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1. Introduction

In this work we shall prove a characterization of the (uniform) exponential stability result with respect
to the following thermo-viscoelastic Timoshenko beam system under Fourier’s law and memory in a history

framework
p191t — Kbz + V) + 00, =0 in (0,L) x R*,
p2thie — ey + K(dx + ) +/g Vze(s)ds —o0 =0 in (0,L) x RT, (1.1)
P30 — BOze + 0(Pu + 1)t = 8 in (0,L) x R¥,

subject to initial-boundary conditions

¢T(O7t) (L t) = %/J(Oat) = w(Lvt) = G(O’t) = 0(L7t) =0, t>0,
(¢(2,0), d¢(x,0), ¢y (2,0),0(2,0)) = (¢o, $1,v1,00), =€ (0,L), (1.2)
P(x,t) = Yo(x,t), (z,t) € (0,L) x (—00,0].

Here, the unknown functions ¢ = ¢(z,t),v = ¥(z,t), and § = 0(x,t) represent, respectively, the vertical
displacement, the rotation angle, and the temperature deviation of a beam with length L > 0.

We intend to clarify what is exactly the most general assumption on the kernel g that characterizes a
necessary and sufficient condition for the (uniform) exponential stability of the IBVP (1.1)-(1.2). This fact
has never been approached for such a problem so far and its value judgment is clarified in forthcoming
arguments. Before doing so, we launch its corresponding autonomous problem, which is indeed the object
of study in the present article.

1.1. Equivalent autonomous problem

As usual, to address the IBVP (1.1)-(1.2), we set the new variable (inspired by Dafermos [7,8]) known
as relative displacement history

nt(s) = () —(t —s), t,s>0.

Thus, by following similar steps as in [13], we can rewrite problem (1.1)-(1.2) equivalently as the next system

P14t — K(Pz +V)z + 00, =0 in (0,L) x R*,
p2tst — D + k(e + ) — /g Mew(s)ds — a0 =0 in (0,L) x R, 13)
) .
P30 — P02z + 0(pe + 1) =0 in (0,L) x R*,
Ne+1ns =Yt in (0,L) x Rt x R,
with boundary conditions
0(0,t) = 0(L,t) = 0, t >0, (1.4)

1'(0,5) =n'(L,s) =0,  t,5>0,
n'(2,0) =0, z€(0,L), t>0,
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and initial data

{(¢(x)0)v¢t(x’0)7'(/)(33’0)>¢t($70)a9(x70)) = (¢07¢17¢0(0)a¢1700)7 T € (07L))
n°(x,8) = o(x,0) — Yo(z,—s), (x,8) € (0,L) x RT,

where

b:=b— 79(3) ds.

Hence, from now on, all results shall be developed for the autonomous problem (1.3)-(1.5). It is known
(cf. [10,14,18]) that the existence and uniqueness result for (1.3)-(1.5) only requires the following assumption
on the memory kernel.

(G) g : RT — [0,00) is an absolutely continuous, integrable, and non-increasing function such that

Fl;::bf/g(s)ds>0.
0

1.2. State of the art: previous results and main goal

Very recently, in [14, Sect. 2] the authors proved that the following assumption is a sufficient condition
to reach the (uniform) exponential stability of problem (1.3)-(1.5):

o there exists § > 0 such that
g'(s) +6g(s) <0, s>0. (1.6)
See, for instance, [14, Thm. 2.2]. As a matter of fact, this latter result responds precisely the question early
proposed by [18, Rem. 3.8] and improves notably the stability results achieved in [10, Thms. 2.2 and 2.3],
since it reveals that the (uniform) exponential stability of (1.3)-(1.5) can be concluded without any extra
assumption on the coefficients nor higher regularity of initial data.

The above fact leads us to the main question of the present paper:

Q1. Conversely, if the IBVP (1.3)-(1.5) is exponential stable (in the semigroup sense), then must condition
(1.6) necessarily hold?

In other words, the above question can be remade as: Is also condition (1.6) a necessary assumption for the
exponential stability of (1.3)-(1.5)? In order to give a precise answer to such questions, we firstly observe
that condition (1.6) is equivalent to the following one (cf. [5,6]):

e there exists 6 > 0 such that

gt 4+s) <e%7g(s), s>0, 7>0. (1.7)

Secondly, we still note that assumption (1.7) is a particular case of the following one so-called admissible
memory kernel:
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o there exist C > 1 and 6 > 0 such that

g(r +5) < Ce™y(s), (1.8)
for every 7 > 0 and for almost every s > 0.

We highlight that (1.8) is (for sure) more general than (1.6) and some examples can be found in [5,6].
Moreover, in what concerns (1.8), our main goal is to prove that it is not only sufficient but also a necessary
condition to the (uniform) exponential stability of problem (1.3)-(1.5) in terms of its related semigroup
solution. This fact is precisely stated in Theorem 3.1 (Section 3). Summarizing, under the assumption (G),
we have proved the next statement:

The admissible memory kernel assumption (1.8) holds if and only if the semigroup solution corresponding
to (1.3)-(1.5) is exponentially stable.

Therefore, our contribution is twofold:

(1) Our main stability result (Theorem 3.1) generalizes Theorem 2.2 in [14], since (1.8) is much weaker
(therefore more general) than (1.6);

(2) Tt also gives the answer to questions Q1 by showing that (1.8) is precisely the equivalent condition to
the exponential stability property of (1.3)-(1.5), and not assumption (1.6).

In conclusion, this work ends a cycle of studies on the system (1.3)-(1.5) (resp. (1.1)-(1.2)) by giving
the characterization of exponential stability in terms of the memory kernel g, which in turn means a
generalization of the stability results in [10,14,18]. Besides being more general, our arguments are different
from these latter once assumption (1.8) needs extra analysis on the estimates and, for this purpose, our
analysis is inspired by [5,6,12]. Moreover, here the temperature plays an important role in the stability
analysis because, once coupled on the shear force component, it gives a way to reach all estimates without
any additional assumptions on the coefficients, as it happens for partially damped systems with (fading)
memory acting only on the bending moment and no temperature deviations being taken into account, see
e.g. [6]. On the other hand, when we neglect the memory term and consider the temperature acting either
on the bending moment or shear force only, then we still have a partially damped system. For instance,
when omitting the viscoelastic effect (¢ = 0) in (1.1)-(1.2), it becomes to a partially damped with a solely
dissipation coming from the temperature coupled only on the shear force. This scenario requires a different
analysis for stability results along with the equal wave speeds assumption (say, EWS for short), cf. [1-3].
Additionally, if we consider only thermal coupling on the bending moment (still no memory term), then
the stability results are well understood in the literature as one can see e.g. in [4,16] where, under the
EWS assumption, different computations are considered. Moreover, in this case we can go further once
there are results in a much more general situation, namely, by regarding the Gurtin-Pipkin thermal law.
In this direction, we quote the recent paper by Dell’Oro [9] where the stability of Bresse and Timoshenko
systems with hyperbolic heat conduction are taken into account. The author provides a complete study
encompassing the stability of the pure thermoelastic Timoshenko under Gurtin-Pipkin’s law. Therein, since
the temperature effect acts only on the bending moment, the stability depends upon the so-called stability
number, still noting that there is no other (extra) damping in turn nor additional coupling terms as in our
case. We refer to [9, Section 6] for more details on the model and the (non-exponential) stability result.

In Section 2 we provide the necessary notations as well as the existence result in terms of the linear
semigroup theory, which is fundamental for the main stability result presented in Section 3.
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2. Semigroup solution
2.1. Useful notations

Let L?(0,L) be the standard L2-space with inner product and norm

L L 1/2
(o) = [u@i@de, full = | [ luo)Pds
0

0

The space H{ (0, L) stands for the usual Sobolev space, and

1

L
L20.1) = {ue I*0.L),  [ul)de =04, HN0.L)= H'(O,L)NL2(0. L),
0

equipped with the norms

[l

r20,0) = llull, lullgzo,ry = lullaro,r) = lluall-

Let h : (0,00) — R be a measurable function and p > 1. To deal with the relative displacement history
variable, we consider the memory spaces

o0
LP(RY HL(0,L)) == {2 RY — HA(0, L); /h(s)”nx(s)des < o0
0
with norm
I11Zp e+ s123 0,2 ::/h(s)\lm(S)ll”dS-
0

In particular, for p = 2, we simply denote the space
My = L (R Hy (0, L)),

which is a Hilbert space endowed with inner product

(1€, = / h(s) (1a(5), £ (5)) ds.

Additionally, under the above notations and assumption (G), we consider the phase space
H=H(0,L) x L*(0,L) x Hy(0,L) x L*(0,L) x L*(0,L) x M,
equipped with inner product

(21, 22) 1 = p1(P1, P2) + p2 (W1, Wa) + p3(61,02) + K(P1,0 + V1, P20 + ¥2) +5(¢17m VY2.z) + (N1,M2) M,

and norm
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12113 = pall® 1% + p2 | W% + p3]|6]1 + #ll b + BII* + bl | + 03,
where z; = (¢i, ®i, i, Vi, 0:,1:), 2= (¢, P, 90, U, 0,mn) € H, i =1,2.
2.2. Right-translation and contraction semigroups
Now we set the operator L : D(L) C My — M, given by
D(L) :={n € My, Ln € Mgy and n(0) =0}, Ln:= -0,
which is the infinitesimal generator of the right-translation semigroup R(t) : My — M, given by

W(S—t)a 5>,
0, 0<s<t.

[R()n](s) = {

Accordingly, by means of (1.3)4 and following the same arguments as in [13], we can express 7 explicitly

in terms of v, namely

ts) = n°(s —t) +(t) —1o(0), s>t o)
P(t) = Y(t - s), 0<s<t :

Moreover, by setting ® = ¢, ¥ = 1, and 29 = (¢o, $1, Y0, %1, 00,1°), we can now rewrite (1.3)-(1.5) as
the following the Cauchy problem

Zt = AZ, t> O7 (2 2)
2(0) = 2o, .

where the linear operator A : D(A) C H — H is given by

r 0 Id 0 0 0 0 1
K K a
Eam 0 —p—lc'?m 0 p—lam 0
2 0 0 B 0 Id 0 0 (2:3)
= K b K K 1 .
0 -2, 0 —21d 29, 0
P3 P3
L 0 0 0 Id 0 —0s
with domain
D(A) = {z €H; 6., 0,0 € HY0,L), 6,0,by)+1,(n) € HX(0,L), ne D(]L)} ,
and, for simplicity, we adopt the notation
Ln) = [ g(s)ns)ds
0
If (G) holds, one can prove that D(A) is dense in H, I — A is onto, and
1 (oo}
(Az,2)3 = 5 /g'(S)Hm(S)IIQdS - Bl6211* < 0, (2.4)

0
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for every z = (¢, ®,1,V,0,n) € D(A) (cf. [14, Sect. 2]). Therefore, from Lumer-Phillips Theorem (cf. [15,
Thm. 1.2.4]), the operator A set in (2.3) is the infinitesimal generator of a Cpy-semigroup of contractions
S(t) := et on H. Consequently, it yields

Theorem 2.1 (Existence and Unliqueness). Let assumption (G) be in turn. Then, for every zo € H, problem
(2.2) has a unique mild solution z € C(0,00;H) given by

2(t) = ez, t>0. (2.5)
If, in addition zy € D(A), then z is the classical solution of (2.2) with
z € C*0,00;H) N C(0,00; D(A)).

Theorem 2.1 also means that problem (1.3)-(1.5) is well-posed. Below, our main goal is to give a complete
characterization of its stability result.

3. Characterization of stability

Let us recall that a semigroup T'(¢) : H — H is exponentially stable if and only if there exist constants
M > 1 and ~ > 0 such that

T (t)z||g < Me™ || 2||g, YV z€H.
In the present paper, our main goal is prove that the semigroup S(t) = e“* related to the solution (2.5) of

problem (2.2) (and consequently (1.3)-(1.5)) is exponentially stable iff the following additional assumption
holds true:

(S) there exist constants C > 1 and § > 0 such that
g(t+s) < Ce%g(s) (3.1)

for every t > 0 and for almost every s > 0.
More precisely, we have:

Theorem 3.1 (Main Result — Characterization of Exponential Stability). Let assumption (G) be in turn.
Then, the following statements are equivalent:

(i) g satisfies (S);
(i1) the semigroup solution z given by (2.5) is exponential stable.

In conclusion, Theorem 3.1 claims that condition (S) is not only sufficient but also necessary for the
exponential stability of problem (2.2) (resp. (1.3)-(1.5)). Its detailed proof shall be given as follows.

3.1. Proof of the main result: part I (necessity)
The arguments in the proof of Theorem 3.1 ((¢4) = (7)) are inspired by [5, Thm. 3.2]. For the sake of
completeness, we are going to prove it in detail.

Let us consider 1y € M, and

Z(t) = S(t)(()? 0,0,0,0, 770) = (d;: (i), 7;, \iJ, QN, 77)
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By assuming that (i¢) holds, namely, the semigroup S(t) is exponentially stable and so we have

IZ()13, = [15(£)(0,0,0,0,0,m0) 13, < Me™||nol|3s,

for some M > 1, v > 0 and for every ¢t > 0. Now, by the formula (2.1) and using (3.2), we deduce

oo

/ 9(8)Imoa(s — £)12 ds < 2013, + 2] (1)

t

<2M (1 +bo)e™ " [0l i, »

where by := % > 1.
On the other hand, for each t > 0 we define

By :={s € R, g(t+s)—2M(1+bg)e "g(s) > 0}.

(3.3)

We claim that meas(B;) = 0, for every t > 0. Indeed, suppose by contradiction that exists tg > 0 such that

meas(B;,) > 0 (possibly infinite). Then,

0< /[g(to +5) = 2M (1 4 bo)e ""0g(s)] ds < +oo.
By,

But, from (3.3),

0> [ g(s)llnoa(s — to)l|* ds — 2M (1 + bo)e™* /9(8)H?70:6(8)|I2 ds
0

[9(to + 5) = 2M (1 + bo)e ™" g(s)] 0z (5)|* ds.

0\8 S“\g

Now we choose 19(s) = xa,, (s)¢*, for some ¢* € H;(0, L) such that [|¢|| = 1. Therefore,

/ lglto +5) — 2M(1 + by)e"g(s)] ds < 0,
By,

which contradicts (3.4). Hence, condition (3.1) holds as desired. 0O

3.2. General results

(3.4)

Before concluding the proof of Theorem 3.1 ((i) = (7)), we are going to clarify how important the

inequality (3.1) is in the controllability of specific integral terms. More specifically, we prove the following

(more) general result that shall very useful in our future computations.

Lemma 3.2. Let p > 1 and 1 € LE(RY; HG(0,L)). If (3.1) holds, then for every 0 < r < p—1 we have the

estimate

p—r

o0 S

-7 p p=r -r
Jo | [Im@lar| —as< ooy (0 i o,
0 0

(3.5)
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where C > 1 and § > 0 are given in (3.1).
Proof. Using (3.1) and Holder inequality with 5+ pp%r = 1, we obtain

p—r

[ | [In@lar| as
0 0
o] s pmr
= / g/7(s) / g7 ($) () dr | ds
0 0
o0 s P
< e [ | [ gimnnlar | ds
0 0
- s p (p—7)/p
< o=/ /e / / e T gYP (0 |n, (7 d7 | ds
0 0

Now, applying Young inequality for convolutions (see e.g. [11, Thm. 8.7]) with

e 0 e LNRY), g7 ()] € LP(RY),

we get
[e%) s p je%) p
S (er sy
[ [esena i | ds< | [ ds | im0
0 0 0

— (PN P
=(5) M@+ myo,n)-
Collecting the above estimates, we arrive at (3.5). O

Corollary 3.3. If n € D(L), then

Vac

Illat, < =5 lmslla, -

Proof. It is a direct consequence of the following inequality

9 1/2

I, < | [ o) | [ Inao)liar | as
0

0

and Lemma 3.2 with p=2and r=0. O
3.8. Proof of the main result: part II (sufficiency)

In addition, to complete the proof of Theorem 3.1, we appeal to the following known result.
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Lemma 3.4 ([12, Lemma 1.6]). Let T(t) be a Cy-semigroup of contractions on a Hilbert space H, and B its
infinitesimal generator. If there exists € > 0 such that

inf [(iA = Be)2lln. 2 ellzllm., ¥ 2€ D(Be), (3.6)
€

where H. and B, are the complexification of H and B, respectively, that is,
H.={u+iv,u,v e H}, B.:D(B.)C H.— H., B.(u+iv) = Bu+ iBv,
then T'(t) is exponentially stable.
To simplify the notation, we will omit the complexification index (c).

Now, to prove that ‘(i) = (it)’, we argue by contradiction. Let us assume condition (¢), but suppose that
S(t) is not exponentially stable. From (3.6), one can construct sequences

ZTL = (d)na@nawmanaemnn) 6 D(A)? )\TL E Ra

with ||z, |l% = 1 such that A\, = A, € [—00, +00] and

M2y — Az, — 0 in H. (3.7)
Componentwise,
A — Py — 0 in H0,L),
IAnp1Py — ’i((bnﬂc + wn)x +00pe — 0 in Li(oa L)
Ay — V¥, =0 in H& (0, L), (3.8)
Anp2Vn + K(bna + o) — (0bn +Tg(na)),, — 00 — 0 in  L2(0,L), )
Z)\np39n — B0ngs + U(CI)na: + \I/n) —0 in LQ(O, L),
I+ s — ¥y, = 0 in M,.
From (2.4), (3.7) and using the boundedness of z, in H, we have
1 oo
~3 /g'(s)\|77m;(s)\|2 ds + Bl 0nz|® < Re (iAnzn — A2y, 20)q — 0. (3.9)
0

Therefore, using the embedding Hg (0, L) < L%(0, L) and (3.9), we can reduce (3.8) to

L= idngp — ®p = 0 in H0,L),

[ = iap1®p — £(bna + Pn)z — 0 in L¥(0,L)

3= ity — U, — 0 ) in  H0, L), (3.10)
fh = iXpaVy + Ko + ) — (Mhn + Lg(nn)),, — 0 in  L*(0, L),

2= idnp3bn — BOnoe + 0 (®py +¥,) — 0 in L%(0,L),

S i=iXamn + s — ¥, — 0 in M,.

At this moment, we are going to divide the proof in three cases.
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Case 1: A\, = 0. From (3.10),, (3.10),, (3.10)4 and boundness of z,, we have
®,, — 0 in H}(0,L), ¥, =0 in HJ(0,L), nps — 0 in M,.

Then, using the embeddings H!(0,L) < L2(0,L), H(0,L) — L?(0,L) and applying Corollary 3.3, we
arrive at

&, — 0 in L2(0,L), V¥, —0 in L*(0,L), 7, — 0 in M,. (3.11)

On the other hand, taking the inner product of (3.10), with ¢,, in L2(0,1), the inner product of (3.10),
with ¢, in L?(0,1) and adding the results, we deduce

Klldnz + Ul + Bllvonall® = (f7 = iAapr®ns dn) + (fa = iXapaWn, ¥n) + (Lo (na), Yna) (3.12)
But, from (3.10),, (3.10), and (3.11), we infer
|(f3 — A1 P, P )| < Hfg — iAnp1®ullllPnll — O,

|(f'r% — iAnp2Vy, Pn)| < va% — A2 Vo |¥nll — 0,
(T (), Pn)| < VOl [9onal| — 0.

Hence, from (3.11) and (3.12) we conclude that ||z,||% — 0, which contradicts ||z,|2x = 1. This prevents
that A, = 0.

Remark 3.5. For the two remaining cases A. € R\{0} or A, € {—o0,+00}, we need an additional conver-
gence. Indeed, since we can not transfer the dissipation generated by [~ g'(s)||7mz(s)]|? ds to [|nn]la,, we
restrict the kernel g to a set where we can do it. Indeed, let a > 0 such that the set

N ={s € R" ag'(s) +g(s) <0}

has positive Lebesgue measure. The existence of such a can be found in [17]. Calling g(s) := g(s)xn(s) and
noting that My, C Mgy, we have

o0

1
il <= [ Ol ds (313)
0
Then, combining (3.9) and (3.13) one gets
1 2 2
ool + Bl = 0. (314)

Now we are ready to study the remaining cases. Without loss of generality, we can assume that A,, # 0
for every n € N.

Case 2: A\, € R\{0}. We will split this case in several parts.

Part I: ||tnzl, [¥ne|| — 0. First, we claim that ¥, is bounded in H{(0,L). Indeed, by the triangular
inequality
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The desire boundedness follows from (3.10), and from the boundedness of v, in H§ (0, L).
From (3.10), we obtain the expression for 7,
1 s [ e
Mn(s) = = (1= e7™) Wyt / em A=) 81 d 7. (3.15)

tAn
0

Taking the inner product of (3.15) with ¥,, in My, we get

/ (1 —cos(A,58)) ds| || ¥ns||* = Re [ (s W) M, + Un] (3.16)
0
where
'un—fz)\n/g(s)/e s T)(fm( ), Upo)dr ds
0 0

Since ||¥,,| is bounded, we have

|>‘ (n, ¥ M | < | ‘”\PnzH / Mnna(s)]|ds | < \/Ep‘nm\llnrH”nnHMq — 0.
0

Using again Lemma 3.2 with p = 2 and » = 1 and the fact § < g, we get

T V4Ch
|Un| < |)‘n|H\IlmcH /9(3)/||fgz(7—)”d7ds < ; |)‘n|||\llnr||||f3||Mq — 0.
0 0

Now, considering the countable set

27 29
P::{SEN,Szﬁors:ﬁ, j,neN}
An Ax
we obtain
/ (s) (1 — cos(Aps)) ds — / ) (1 — cos(Ass)) ds > 0. (3.17)
0 N\P

Here we use the fact that a countable set is a null set. Taking the limit in (3.16) and using the above
convergences, we conclude that ||¥,,,| — 0. Consequently, the convergence ||1ne| — 0 holds from (3.10)s.

Part II: ||nn||m, — 0. From the expression (3.15), we have

17 ()17 = 111z (), 10 (5))| < . |||77nw( ) Wnall + /Hfsw )T [ {lmna(s)1l; (3.18)

for almost every s > 0. Multiplying (3.18) by g(s), integrating the result in R™ and making use of the
Holder’s inequality, we deduce
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o s 9 1/2
2vb
134, < ol |||nn||Mg||‘Ime+ /9(8) /Ilffi;(T)lldT ds 7n ]l M, - (3.19)
0 0

Using Lemma 3.2 with p = 2 and r = 0, we obtain

2

o0 S 40
[o@ | [ 185 | s < G,
0

0

Hence, from (3.19) we get

2vb V4aC
[ ll, < |/\—|||77n||MgH‘I’nx|| + T||f§||Mg||nnHMg-
n

From Part I, boundedness of 7, in M, and (3.10),, we conclude the desire convergence.
Part IIT: ||¢pna + Pnl| — 0. Let
Wn 1= Dby + I,(nn)-

From Part I and Part II, we get

lwm || < Blltbna | + VBlImnllag, — O- (3.20)
Now, taking the L2-inner product of (3.10) 4 With ¢, + 1, and performing an integration by parts we have

iAnp2(Uns bna + Pn) + 6l dna + Pnll* = (Wnas (Sna + ¥n)a) = 0.

From Part IT and boundedness of ¢, + 1, in L?(0, L), the previous convergence reduces to

On the other hand, taking the L2-inner product of (3.10), with wy,, using the boundedness of ®,, in L?(0, L)
and taking into account (3.20), we obtain the following convergence

((¢nw + "/’n)wa wnw) — 0. (3.22)
Combining (3.21) and (3.22) we conclude that the desire convergence holds.

Part IV: ||®,| — 0. Taking the L?-inner product of (3.10), and (3.10), with p1®, and ¢, respectively,
and adding the obtained results, we deduce

QZARPI Re(¢na (I)n) - le(I)n||2 - ﬁ((@m + wn)r; ¢n) — 0

Taking the real part and performing an integration by parts, we obtain

—p1l|®nll? + £ Re(Gnz + Y, fnz) — 0. (3.23)

Now, recalling ¢,z + ¥, ¥, are bounded in L?(0, L) and noting that
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[@nall < lléne + tonll + [[¢nl],
we conclude that ¢y, is bounded in L?(0, L). Then, from Part III we have

Hence, the desire convergence holds from (3.23).

Collecting the convergences from (3.14) and Part I - Part IV, we conclude again that ||z, ||% — 0, which
contradicts ||z, ||% = 1. Therefore, the case A, € R\{0} can not happen either.

Case 3: A\, € {—00, +00}. This case will also be divided into several steps.

Part I: \, ¥, is bounded in H=1(0,L). Let || - ||—1 be the usual H~*-norm. From (3.10), we have

pall Xl 1 < I fall-1 + [15(Dne + ¥n) = bnze — Lg(Mnaz) | -1- (3.24)

The first in the right-side of (3.24) is bounded since L?(0,L) < H~1(0,L) and f} — 0 in L?(0,L). The
second one can be estimated as follows

|6(Pna + Yn) — Bq/’mcr = Lg(Mnae)ll-1 < Kll@ne +nll-1 + E”wnz” + [Ty (Mna) || < d/”ZnH =d,
for some d’ > 0. Hence, \,¥,, is bounded in H~*(0, L).

Part II: ||V,,|| — 0 Let us consider ¥,, € H*(0, L) N H} (0, L) a solution of —,,,, = ¥,,. Then, from (3.15)
we get

/ (1= co5(Ans)) ds| [1¥a ]2 = Re [iAn (s ) at, + Gal (3.25)
0
where
Cn = —i)\n/g(s)/e*i/\"(kﬂ( 6 (7), Oz )dr ds.
0 0

Then, from (3.14) and Part I, we have

o0

A (1, On) M | < 1A W] -1 / Mz (s)llds | < VBIA T |1l a1, — 0.
0

Applying Lemma 3.2 with p = 2 and r = 1, and the fact § < g, we get

\/E

Gl < Ialls | [ o) [ lldrds | < S0l s, =0
0 0

Using the last two convergences to pass the limit in (3.25), we arrive at

o

/g(s) (1= cos(Ans)) ds | [T, = 0.

0
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Since A, € {—00, +0o0}, we apply the Riemann-Lebesgue Lemma (see [11], Theorem 8.22) to get

o0

Ja - cosns) s [ gs)ds>o.

0 N/Q

where () is the null set

25
= = —
Q {se N,s 3

n

,j,nEN}.

Hence, we obtain the desire convergence.

Part HI: ||[t{pn.|| — 0. First, we add and subtract the term (1 — e~*#%)3),, in the right side of (3.15

S

nn(s) — (1 _ e_M“s) % + /e_i)\”(s_T)fS(T)dT _ i (1 _ e—ikns) fr?:

iAn
0

Taking the Mg-inner product of (3.27) with v, we have

o0

[ 9669 (1= cos(hns)) s | [ = Re [, sty + G+ 2.

0

where

o S

¢him— [ 3(s) [ eI (12, (), ) ds,
[*]
Gim o | [ 306 (1= ) s ().
0

Since /\ and ||¢,.| are bounded, we deduce

| )ty | < el / ) e ($)1lds | < VBlgnel17allat, — 0
0

and

2b
Gl < 737 (e e < 15 |||wm\||\f2x|| = 0.

Using Lemma 3.2 with p = 2 and » = 1, and the fact § < g, we get

T ViCh
16h]| < 1 ¥nall g(s) [ IfS.(T)ldrds | < —||1/an||||f6||M — 0.
3
0 0

15

(3.26)

) to get

(3.27)

(3.28)

Passing the limit in (3.28), taking into account the last three convergences and applying (3.26) we obtain

the desire convergence.
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Part IV: ||n,||a1, — 0. From the expression (3.27), we infer

170 ()1* < 2l (8) |9 ]| + /Ilffix(T)lldT 17 ()1 + |>\—2‘||7]n$(5)”“f33:”’ (3.29)
0

for almost every s > 0. Proceeding in the same way to obtain Part II of Case 2, we arrive at

Vac 2v/b

ic
7014, < 2VBlmnllat, 1¥nall + ==l £o gy 1l aty + ot nllat [ o -
: 5 ol

From Part III, (3.10),, (3.10), and boundedness of 7, in M, we conclude the desire convergence.

Part V: || ¢ne +9nl, | Pn|| — 0. This is the precise moment where we explore the strength of (3.10),. Indeed,
combining (3.10),, (3.10), and (3.10), we have

iMp3bn — BOnwe + iMn0(Pne +Un) — a(fL, + f3) = 0. (3.30)

Therefore, taking the L2-inner product of the sequence in (3.30) with %(¢ne + ) and using that /\Ln — 0,
we get

k|| pnz + Ul + 0 — 0, (3.31)
where
o 1= 38O B+ 0) 5 B (G +)e) = T (T + T2 e+ W)
From (3.10),, we can write &, as follows
o= 9O G + ) = 501 O W) = O )+ (e £3), a0,

Now, using the boundedness of ||z, ||%, the convergences (3.14) and (3.10), we deduce

oK

leal < (psnnenn + Zg + ffz|) 16ms + Gl + <ﬂp1||‘1’n|| n

B

||f§|) TS
I

Hence, from (3.31) we obtain the first convergence. The last convergence follows using exactly the same
argument of Part V of Case 2.

Collecting the convergences from (3.14) and Part IT - Part V, we finally conclude that ||z, ||% — 0, which
contradicts again [|z,]|%x = 1 and implies in the impossibility of such a case A, € {—o0, +00}.

Therefore, from Cases 1-3 we conclude that (ii) holds true, that is, the semigroup S(t) is exponentially
stable in H.

This finishes the proof of Theorem 3.1. O
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