /s
0:(5) = —g () +tg(s) and  ho(s) = ——h(Z) +th(s),

we have the convergence g. — (1 — £)dg + g and h. — (1 — £)dp + £h in the
distributional sense for ¢ — 0, and thus system (1) with the choice ¢ = g. and
h = h. boils down to (33).

ITI. Although so far we have assumed that the temperatures fulfill the same con-
stitutive law, it is possible to analyze Timoshenko systems where 6§ and £ obey
different laws. In order to illustrate all the possible cases that can be covered, let
us use the following abbreviations:

e Gurtin-Pipkin (GP);

e Fourier (F);

e Cattaneo (C);

e Coleman-Gurtin (CG).
All the models listed in the table below are either a particular instance of system (2)
or else can be recovered from it by means of appropriate singular limit procedures.
The corresponding solutions semigroups are exponentially stable independently of
the values of the structural parameters.

Coupling on shear force () | Coupling on bending moment (&)
(GP) (GP) (our problem)
(GP) (F)

(GP) (©)
(GP) (CG)
(F) (GP)
(F) (F) (problem in [2])
(F) (©)
(F) (CG)
(C) (GP)
(C) (F)
(©) (C) (problem in [15])
(©) (CG)
(CG) (GP)
(CG) (F)
(CG) (©)
(CG) (CG)

IV. Finally, we mention that the analysis carried out in this work can be adapted
also to different boundary conditions. For instance, one can assume the mixed
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Neumann-Dirichlet boundary conditions considered in [15]

0z(0,t) = @ (L, t) = ¥(0,t) = (L, t) = 0(0,t) = (L, t) = £(0,t) = &(L,t) =0,
or any of the boundary conditions considered in [2]. Clearly, appropriate modifica-
tions and precise computations must be done, but no substantial challenges arise.
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