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Abstract This is the first paper of a trilogy intended
by the authors in what concerns a unified approach to
the stability of thermoelastic arched beams of Bresse
type under Fourier’s law. Our main goal in this starting
work is to develop an original observability inequal-
ity for conservative Bresse systems with non-constant
coefficients. Then, as a powerful application, we prove
mathematically that the stability of a partially damped
model in thermoelastic Bresse beams is invariant under
the boundary conditions. The exponential and optimal
polynomial decay rates are addressed. This approach
gives a new view on the stability of Bresse systems
subject to different boundary conditions as well as it
provides an accurate answer for the related issue raised
by Liu and Rao (Z. Angew. Math. Phys. 60(1): 54-69,
2009) from both the physical and mathematical points
of view.
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1 Introduction
In a pioneering work on asymptotic stability for beams

of Bresse type, Liu and Rao [24] explored the energy
decay rate to following thermoelastic Bresse system

P1Prt _k((px +¥ +lw)yx

—kol(wy —lp) +koln = 0 in (0,L) x RT,
P2V — b Y + k(e
+¥ +lw)+ ke =0 in (0,L) x RT,

P1Wer — kO(wx - l‘p)x

+kl(px + ¢ +1w) +kone =0 in (0, L) x R,
P30 — Y1Vxx t ki = 0 in (0,L) x RY,
o4 — Yanxx + ka(wy —lp); = 0 in (0, L) x R¥,

(1.1)
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subject to initial conditions

@(x,0) = o (x), ¢r(x,0) = ¢1(x),

Y(x,0) = Yox), ¥ (x,0) = ¥i(x),

w(x, 0) = wo(x), wi(x,0) = wi(x), ¥(x,0) = Jo(x),
n(x,0) =no(x), x €(0,L), (1.2)
and either the full Dirichlet or mixed Dirichlet—
Neumann boundary conditions

ox,t) =vx, 1) =wx,t) =0(x,1)

=nx,t) =0, xe{0,L}, t >0, (1.3)
or
x, 1) =Y (x, 1) = welx, 1) =9 (x, 1)

=nx,t) =0, xe{0,L}, t >0. (1.4)

As highlighted by the authors in [24, Sect. 1], the
governing model (1.1) stands for a linear planar, shear-
able, and flexible thermoelastic beam vibration, which
is a special case of networks on flexible thermoelastic
beams as structured by Lagnese, Leugering, & Schmidt
[22,23]. Moreover, in their works [22,23] the authors
derived more general nonlinear thermoelastic flexible
beams whose model (1.1) arises as a particular proto-
type in the linear framework. Accordingly, the physical
meaning of the whole problem is described as follows:
the coefficients are given by

p1=pA, pp=pl, k=GA,
b=EI, ko=EA,

_pc 1
,03”04—T0, 7/1»)/2—7,0,
1
ki,kh=a, | =—, 1.5
Lk=«a R (1.5)

where p is the mass density per unit of the reference
area, A is the cross-sectional area, / is the second
moment of area of the cross section, G is the shear
modulus, E is the modulus of elasticity, c¢ is the heat
capacity, « is the coefficient of thermal expansion, 7Tj is
the reference temperature, and R is the curvature ratio
in abeam with length L > 0; the unknown functions ¢,
¥, and w are the vertical, shear angle, and longitudinal
displacements; n and ¥ are the temperature deviations
from the reference temperature 7 along the longitudi-
nal and vertical directions.

The main results in [24] go around the stability of
system (1.1) in terms of the boundary conditions (1.3)
or (1.4), and also taking into account the assumption
on equal speeds of wave propagation (EWS for short)

k=ky < E=G. (1.6)

@ Springer

More precisely, when (1.6) holds, it is proved in
[24, Theorem 3.1] that problem (1.1)—(1.2) with both
boundary conditions (1.3)—(1.4) is exponentially sta-
ble. Otherwise, if (1.6) does not hold, i.e., in the mean-
ingful physical case E # G, then problem (1.1)—(1.2)
is only polynomial stable with decay rate depending
on both the regularity of initial data and boundary con-
ditions (1.3)—(1.4), see [24, Theorem 4.1]. To be even
more specific, let us exhibit the latter commented result
in case m = 1 (see on p. 64 therein): IfE # G, then
the semigroup solution associated with (1.1)—(1.2) is
semi-uniformly stable' with the polynomial-type decay
rate

~(In1)>*

Casel : i
for (1.4) (= m as t - +00, € K 1),

~(In1)°/8

Case2 : [IT

as t > 400, € K 1).
(1.7)

Since then, several authors dealt with other thermoe-
lastic Bresse—Timoshenko systems by showing similar
results on polynomial-like stability, namely, obtaining
different polynomial decay rates for different bound-
ary conditions, see e.g., [2,15,16,29,30]. On the other
hand, it is common to address Bresse systems with only
one boundary condition, especially in cases of mixed
Dirichlet-Neumann boundary conditions and avoiding
the full Dirichlet one. In this direction, we quote the
following references addressing thermoelastic Bresse
systems with different couplings and laws for the heat
flux of conduction [1,10-12,14,18,21,28].

As far as we have noted, the main technical reason
to get distinct polynomial decay rates for each bound-
ary condition falls on the fact of dealing with boundary
point-wise terms. Indeed, to handle them, the authors
obtain weak estimates. For instance, in the proof by
contradictions arguments presented in [24, Sect. 4]
the convergence of point-wise boundary terms in case
(1.3) drives us to a poorer estimate when compared
to (1.4) where such point-wise terms vanish. Conse-

! Throughout this paper, the notion of semi-uniform stability is
always invoked when the stability of the semigroup solution does
not occur for all weak initial data (say at the same energy level
of solutions), but only for more regular initial data, e.g., data in
the domain of the infinitesimal generator of the semigroup.
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quently, in the case of different speeds of wave prop-
agation E # G, a slower decay rate arises for (1.3).
The same issue happens in [2,15,16,29,30] where the
direct proofs employ a one-dimensional version of the
Trace Theorem to handle boundary point-wise terms by
reflecting directly in worse estimates than desirable for
the case of full Dirichlet boundary condition. In addi-
tion, we can ask ourselves whether other boundary con-
ditions could be considered in [1,10-12,14,18,21,28]
and still provide the same stability results.

However, there is no consistent motive (mostly phys-
ical) to get different decay rates for different conserva-
tive boundary conditions as in (1.7). Indeed, going back
to the notable work by Liu & Rao [24], we stress the
following statement in Remark 4.1 therein:

“It is interesting to see that the polynomial
decay rate depends on the boundary conditions.
Although we can’t guarantee that our estimate of
the decay rate is optimal since we are only verify-
ing sufficient conditions, the reader will see from
the following proof that the best | is chosen in
order to get a contradiction. However, we do not
have a physical explanation why case one has a
faster decay rate than case two.”

In the above statement, the reader can think of cases
one and two as in (1.7). This issue boosted the authors
to look for a mathematical method where such a phys-
ical dichotomy in terms of boundary conditions can
be removed in what concerns the stability results for
(thermoelastic) Bresse systems.

Therefore, motivated by [24, Remark 4.1] and also
by the fact that none of the aforementioned papers wor-
ried about this dichotomy between the two different
decay rates for different (but still conservative) bound-
ary conditions, our main goal in this first work of the
trilogy is to deal with the thermoelastic Bresse system
(1.1)-(1.4) by proving that:

I. In the case where the EWS assumption does not
hold (E # G), problem (1.1)—(1.2) has a uni-
fied (semi-uniform) polynomial stability with the
same decay rate for both boundary conditions
(1.3)—(1.4). Moreover, the decay rate is optimal
in the specific case of mixed Dirichlet-Neumann
boundary condition (1.4), which prevents any
kind of uniform stability on this occasion. These
facts are fully detailed in Theorems 3.2 and 3.3,

Corollary 3.4, and their subsequent proofs in
Sect. 3.

I1. In the case of assuming the non-physical EWS
assumption (1.6), we still prove the already
expected (uniform) exponential stability of prob-
lem (1.1)—(1.2) with both boundary conditions
(1.3)—(1.4). In particular, it leads to the complete
characterization of the stability for (1.1)-(1.2)
with boundary condition (1.4). These facts are
proved in Theorem 3.5 and Corollary 3.6 (also
in Sect. 3).

I11. In any case concerning the condition (1.6), we
clarify in Sect. 4 that both Theorem 3.2 (poly-
nomial stability) and Theorem 3.5 (exponential
stability) can be succeeded to any other tangi-
ble boundary condition, which reveals the main
advantage of our approach, namely, the poly-
nomial (for k # ko) and the exponential (for
k = ko) stability results hold true independently
of the boundary conditions. Other improvements
and novelties are also clarified in the concluding
Sect. 4.

IV. Last, but not least, to reach the above three pur-
poses, we develop in Sect. 2 (see Proposition 2.2
and Corollary 2.3) a new Observability Inequal-
ity and Extension Result for linear conservative
systems of Bresse type by means of the resolvent
equation in a more general framework, namely,
for the non-homogeneous Bresse systems where
the coefficients are positive functions of the spa-
tial variable. This approach allows us to proceed
with a localized resolvent analysis in the subse-
quent thermoelastic problem and, consequently,
to obtain the unified stability results in terms of
boundary conditions as stated in Sects. 3 and 4.

In conclusion, we highlight that the whole technique
explored in this opening paper brings a new view in the
stability of thermoelastic Bresse systems, it is different
from [24] (and also from other papers in Bresse beams
commented before), and finally it can be extended to
several other related Bresse systems (not only ther-
moelastic ones) as we shall see in forthcoming related
works.

2 Observability analysis: conservative problem

We start by considering the following conservative non-
homogeneous Bresse system
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P1¢1:r — (k(py + ¥ +1w)),
—kol(wy —lp) = 0
021 — (b Yre)x

in (0,L)xRY, (2.1

+k(pe+¥ +1lw) =0 in (0,L) x RT,
(2.2)
P1Wrt — (k()(wx - l@))x
+kl(px +¥ +1w) =0 in (0,L) x R,
(2.3)

with initial conditions

@(x,0) = @o(x), ¢ (x,0) = g1(x),
V(x,0) =vYox), ¥i(x,0) =(x),
w(x,0) = wo(x), wi(x,0) =wix),
x € (0, L), 2.4
and either Dirichlet boundary conditions
px, 1) =Y (x, 1) =wx, 1) =0,
xe{0,L}, t >0,
(2.5)
or mixed Dirichlet-Neumann boundary conditions
@(x, 1) = Px(x, 1) = wx(x, 1) =0,
xe{0,L}, t >0.
(2.6)
The coefficients p1, p2, k, ko, b are functions satis-
fying
p1. P2, k. ko, b € CHO, L],
o1, P2, k, ko, b >0 in [0, L]. 2.7)

In this case, we can rewrite (2.1)—(2.6) in the fol-
lowing Cauchy problem

dy — of.
7V = AV, t>0, 2.8)
V(0) = Vo,
where
V = (@9 q)’ I//a "I'Is w, W)v q> = @t,
V=, W:=uwy,
and for j =1, 2,
_ ® -T
Lk(pr + 9 + 1)) + 2w, — Ip)
v
o;V =
7 2 BV — Ko + v+ 1w)
w
| - (ko(wx = 19))x — S (pr + ¥ + 1) |

@ Springer

T
%0

?1
Yo
Y1
wo
wi

In order to simplify the notations on functions spaces
along the text, we denote

L?:=L%*0,L), H} := Hj (0, L),
L2:=12(0,L), H! := H}0, L),

with standard scalar products and norms, where

1
Lﬁ(O,L):{ueLz; —/
L Jo

H' =H'nL2

L
u(x)dx = 0} and

Under the above notations, we set the Hilbert spaces
JA =H01><L2><H(}><L2><H(}><L2 for (2.5),
and
M =H) x L> x H! x L2 x H} x L? for (2.6),
and then the domain of the operator .<7; is given by
D(eh) = (U € A : ¢, ¥, we H* N Hy;

O, W, W e Hy} for (2.5),
and
D(eh) ={U € 5 : ¢ € H; , i, wy € Hy;
W, WeH!} for (2.6).

In what follows, we are going to provide the desired
observability inequality by means of the resolvent
equation corresponding to the conservative problem
(2.8). As a consequence, we have an extension result
that will be very useful in applications.

To accomplish the above purpose, let us consider the
resolvent equation

iBV —o/jV =G, (2.9)

for B € Rand G = (g1, 82, 3, 84, 85, 86), Where we
take

{(gl,gz,gz,g4,gs,g6) € A for (2.5),
(81, 82, &3, 84, 85, 86) € J65 for (2.6).

Under the conditions (2.7) and (2.10), it is rela-
tively simple to show that (2.9) has a unique solution
V e D(«}), j = 1,2. To this end, the Lax-Milgram
theorem and elliptic regularity can be easily employed.

(2.10)
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Now, in order to proceed with the necessary compu-
tations, let us convert the resolvent Eq. (2.9) in terms
of its components as follows

ipp—® =g in (0,L), (2.11)

iBo1® — (k(px + ¥ +1w))y —kol(wy —lp) = g2 in (0, L),

(2.12)
iBy —W =gz in (0,L), (2.13)
iBp2V — (DY) + k(py + 9 +1w) = g4 in (0,L), (2.14)
iBw—W =gs in (0,L), (2.15)
iBorW — (ko(wx —19))x + kl(px + ¥ +1w) =g in (0, L),

(2.16)

Additionally, given any 0 < a1 < ap < L, the nota-
tion || - [|4;. a, stands for

ap
Vi ayi= [ (0t v+ 0P (0P + 1y P
a

1
HW P+, — Lo + W) dx,
and for j = 1, 2, we set

1@)) = |(px + ¥ +1w)@)|* + D@y + ¥ (aj
+HW (@) + 1wy — L)@ + |W(aj)*.

We are finally in position to state and prove the main
result of this section. For the sake of didactic reasons,
we consider the previous technical lemma which will
be used in the proof of the main result.

Lemma 2.1 Let g € C'[ay, a2] be a function given by
X
qx) = y(x)/ e"'dt, neN,
ai

where y € Cl[a1,a2] satisfies yo < y(x) < y1 forall
x € [ay, a2] with O < y9 < y1. Then,

1
q'(x) > 57/06” (2.17)
forall x € a1, ax] and n large enough.
Proof Trivial. O

Proposition 2.2 (Observability Inequality) Under the

conditions (2.7)and (2.10), let V = (¢, ®, ¢, ¥, w, W)
be a solution of (2.9). Then, for any numbers 0 < a; <

ar» < L, there exist universal constants Cy, C1 > 0

(depending only on p1, p2, k, ko, b, 1) such that

I(aj) < CollVIZ, 4+ ColGIG .. j=12.18)
IVIZ, 4 < Cil(@) + CllIGIG, . j=1.2, (2.19)

ap, az

by taking |B| > 1 large enough.

Proof The proof will be done in three steps as follows.
Step 1. A crucial identity. Let us start by fixing three
functions q1, g2, q3 € Cllay, az].

Initially, taking the multiplier g1k (¢ + ¥ + [w) in
(2.12) and integrating on (ap, az), we get

az
/ qikg2(ex + ¥ +lw) dx

ai

a
= —/ q1o1k @(IB(px + ¥ +1w)) dx

aj

=J]

a
—/ q1(k(px + ¥ +Iw))x (k(@x + ¥ +{w)) dx

ap

=/

a
—/ qrkolk(wy — o) (px + ¥ + [w)dx.

aj

(2.20)

Using Egs. (2.11), (2.13), and (2.15), integration by
parts and taking the real part of J; and J», it follows that

az 1 a )
Re J; = +—/ (@1p1K)x D dix
2 a
a) -
—Re/ q1p1k OV +1IW) dx
a
. -
- Re/ q1p1k ®(g1.x + g3 +1g5) dx,
aj
and

az

__l 2 2
Re J, = 2q1k oy + ¥ + lw]

ap

1 [*
+§/ (11,xk2|<.0x+1/f+lw|2 dx.
aj

Then, taking the real part of (2.20) we obtain,

az

1
= 5 (@PkIOF + @1k pc + 9+ 1wl?)

aip

1 (@
+5 / ((q1015)x 1@ + q1.xk|@x + ¥ + [w]|*)dx
a

a
= Re/ q1kga(ox + ¥ +lw)dx

a
+ Re q1o1k®(g1,x + g3 +1gs5)dx

+Re [ qikolk(wy —19)(@x + ¥ + [w)dx.

I,
+Ref qlplkCD(‘I—’ + IW)dx
/° 2.21)
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Secondly, multiplying (2.14) by ¢2b ¥/, and integrat-
ing on (aj, az), we have

az -
/ q2b g4y dx
aj

ap as
= —/ q2p2b ‘l’(iﬂlﬁx)dx—/ G2(b ) (b Y) dx

ai aip

=3 =Jy

a) o
+/ @20k (px + ¥ + lw) Y dx .

ap

(2.22)

=J5

Then, using Eq. (2.13) and integrating by parts J3
and Jy, yields

az

1
Re J3 = — 56]2,0219 |

ap
az

1
+= | (qoab)x|W|* dx
2 a

ap
- Re/ q202b Vg3 dx
a

1

and

az

1
Re Jy = — qubzwz

ai

1 “ 2 2
+ E q2.xb° | |" dx.
aj

In addition, integration by parts Js5 and using
Egs. (2.12) and (2.13), one has
az
a1>
a

1 _
+ Elm (q2b)xk(px + ¥ +lw)gz dx
ag
a

1 _
+ Elm (@2b)xk(px + ¥ + W)W dx
aj

an -
+ Ref q2bgar dx
a

1

Re Js = Re (qzbk (ox + ¥ + lw)yr

az

1
— —Im q2bkol(wy — lp)g3 dx

B Ja
1 @ _

— —Im/ q2bkol(wy — lp)W dx
B Ja

as
+Re/ q2bp1 Pgz dx
a

1

@ Springer

ar .
+ Re/ q2bp1 PV dx.
a

1

Returning to (2.22), taking its real part and replacing
these last three equalities, we deduce

1 “@
— 5 (02026191 + 20?1y )
aj

L[ 2 20 12
+5 [ (@rb)a WP +g2:671 1) dx
aip

a

a o
= Re [ aabgtiar +Re [ qoabvmas

al a
— a
— Re(qzbk(gﬂx + v+ lw)lp>
a
1 @
——Im [ (g2D)xk(px + V¥ +1w)gzdx

a

1 a —
=5t | @bk +y + )W dx
ay

a

a _ 1 2
— Re/ q2bg2r dx + Elm/ q2bkol(wy — lp)gzdx

aj aj

a
- Re[ g2p1bPgz dx

aj

1 a2 —
+ Elmf q2bkol(wy — L)W dx
a

a
—Re/ Q201D dx. (2.23)

ai

Third, taking the multiplier g3ko(wy — [¢) in (2.16)
and integrating on (ay, az), we get

a
/ qzkoge(wy — l) dx
a

1 w

= —/ q3p1koW (i (wy — lp) dx
a

1

=Je

ar
- / 43 (o (wy — 1)) (Ro(ws —Tg)) dx

1

=J7

az
—i—/ q3kolk(ox + ¥ +lw)(wy — lp) dx.
ay
(2.24)

Using Eqgs. (2.11) and (2.15), integration by parts
and taking the real part of Jg and J7, it follows that

az

1
ReJo = — 43piko W

ai
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1 (%2 5
+5f (@3p1ko)| W dx
ai

an _
+ Re/ q3prkol W dx
a

1

az
- Re/ qzp1ko W(gs x —lg1) dx,
a

1

and

az

1
ReJ7 = = qskglwe — Lol

ap

L[ P P
+§ q3,xkylwy —lo|” dx.
a

Then, taking the real part of (2.24) we obtain,

az

1
- E(qmmkolWI2 + g3k§lwy — lgl?)

ap

1 [
+5 [ ((g3p1k0)x IWI* + g3 <k |y — lg]?) dx
ap

a

a _
= Re/ q3koge(wy —lp)dx —Re/ q3p1rkol W dx

aip ai

ay
+Re/ q3p1kol W (gs,x —Ilg1) dx

ap

— Re/ ’ gkolk(px + ¥ +lw)(wy — lp)dx. (2.25)

ai

Finally, combining the identities (2.21), (2.23), and
(2.25), we arrive at

ay
[ (a1.Kge + 9+ 1w + @1kl o

ai
+ @bVl + @2p2b)c V1) dx

az
[ (ki = 16 + (o), W) d
ap

= (@1K%1ge + ¥ + 1w + quork | B + g2b7

a

+g200b |01

ai

az
+ (4K 1w = Lol + gzprko | WIP)

ap

+ P(ar,a2) + Jio+ Ji1 + Jiz + Ji3 (2.26)

for any q1, ¢2, g3 € C'[ay, az], which denote

az
b
aip
az

(q1p1k — qrp1b)DW dx

P(ayj,a3) =—2Re <612bk (px + ¥ + 1wy

Jio =2Re

aj

a -
+2Re/ lqip1k — q3p1ko) WP dx,
a

1

2 a _
Ju=——Im [ (g20)k(px + ¥ +1w)¥Vdx
ay
2 a2 —
+ —Im g2bkol(wy — L)W dx,
a
o
Jio=——Im [ (q2b)xk(px + ¢ +1w)g3dx
ap
2 a2
+ —Im q2bkol(wy — l@)g3 dx

ap

a)
+2Re/ q3p1koW (gs.x —1g1) dx
1

a
q1p1k®(g1x + g3 +1g5)dx

qlkgz(cpx + ¥ +Ilw)dx

+2Re/ Q3kog6(wx —lp)dx

+ 2Re/ @b (84¥x + P2 V83
ay
g2 dx,

az
Ji3 =2Re/ kolk(q1 — q3)
a

1

—p1Dg3 —

(ox + ¥ +1lw)(wy — lp)dx.

Step 2. Conclusion of (2.18)-(2.19) for j = 2. Since
(2.26) holds true for any ¢q1, g2, q3 € Cay, az], letus
choose them so that

(q1K)(x) = (g20)(x) =

X
:/ et dr,
ap

for x € [aj,ap] and n € N to be determined later.
Thus, we prompt to have that Jjop = 0. Let us estimate
the remaining terms in (2.26). Indeed, from (2.7) and
Holder’s inequality, there exists a constant C,, > 0 such
that

(q3ko) (x)

|J1l = |I‘7|||V||al o and

1121 = CallV llay, a2 I1G o, L (2.27)

Using (2.13), Holder and Young inequalities and the
embedding H'(ay, az) < L*(ay, a2), one sees that

|P (a1, a2)| < W(sox + ¥+ lw)(a2) ]2
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Cn
18]
Now, observing that

(ko — k)(x) (e’” — ' >
(kok)(x) n '

+ @)+ CallGIE . (2.28)

(g1 —q3)(x) =

we infer

[(Tkok)(q1 — q3)1(x) = [I(ko — k)](x)

oY — phai
n

Then, from (2.7) and Young’s inequality, there exists a
constant M > 0 such that

M (%
[J13] < 7/ e (lpy + ¥ + 1w|* + |wy — lp|?) dx.

(2.29)

Replacing (2.27)-(2.29) in (2.26), using (2.7) and
(2.17), taking n large enough satisfying Lemma 2.1 for
the specific functions present in (2.26), there exist con-
stants C, ag > 0 such that

1 @
anf e (l(ﬂx+¢+lw|2+|®|2
aj

HWe? + 1+ Jwy — I + W) dx

C
< Cl(a) + mnvnﬁl_az +CIGIG, .

+ ClVllar,a: IGllo, L

M [
+7/ et (|(Px+1//+lw|2+|wx—lcp|2) dx.
a

Again, taking np € N large enough satisfying
Lemma 2.1 and such that

1
—qp— — > 0,
20(0 o >

there exists a constant C > 0 such that

C
Ce V|2 . < Cl(a)+ — V]2

ap,az — |ﬂ| ap,az
+CIVlay. aIGllo. L + CIGIG, -

Considering |8| > 1 large enough and using
Young’s inequality with & > 0, there exist a constant
Cy > 0 such that

IVlla,a < Cil(a2) + CiIGI, ..

concluding (2.19) for j = 2.
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To conclude (2.18) for j = 2, we recall again the
identity (2.26) and, in view of the estimates (2.27)-
(2.29) along with the assumption (2.7), there exist a
constant C > 0 such that

C
I(a) <CIVII3, 4 + s TV +iw) (@)

C

m|\v<az)|2+cncué,L
C 2

+ 5Vl e + CIVlla a2 Gl

+ Cenoaz ” V ”2

a,az’

+

with ngp € N taken previously. Taking || > 1 large
enough and using Young’s inequality, there exist a con-
stant Co > 0 such that

I(a) < CollVI3, o + Coll GIIG. .-

This concludes (2.18) j = 2.

Step 3. Conclusion of (2.18)-(2.19) for j = 1. The
proof is similar to the case j = 2 with minor changes.
In fact, in this case, we initially pick up g1, ¢2, and g3
given by

(q1k)(x) = (q2b)(x) = (g3ko) (x)

a
= —/ e "t dr,
X

for x € [aj,az] and n € N. Thus, we still have
Jio = 0 and the estimates (2.27)-(2.29) follow analo-
gously. Therefore, going back to (2.26) and proceeding
similarly as above, the estimates (2.18)-(2.19) can be
concluded for j = 1.

The proof of Proposition 2.2 is complete. O

Remark 2.1 Taking a closer look at the proof of (2.18)-
(2.19), one sees that they are proved without any
requirement on the boundary conditions for the dis-
placements ¢, ¥, and w. Thus, the choices of the
boundary conditions (2.5) and (2.6) are simply for rea-
sons of compatibility with the thermoelastic problem
in the next section and future works on the subject. In
conclusion, Proposition 2.2 can be considered with any
other boundary condition concerning the conservative
Bresse system provided that (2.9) is satisfied.

The following extension result is a direct conse-
quence of Proposition 2.2. It will be quite useful later
in order to recover global estimates in the applications.
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Corollary 2.3 (Extension Result) Under the condi- +kolyp =0 in (0,L) x R, 3.1)
tions of Proposition 2.2, let V = (¢, ©, ¥, ¥V, w, W) P2 — bWy + k(px + 9 + lw)
be a solution of (2.9). Iffor some sub-interval (by, by) C Sk, =0 in (0, L) x RY, (3.2)
O, L) one has prwns — ko(wy — 1g)x + kl(gs + ¥+ [w)
||V||§1,b2 < A, for some parameter +kne =0 in (0,L) x RT, 3.3)
A=AV, G, B), (2.30) P30 — Y10xx + k1t = 0 in (0, L) x RT, (3.4
— _ — i +
then there exists a (universal) constant C > 0 such that pae = Voax +ka(wy —lg)e = 0 in 0, L) xR7, (3.5)
IVI§. . < CA+CIGIG, .- (2.31)
with initial conditions
Proof From (2.18) and (2.30), in particular for (b1, by),
we have ‘P(x’o) =(p0(x)a gof('x’o) Z(Pl(x)’
. . . w(x,()):wo(x), wl‘(x70)=w1(-x)v
Using (2.19) with a; = 0, ay = b, and (2.32) with S(x.0) = &
j = 2, we obtain (x,0) = Jo(x),
n(x,0) =no(x), x € (0, L), (3.6)

by
fo (Igx+ ¥ + 1wl + 10 + 1y + |92

+lwe — 1o + W) dx = C2 A+ C2IGI] 1.
(2.33)
where C» = C1Cp+C1 > 0. Analogously, using (2.19)

with a1 = by, ap = L and (2.32) with j = 2, we also
obtain

L

/b (10 + ¥+ 1wl + 1O + [y + WP

2

+lws —lpl? + W) dx < C2 A+ C2GI} .
(2.34)

Therefore, adding (2.33) and (2.34), there exists a
constant C > 0 such that

VIS, . < CA+CIGIG, ..
which completes the proof of (2.31). O

3 Asymptotic stability: thermoelastic system

In this section, we provide the stability analysis to the
partially damped thermoelastic Bresse system (1.1)-
(1.4). In order to work in a slightly more general frame-
work, we do not consider necessarily p3 = pa, y1 =
Y2, and k1 = kp asin (1.5). As we shall see in the com-
putations, they can be constants assuming different val-
ues. To emphasize this fact, let us rewrite thermoelastic
Bresse problem again as follows:

P1¢1u — k(px + ¥ +1w)x — kol(wx — 1)

and either Dirichlet boundary conditions

o, 1) =Y (x, 1) =wx,1)
=9%x,t)=nkx,t)=0, xe€{0,L}, t >0,
3.7)

or mixed Dirichlet-Neumann boundary conditions

<p(-xa t) == Wx(x’t) - wx(x»t)
=9(x,t)=nx,t)=0, xe€{0,L}, t >0,
3.8)

where physical meaning of the coefficients p1, p2, o3,
o4, k, b, ko, y1, 2, k1, ko, 1 > 0 are given in the intro-
duction.

3.1 Semigroup setting

Let us initially consider the Hilbert phase spaces

Hl:HleszHolxszHolezxszL2
for (3.7),

and

Hy=Hl x L> x H' x L? x H! x L2 x L? x L?
for (3.8),

with inner product

L
(U, Uy, 2/0 [01 ®D*

+ 02 W + oy WW* + b ¥
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+ k(px + ¥ +1lw) (@ + ¥* +1w*)
+ ko(wy — lp)(wy — lp*)
+p399* + pann*] dx, (3.9)

and induced norm

L
2 2 2
||U||H_,.—f0 (110 + o2l ]

+ oUW+ bl + klgx + ¥ + lw]?
+ kolwy — lg|?

+ |92 +p4|n|2]dx, (3.10)

for all U = (¢, ®, ¢, ¥V, w, W, %, n),U* = (p*,
OF, Y, W w*, W, 0%, p*) € H,i’ j=1,2.

Remark 3.1 It is worth mentioning that the bilinear
map (3.9) does define an inner product in H, whereas
in H» it is an inner product only if L/ # nm,n € Z.
Therefore, from now on it is implicit that, whenever
working with boundary condition (3.8), we are assum-
ing such a condition.

Denoting ¢; = ®, ¥, = W, w, = W,and U =
(o, @, ¥, ¥, w, W, ¥, n), we can convert the thermoe-
lastic system of second-order (3.1)-(3.8) into the fol-
lowing Cauchy problem

drr— 4.
{d,U_A, U, >0, 3.11)
U(0)=(¢o, @1, Yo, ¥1, wo, wi, Yo, no) := U,

where A; : D(A;) C H; — H;j is defined by

P

L (pe + ¥ + 1wy + 2w, —1p) - 4l y

W
k k
L+ 9 +1w) — &9,
w
8wy — o)y = B (e + v +1w) — 2,
%ﬂxx - %q’x
i By = 2 (We — 1)
UeDA, j=12,

b
E 1!/xx -

(3.12)

with domain

DD = U e My + g,y w01 € H? O H;
W, W e H(}} for (3.7),

and

D(Ay) = [Uem L. 0.0 € HY: @,
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Ve ws, O € Hls W, W e H,j} for (3.8).

Under the above notations, the existence and unique-
ness of a solution to (3.11) and, consequently, to (3.1)-
(3.8), reads as follows:

Theorem 3.1 ([24, Theorem 2.1]) Under the above
notations, we have:

(i) If Uy € H;, then problem (3.11) has a unique
mild solution

U e cY(o, ), Hj), j=1,2.

(ii) IfUop € D(A;), then problem (3.11) has a unique
regular solution

U e C°([0, 00), D(A})) N C'([0, 00), ),
ji=12.

@iii) If Uy € D(A;?), n > 2 integer, then the solution
is more regular

U e () C" (10, 00), D(A)), j=1.2.
v=0

Proof For the sake of convenience in future computa-
tions, we just sketch the proof presented in [24, Theo-
rem 2.1].

It is not difficult to check that 0 € p(A;), where
p(A;) stands for the resolvent set of A;, j = 1,2.
Also, a straightforward computation shows that A4; is
dissipative with

Re(A;U, U)y,

L
- —/ Y119, Pdx
0

L
—/ yalnc>dx <0, Ue DA, j=1,2.
0
(3.13)

Therefore, employing the Lummer—Philips Theo-
rem (see e.g., [26, Theorem 4.6]) we have that A is the
infinitesimal generator of a Cy-semigroup of contrac-
tions §;(7) := eAi' on H;, j = 1,2. Consequently,
the solution of (3.11) satisfying (i)-(iii) is given by

U(t)=eri'Uy, t>0, j=1,2.
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3.2 Main results

Our first main result asserts that problem (3.1)-(3.8) is,
in general, only semi-uniformly stable with the poly-
nomial rate depending on the regularity of initial data.
However, it is independent of the boundary conditions.
In any case, in accordance with (1.6), the asymptotic
stability will depend on the following number

X0 ‘= k — ko. (3-14)

Theorem 3.2 (Semi-uniform Polynomial Decay) Let
us assume that xo # 0 in (3.14). Then, for every inte-
ger n > 1, there exists a constant C,, > 0 indepen-
dent of Uy € D(A;") such that the semigroup solution
U(t) = eAi'Uy satisfies

Cy .
1Vl < 5 Woll gy, J=1.2, 100, (3.15)

In other words, the thermoelastic system (3.1)-(3.6)
with either boundary conditions (3.7) or (3.8) is (semi-
uniformly) polynomially stable with the decay rate
depending on the regularity of initial data.

In addition to Theorem 3.2, one can show that
the semi-uniform polynomial decay is optimal for the
boundary condition (3.8). This is proved for n = 1,
namely when initial data belong to the domain of the
operator. More precisely, we have:

Theorem 3.3 (Optimality) Let us assume that xo % 0
and take Uy € D(Ap). Then, the semi-uniform poly-
nomial rate 1/1‘1/2 obtained (3.15) is optimal, that is,
there is no constant vg > 0 such that

C
U, = ——IU0ollpay). t— +o0. (3.16)
t§+v0

In particular, the thermoelastic Bresse system (3.1)-
(3.6) with boundary condition (3.8) is not exponentially
stable if xo # 0.

As an immediate consequence of Theorem 3.3, we
deduce the next result.

Corollary 3.4 (Non-uniform Stability) Under the con-
ditions of Theorem 3.3, then system (3.1)-(3.6) with
boundary condition (3.8) is never uniformly stable for
initial data Uy € H,. More precisely, there is no pos-
itive function Y (t) vanishing at infinity such that

1U @)1+,

<CoY(t), YUy € Hy, t > +o00, (3.17)

where Co = Co(||Uoll74,) > 0is a constant depending
on Uy.

Proof Tt follows promptly from Theorem 3.3 and [9,
Remark 3.1]. O

Our fourth main result in this section deals with the
uniform (exponential) stability of system (3.1)-(3.8)
when the assumption on equal wave speeds is taken
into account.

Theorem 3.5 (Uniform Exponential Stability) Let us
assume that xo = 0 in (3.14). Then, there exist con-
stants C, w > 0 independent of Uy € H such that the
semigroup solution U (t) = eAi Uy, Jj = 1,2, satisfies

IU®ll; < Ce™ " IUoli3¢; t > 0. (3.18)

In other words, the thermoelastic system (3.1)-(3.6)
with either boundary conditions (3.7) or (3.8) is (uni-
formly) exponentially stable if xo = 0.

Corollary 3.6 The thermoelastic Bresse system (3.1)-
(3.6) with boundary condition (3.8) is exponentially
stable if and only if xo = 0.

Proof Immediately from Theorems 3.3 and 3.5. O

The conclusion of the proofs of Theorems 3.2 to 3.5
will be given at the end of this section. In what fol-
lows, we first introduce the needed machinery to this
purpose, namely, we provide some technical lemmas
with localized estimates employing the resolvent equa-
tion and then combine with the observability inequality
previously obtained for systems of Bresse type. Hence,
the proofs will follow from the general theory in linear
semigroup, see e.g., [6,13,17,19,25,27].

3.3 Technical results via resolvent equation

In this case, the resolvent equation associated with
problem (3.11) is given by

iBU —AjU=F, j=1,2, (3.19)

withU = (¢, @, ¢, W, w, W, 9, ), F = (f1, f2, /3,
fa, f5, fe» f7, f3) and A; defined in (3.12), which in
terms of its components takes the form

ife — @ = fi, (3.20)
iBo1® — k(px + ¢ + lw)x
—kol(wyx — l@) + kaln = p1 f2, (3.21)
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ipy — V¥ = f3, (3.22)
B2V — by + k(px + ¥ + [w)

+k19x = p2 f4, (3.23)
ipw—W = fs, (3.24)
iBo1W —ko(wx —lo)x +kl(px + ¢ +lw)

+kanx = p1 fos (3.25)
B3t — yivxx + ki = p3 f7, (3.26)
iBoan — Yanxx + ko(Wy — D) = py f3. (3.27)

Lemma 3.7 ([24, p. 63]) Under the above notations,
we have iR C p(A;), where p(A;) stands for the
resolvent set of A;, j = 1,2, given in (3.12).

Proof A proof by contradiction arguments can be
found in [24] (see e.g., p. 63 therein). Here, for the
sake of completeness, we present an alternative proof
involving direct arguments.

From Engel-Nagel [13, Proposition 5.8 and Corol-
lary 1.15], and taking into account that D(A;) is com-
pactly embedded in H;, j = 1, 2, then it is enough to
show thatif1; —A; is injective for every S € R, which
in turn is easily obtained by means of the resolvent
Eq. (3.19) (with F = 0) and the dissipativity (3.13).

Hence, iR C p(A;) as desired. O

Hereafter, to simplify the notations, we will use a
parameter C > 0 to denote several different posi-
tive constants in the computations below. As usual,
|| - |l stands for the norm in L?. Holder and Poincaré’s
inequalities will be constantly regarded, sometimes
implicitly in the estimates without mentioning them
to avoid so many repetitions, and also |B| > 1 large
enough can be taken w.l.o.g. in the estimates.

Lemma 3.8 Under the above notations, there exists a
constant C > 0 such that

1913 + lIne 13

< CIUIl, I Fling,. for j = 1.2. (3.28)

Proof Estimate (3.28) is a direct consequence of (3.13)
and (3.19). |

To the next results, we shall invoke some useful aux-
iliary cut-off functions in order to get localized esti-
mates. This allows us to work with both boundary con-
ditions at the same time without trouble with possible
boundary point-wise terms coming from integration by
parts.
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Let us consider [y € (0, L) and § > 0 such that
(lo —8,lp+6) € (0, L). Then, we set 51 € CZ(O, L)
satisfying

supp s1 C (lp — 8,1 +9),

0<six) <1, xe(0,L), (3.29)
and
si(x) =1 for
x € [lo—168/2,1p+68/2]. (3.30)

Remark 3.2 Anexplicitexample of such a cut-off func-
tion is given below.

0 if 0<x<ly—32,

671

e(x—(lo—58/2)*~1
si(x) =41

iflp—8<x<ly—2,

if lp—§<x<lo+3,

el

e(x—Uo+58/2))*~1
0 if lp+8<x<L.

if lo+3,<x<lp+38,

The geometric idea of s; can be seen, e.g., in [8] (see
Figure 1 therein). We mention that cut-off functions
have shown very effective for local estimates in Timo-
shenko systems, cf. [3-5,8,20]. However, as far as we
know, this is the first time they are employed in com-
putations for the Bresse system via components of the
resolvent Egs. (3.20)—(3.27).

Lemma 3.9 Under the above notations, there exists a
constant C > 0 such that

lo+§8
/ St|wy —lgolzdx
/!

0—38
< CIIUII £
= o H H
1B J j
+ ¢ Ine 21U 17, + ¢ IF |3
— 21Ul + — ,
1Bl T TR
lo+6 5 1/2
+C||7lx||2</ s1W| dx) . j=1,2.
lo—38

(3.31)

Proof From (3.20), (3.24), and (3.27), we have

iBpan — vanxx + iBka(wy — o)

= p4fs +ka(f5x —1f1). (3.32)
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Taking the multiplier kos;(wy — lg) in (3.32) and
performing integration by parts, we get

L
iﬁkokZ/ St|wy —l(plzdx
0

L
=y f s ho(y —Ig)) dx
0

=1

L
- J/sz/O s (wy — L) dx

L
+ops [0 s B (ay —Ig)) dx

=D

L
+ kops /0 51 fsGor —Tg) dx

L
+ kako /O $1(fsx — ) @n —Ig)dx.  (3.33)

Using (3.25),

L
I =iﬁV2,01/ sinxWdx
0
L —_—
- Vzkl/o S gn T 9 FTw) dx
L
—V2k2/ stlnel? dx
0
L JE—
+ 7201 / sinx fodx.
0
In addition, applying (3.20) and (3.24),
L —
L= —kop4/ [sinlc W dx
0
L —
—k()lp4/ sin® dx
0

L
kops /0 s =) dox.

Replacing these two last identities in (3.33), we obtain

L
iﬂkok2/ stlwy — lo|? dx
0

L
= iﬁyzplfo sineW dx + Iz, (3.34)

where
L
I =—V2k2/0 s1lne|* dx

L —_—
- VZkO/ Sinx(wx —lp)dx

0

L —
—kop4/0 [s1n]xWdx

L —
+kop4[ sin(fsx —Ify)dx

0

L —
+Vzp1/ s1Mx fedx

0

L —_—
= yzklfo s @x T 9 F Tw) dx

L —_—
+kop4/ s1fg(wy — lo) dx

0

L —_—
4 kako / $1(fs.x — 1)y — Ig) dx

0

L —
—kolp4/ sin®dx.

0

Using (3.28), the condition (3.29) about the function
s1 and the Holder and Young inequalities, there exists
a constant C > 0 such that
|31 < Clinxll20U N1, + Clinxll2 | Fll#;

+CIU I3, 1 Fllag, -
Going back to (3.34) and using condition (3.29) on s1,
we conclude

lo+6 )
1B stlwy —lo|~dx
lo—38

< CllUl; IFll3; + Clins 21U 12,
+ Clinall2 | F e,

lo+6
+C|ﬂI/ $116:11W] dx.
lo—38

Moreover, applying Holder and Young inequalities and
estimate (3.28), we obtain

lo+6
f St|wy —l¢|2dx
I

0—36
< S U IF I + S e lalU]
= = H H —Mx 2 H
1B / g /
+ SFe
1Bl M
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172
(3.35)

lo+35 5
+ Clinxll2 (/ s1W] dx>
lo—38

Lemma 3.10 Under the above notations, there exists
a constant C > 0 such that

lo+6
f W2 dx
I}

O

)
< %nmnznunw + ClUlIa, I1F 1,
+CIIF |3, + ﬁnvu%{j, (3.36)
forj=1,2.

Proof Taking the multiplier —sjw in (3.25), perform-
ing integration by parts, and using (3.24), we get

L
mf s1IW|* dx
0
L L
= kO/ s1lwy 7l<p\2dx+kol‘/‘ si(wy — lp)gdx
0 0

L . L
—p1 /0 ol fow + Whsldx + ’Bszo s (W + f5) dx

=14

L L L
—klZ/O s1|(p|2—kl/0 s;wderkz/O 1Y + lw)wdx

=I5
L L
—kl/ s1o(wy, — ) dx +k0/ si(wy —lp)wdx .
0 0

=lg

(3.37)

Using Holder’s inequality, there exists a constant
C > 0 such that

C
4] = ﬁllnxllzllUllHj

+Clinxll2lFlin; + CHU |l 1 F [l ;-
(3.38)

On the other hand, from Eqgs. (3.20), (3.22), (3.24),
it follows that
C
18I
for some constant C > 0.
Besides, applying (3.20), (3.24), and integration by
parts,

C
151 = oz WUy, + s I Wy (339)

Rels| < — U3,

<,
B2
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C 2
+——IIFI3,., (3.40)
g2 M

for some constant C > 0. Thus, taking the real part
of (3.37), using (3.38), (3.39), (3.40) and the condition
(3.29) on s1, we obtain

lo+6
/ s1/W%dx
lo—38

lo+68
SC/ s1|wx—lgo|2dx
lo—38

lo+36
+C/ stlwy — lollel dx
lp—38
c
18]
c
|B]
C 2 C 2
+ — Ul + —=51Fl5.,
AT TR

+ e ll2[|Ullx,

+ =20 Fllx; + CllU ;1 Flln;

for some constant C > 0. Using Holder’s inequality
and (3.20),

lo+6
f s1/W%dx
lo—38

lo+68
§C/ s1|wx—lg0|2dx
I}

0—34
C lo+6 1/2
—l——(/ Sl|wx_l(p|2dx> 1U I
1Bl \Jip—s !
C C
+ |F|||77x||2||U||Hj + ﬁ”ﬂtzHFHH,-

+CU I, IF I3,

+ e, + S
R AT TER

for some constant C > 0. Therefore, from Lemmas 3.8
and 3.9, using Young’s inequality, we conclude

lo+6
/ W2 dx
lo—§

C
< m”nx”Z”U”'Hj + CNU N, 1 F N,

+CIF I3, + 51U,

<,
1812
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Corollary 3.11 Underthe above notations, there exists
a constant C > 0 such that

lo+%
/ lwy — lp|* dx
I )

0—7
C
S R
18I
+CIFl,,

forj=1,2.

21U N1; + CHU N 1 E NI

(3.41)

Proof Combining (3.31) and (3.36), using the condi-
tion (3.30) on s1, Young’s inequality, and Lemma 3.8,
we obtain (3.11). |

Lemma 3.12 Under the above notations, there exists
a constant C > 0 such that

lo+8 C

2

/ stYxl”dx < —[[9x 21U In;
lo—6 1Bl

< <

18I 18I
Io+s 12

+C\|19x\|z(f sl\\lllzdx> L forj=1,2.
lo—6

’ (3.42)

+ Ul IF g, + I F N3y,

Proof Deriving (3.22) and replacing in (3.26), we have

iBkiVy = y10ux —iBp3d + ki f3x +p3f7.  (3.43)

Multiplying (3.43) by bs; v/, and integrating in (0, L),
we get

L
kb / sl P dx = b f
0 0

L
—iﬂ,o3b/ s19Y, dx
0

L —
s10xx Wy dx

L
+b /O s1lk1 fox + o3 11 dix.

Integrating by parts, using Eqgs. (3.22) and (3.23), it
follows that

L
iﬂklb/ st dx
0
L —
=i/37/1p2/ 510, W dx
0

L
—p3b/ s10,Wdx + I7, (3.44)
0

where

L
L=y / 10Tk on ¥ T T0) T K05 = pafaldx
0

L
— p3b‘/(; s10y f3dx
L —
— p3b/ s19 (¥ + f3)dx
0
L —
+b/0 silkr f3,x + p3 f7]¥x dx
L —_—
— ylb/O $10x ¥y dx.

From condition (3.29) on s, Holder and Young
inequalities, and Lemma 3.8, we have that

7] < ClIOxll20UlIm; + CIIFII%{]. + CllU I, 1 F NI »

for some constant C > 0 and for j = 1, 2. Therefore,
taking the module in (3.44), using Holder’s inequality
along with the condition (3.29) on s1, we conclude

lo+6 )
/ st P
I

0—36
< ¢ 1P l20U 19, + ¢ IFI3
= 2 H v .
Bl T TR
+ ¢ MUl I1F
Tar H; H;
18] ! !
lo+5 5 1/2
+C||z9x||z</ 511w dx) ,
lo—6
for some constant C > 0 and j = 1,2, conclud-
ing 3.42. O

Lemma 3.13 Under the above notations, there exists
a constant C > 0 such that

lo+6 c
2
f stV dx = —19x 21U 1%,
lo—8 18]
+CINU Nl 1 Fllw, + CIlFII%{_I.
9 2
+—5 U5, (3.45)
B2
forj=1,2.

Proof Multiplying (3.23) by —s11 and integrating on
(0, L), we have

L L
i / WP dx = — b [ ST dx
0 0
L —
+k/ s1(ox + ¥ + lw)y dx
0

L
+ / s1lkiy + po fal¥ dox.
0
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Integrating by parts, from (3.22) and (3.23), we have
that

L L
,02/ S|V dx = b[ st P dx
0 0

L
+b/ S\ dx + Iy, (3.46)
0

=l

where

L
o = k/ 510x + ¥ + [w)P dx
0

L

L
+/ s1k19y + p2 faly dx — Pl/ sV f3dx.
0 0

Performing some calculations, it is easy to check

lo+§8 5
Il < c/ st dx
[0—5

“‘7'”19 221U N#; + CHUN#, I F

+CIIF i3, + (3.47)

v 2
SVl
and

Rels| < — U7, + = I1FII3,,. (3.48)

¢ | ¢ I
1BI? 1BI?
for some constant C > 0 and j = 1, 2. Therefore, tak-

ing the real part of (3.46) and using (3.47), (3.48), it
follows that

lo+6 lo+6
/ S|P dx sc/ st dx
lo—§ lo -6

+—I|19 211U 1I9+;
I

+ ClIU Ny, | Flizg

+ CIFI3, + — U3,
H,; 1812 H;

(3.49)

for some constant C > 0 and j = 1,2. Using
Lemma 3.12, Young’s inequality, and Lemma 3.8, then

lo+§8
si[W P dx < —||l9 211U I,
/10—5 18I /

+CIU g, I F 1, + CIIF I,
C
+—— U3,
B2
for some constant C > Oand j = 1.2, concluding 3.45.

O
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Corollary 3.14 Underthe above notations, there exists
a constant C > 0 such that

/ll_j (12 + 19?) dx

Iﬂl 19x 120Ul 3, + CNU 3, 1 F 117 +CHF||H

+W||U|\§ij, (3.50)

forj =12

Proof Combining (3.42) and (3.45), using the condi-
tion (3.30) on s1, Young’s inequality, and Lemma 3.8,
we arrive at (3.50). |

Now, we consider another auxiliary cut-off function
52 € C%(0, L) satisfying

supp s2 C (lo — /2, 1o +8/2),

0<sx)<1, xe(0,L), 3.51)
and
so(x) =1 for x €[lp—38/3,1o+5/3]. (3.52)

A prototype of such a function can be considered in a
similar way as done for 51 in Remark 3.2. See also [8,
Figure 1].

Lemma 3.15 Under the above notations, there exists
a constant C > 0 such that

[0+§ 2
[ saloct v+t s
In—2%

lo+5
< Clpliko— | [ " salus —lol0]dx
I3

+ Clinxll21Ull3; + CllU |l

lo+ 12
/ lwy — lp|* dx
lo—5

+ ClIU I, I Fllag, + CIF I3, + |2 013,

(3.53)

1B

forj=12.

Proof Multiplying (3.21) by s; é—f@ and integrating on
(0, L), we get

L
kl / $2 frodx
0



Arched beams of Bresse type: observability 2381
L k2l L ,
= i,Bkl/ sod@dx - */ 55 (px + ¥ +lw)pdx
0 p1 Jo
2 L
K1t _ al f
__/ 52 + U + [w),Fdx o | ety I+ Tw)dx
pL Jo ok (L
kok> [* -= [52] dx
- s2(wy — lp)p dx P1 Jo el
P11 Jo L
+k fo fols271s dx. (3.55)

koki> (L _
+ sonp dx.
p1 Jo

Performing integration by parts and adding appropriate
terms, we have

K1 [k )
— | s2lex + ¥ 1wl dx
P1 Jo
L
= iﬂkf 52(—1 @)@ dx
0

kKt _
- — 52(¢x+1/f+lw)(pdx
r1 Jo

kokl? L _
/ s2(wy — lp)gdx
P1 0

kokl? /L B
- song dx
L1 0

+

L
+klf s2 frpdx
0
K21 (E —
+p—/ 2o + ¥ +lw)(Y +lw)dx. (3.54)
1 Jo

On the other hand, deriving (3.24), multiplying by
52 ﬁ@ and integrating on (0, L), we get

L
k/ $2 fox@ dx
0
L k L
=i.3k/ sHsWrgdx — *‘/ s2(ko(wy — lp)xx)pdx
0 L1 Jo
K L
+ 50 [Toato 4 v+ tu)pax
P1 Jo
kok [E _
+L/‘ $2Mxx @ dx.
r1 Jo

Integrating by parts and adding appropriate terms,

kKl L
—/ $2lgx + ¥ + ] dx
P1 Jo

L k L
— ik / Wl / ) ko(wy — 19)) @ dx
0 1J0

k L
+ & / sa(ko(wy — 19)) s dx
P1 Jo

Now, adding (3.54) and (3.55), we obtain

2k2 L
— 0210 + ¥ + lw|? dx
P1 Jo

L
=iﬂk/ 52 (Wy — 1D dx
0

=10
2k%1 (L, _
—— | sy(ex +¥ +1lw)gdx
P1 0
kokl> L _ kokl> L
+ s2(wy — lp)pdx — son@ dx
0 P1 0

L kok [E _
+ kI s2hedx — — nx 291 dx
0 P1 Jo
L
+k/ Sels2@lx dx
0

k L
X / sa(ko(wy — 19),)75 dx
P1 Jo

=11

k L _
+f[ 85 (ko(wy — 19))@dx
r1 Jo

=12

2621 (L
+7/ (ox + ¥ +1w)(Y +1w)dx (3.56)
1 0

Note that, from (3.20), (3.24), and integrating by
parts,

L
Io = —iﬂk/ s2(wy — lo)ddx
0
L o L o
+k/ $2(fs.x — 1f1)® dx +kf WlsaFil dx
0 0
L PR—
+kl/ so® f1dx.
0

In addition, again integrating by parts and using (3.21),

kok [* _
I =—— sy(wy — @)@y dx
L1
kok L —
+ — s2(wy — lp)Pry dx
r1 Jo
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kokl L o
+ — s2(wy — lp)wy dx

o1

L —
+iﬁko/ s2(wy —lp)®dx
0

k012 L -
+ — s2(wy — lg)(wyx — lg) dx

o1 Jo

kokal L
e / 52wy — lg) dx

P1 0

L
+k0/0 s2(wyx — o) frdx,

and
kok [
In=—2= | s5(ws —lp)pdx
o1
kok [*
s — 19)gy dx. (3.57)
P1
Replacing the three last identities in (3.56), we arrive
at
2631 (E

“— | salex + ¥ +1w|?dx
P1 0

L
= if(ko — k)/ s2(wy —lp)®dx + Iz + Lia + I1s
0

2k (L _
$2(0x + ¥ +Iw) (Y + [w) dx,
0

(3.58)

where

L L
113 :k/ Wisa fily dx +klf s:® f dx
0 0

L
+k/ s2(fsx — )P dx
0

kokl?

L L
/ sang dx + kl / 52 fr@dx
0 0

kok [E _
+ — Nx [SZ(@]X dx
pP1 Jo
kokal (L

L
+ k/ Sfels2@]y dx — —— so(wy — lp)ndx
0 P1 0

L
+k0/ s2(wy — 1) fe dx,
0

kokl?
Iy =

L
f $2(wy — lp)gdx
0

kok [E _
- so(wy — lp)pdx
pP1 Jo

kok L _
+— s2(wy — lp) Yy dx
o1 Jo
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kokl (L
+ i s2(wy — lp)wy dx
P1
kok L
- 55 (wy — lp)pdx
r1 Jo
kok L
_ 2 sh(wy — lo)gy dx
r1 Jo
Kt -
+— | s2(wy —lp)(wy —lp)dx,
P1 Jo
and
2671 (L, _
1152—7 S2(§0x+1ﬂ+lw)<pdx
0

Now, using the Holder, Poincaré and Young inequal-
ities, along with Lemma 3.8,

11131 < Clinx 211U 1

+CIU I Fllsg; + CIIF I3y, (3.59)

for some constant C > 0 and j = 1, 2. Additionally,
from condition (3.51) on s, and invoking again Holder
and Poincaré’s inequalities,

lo+% 172
1l = CIU I, <fl a |wx—z<p|2dx) . (3.60)

0=3
for some constant C > 0 and j = 1, 2. Moreover, from

(3.20), (3.22), (3.24), and applying Holder and Young’s
inequalities,

C
IRelis| < — U3,
812" T
C
+W||F||H,, (3.61)

for some constant C > 0 and j = 1, 2. Going back to
(3.58), taking the real part, using (3.59), (3.60), (3.61),
and condition (3.51) on s>,

lo+%
[ saloct v+t
/!

=3
lo+3
< CIBllko —k|/ 52wy — lg||®] dx
lo—3
+ CllnelalUlly, + ClU I,
losd 112
/ |wy —l(plzdx
lo—3
T CUI, IF g, + CIF I,

+ <o
g1zt M
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lo+3 k (L )
+cf 521y + ¥ + lwl[¥ + Il dx. + 2 | sale + 9+ Il da
107% P1 OL
k -
for some constant C > 0 and j = 1, 2. Finally, using _E /(; s2(fx + ¥ +Iw) (Y + lw) dx
(3.22),(3.24), Holder and Young’s inequalities, we con- —
clude that . -
kol _
s - — sy (wy — lp)pdx
lo+3 ) P Jo
/ , S2lox + o+ lwl"dx kol [ L
lo—3 + = sonpdx — / s2 frpdx. (3.63)
r1 Jo 0

lo+5
< Clpllo—K [ sl = tgl|@ldx
lo—3

+ Clinxll21Ull; + CllUlI1n;

lo+% 172
/ lwy — lo|*dx
l()*%

+ CIU I, IF g, + CIIF Iy,

+ i
112" T

for some constant C > 0 and j = 1, 2. This concludes
the proof of (3.53). O

Lemma 3.16 Under the above notations, there exists
a constant C > 0 such that

lo+$
/ . 52| @) dx

lo—3

lo+$
SClﬂllko—kI/I , S2lwy —lel|®ldx + CllU|Ix;
03

lo+5 172
/ |wy — l<p|2 dx
lo—

+ CllnelalU 7, + CIU N, I F e, + CIF I3,

c
+ an%j, (3.62)

forj=1,2.
Proof Taking the multiplier s> in (3.21), performing

integration by parts, using (3.20), and adding appropri-
ate terms, we get

L
/ 52| dx
0

L o k L
=—f szcbfldx+—/ $5(pe + ¥ + Iw)pdx
0 £1 Jo

=l

From (3.20), (3.22), (3.24), performing integration by
parts, and applying the Holder and Young inequalities,

C C
Rehel < 251Ul + 5l Flizg,. (3.64)

for some constant C > 0 and j = 1, 2. In addition,
using (3.22), (3.24), the Holder and Young inequali-
ties, and the condition (3.51) on s, we infer

lo+%
[117] SCf s $2|@x
i

0—7

C

+v +lw|2dx + W

2
U1,

C 2
+——|FII3, (3.65)
112" "M

for some constant C > O and j =1, 2.

Therefore, taking the real part in (3.63), using
Holder’s inequality, and employing (3.64)-(3.65),
Lemma 3.15, and condition (3.51) on 57, we conclude

lo+%
/ 52| dx
In—2
072
lo+$
< Clpilko k1 [ "ol = 1oll®lds
0—=2

o+ 12
+ClUll, (/ | lwx = l<o|2dx>

lo—$

+ Clinxll211Ull¢; + CllU Ml 1 Fll;

C
+CIFI3, + —= U3, .
Hi Tp T M

for some constant C > 0 and j = 1, 2, which proves
(3.62). O

Corollary 3.17 Let ¢ > 0 be given. Under the above
results, we have:
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(@) If xo # 0in (3.14), then there exists a constant
Ce > 0 such that

h+%
f o (lox+ v+ 1wl 4 |01) dx

m7§
< &|Ul, + CelBI'IFI,.

@ii) If xo = 0 in (3.14), then there exists a constant
Ce > 0 such that

(3.66)

h+%
f , (lox+ v+ 1wl 4 |01) dx
!

-3

< e Ul + CellF iy, (3.67)

Proof Let ¢ > 0. Adding (3.53) and (3.62), using
Young’s inequality with ¢ > 0 and conditions (3.51)
and (3.52) on sp, we obtain

8
0—3

lo+5
/I (lpx + ¥ +1wl* + |W[?) dx

lo+$
SCglﬁ\zlko—klzf | lwe —lpP dx + €l U3,

lo—3

lo+3 )
+Cs/ , we —lolmdx + Clinc 21U |l

lo—%5

C
+ ClUll; | Fllzg, + CI I, + 71Uy

for some constants C, C; > 0 and j = 1,2. Again,
using Young’s inequality, from Lemma 3.8 and | 8| > 1
large enough, we have

m+%
[ Gttt 4 1) ax

lo—3

m+%
< CelBPlko — k|2/ | lwe = lpPdx + €U,

lo—3

it} 2 2
C [, e = toPdx + CIFIR,, (3.68)

lo—5

for some constant C; > O and j = 1, 2.

Therefore, if xo # 0, thatis, kg — k # 0, we con-
clude from (3.41) and (3.68), using Young’s inequality
with ¢ > 0, and Lemma 3.8, that

lo+5
/ (lox+ v+ 1wl 4 WP dx
Il

0=3

< ellUly, + CelBIIF I,

for some constant C, > 0 and j = 1, 2, which proves
the desired estimate (3.66). Now, if xo = 0, using
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(3.41) and (3.68), Young’s inequality with ¢ > 0, and
Lemma 3.8, we obtain more easily

m+%
/ (lox+ v+ 1wl 4+ 0P dx

lo—5

< ellUl3, + CellFII3,,.

for some constant C; > 0 and j = 1, 2, concluding
the estimate (3.67). O

3.4 Conclusion of the proofs (completion)

From the previous sections, we have finally gathered all
ingredients to conclude the proofs of Theorems 3.2, 3.3,
and 3.5. For the sake of logistic, we are going to con-
clude initially Theorems 3.2 and 3.5, and then Theo-
rem 3.3.

3.4.1 Proof of Theorem 3.2

In this case, we have assumed yxo # 0. Thus, given
& > 0, employing (3.66) together with estimates (3.36),
(3.41), (3.50), and using Young’s inequality, we get

Ty < e|Ulyy, + CelBI*IF G, = A, (3.69)

for some constant C; > 0 and j = 1, 2, where we set
the notation

lo+3
o= [ (et v+ tup
ly—%

3
HIDP A+ (W l* + W+ [y — lpf* + |W|?) dx.
(3.70)

This is the exact moment where we employ the
observability inequality provided in Sect. 2 through its
consequence given by Corollary 2.3.

Indeed, from the resolvent Egs. (3.20)—(3.25) we
can see that V := (¢, @, ¢, ¥, w, W) is a solution of
(2.11)-(2.16) with G := (g1, 82, 83, 84, &5, 86) given
by

= 1, g=p1fa—kin g =/,
ga=p2fa—kivc, g5:= /5, 86 :=p1fe—kanx.
In addition, considering
by :=1lp—6/3 and by :=1y+5/3,

and taking into account the estimate (3.69), then we are
in conditions to apply Corollary 2.3, Lemma 3.8, and
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Young’s inequality, to arrive at

L
fo (lpx + ¥ + 1w + @ + |y |* + W

+ lwy — lp|* + [W|*)dx
< eCIUII3,, + CelBIMIFII3,,.

for some constants C, C, > 0 and j = 1,2. Again
from Lemma 3.8, we have

U3¢, < eCIUN,, + CelBIIF I,

and choosing & > 0 small enough we finally obtain

1GBIs — A~ Flizg, < CIBRIF I3, 1Bl — +oo,
(3.71)

for some constant C > 0. From Lemma 3.7 and (3.71),
we conclude by virtue of Borichev—Tomilov’s Theorem
(cf. [6, Theorem 2.4]) that

C
Il = 77 10llpeay, = oo,

for Uy € D(A;), j = 1,2, which proves (3.15) for
n = 1. The remaining decay rates in (3.15) follow by
using induction over n > 2.

This completes the proof of Theorem 3.2. O

3.4.2 Proof of Theorem 3.5

In this case, we have assumed yo = 0. Thus, given
& > 0, invoking now the estimate (3.67) along with

(3.36), (3.41), and (3.50), we have
s < ellUll3, + CellFll7y, = A, (3.72)

for some constant C; > 0 and j = 1, 2, where I% is
given in (3.70). Similarly as done before, applying the
Corollary 2.3, Lemma 3.8, and Young’s inequality, we
deduce

L
/0(|<px+w+lw|2+|<1>|2+|wx|2+|w|2
+lwy = lgl” + |WP)dx < eCllU I3, + CelI Fll3,,.
(3.73)

for some constants C, C, > 0 and j = 1, 2. Combin-
ing Lemma 3.8 and (3.73), we obtain

IUII3,, < eClUII,, + CelIF I3,
J J J

and taking & > 0 small enough, we conclude

1GBIa — A~ Fllg; < ClIFlin;.

|B| = 400, j=1,2. (3.74)

Therefore, using once again Lemma 3.7 and (3.74),
we conclude the exponential decay (3.18) through
the classical Gearhart—-Huang-Priiss characterization
of exponential stability of Cp-semigroups on Hilbert
spaces (see, for instance, [25, Theorem 1.3.2]).

The proof of Theorem 3.5 is ended. O

3.4.3 Proof of Theorem 3.3

Let us consider xo # 0 and fix Uy € D(A). In order
to prove the desired optimality, we shall argue by con-
traction.

Indeed, let us suppose that there exists a constant
vo > 0 such that (3.16) holds true. Therefore, by tak-
ingv = 2 — ﬁ € (0,2), we get the following
equivalent (to (3.16)) estimate

C
10O+, = ——I0ollpay, t — +oo.
{2—v
From this and equivalence coming from the Borichev
Tomilov Theorem, cf. [6, Theorem 2.4], there exists a
constant C > 0 such that

T B
Wﬂ(lﬁld — ) ey =€, 1Bl = Fo0.
(3.75)

On the other hand, if given a bounded sequence
(F)uen C Ho,wecanfindareal sequence (8),) yeN C
R, satisfying lim B, = +o0, such that

JL—>00

. 1 . -1
i I8l = A Fuls =+,

(3.76)
we conclude the desired contradiction with (3.75).
In what follows, we are going to proceed with the

proof of (3.76). W.l.o.g. let us take L = 7 and consider
F,, € Hj as

1
Fu(x) = <O, —sin(ux), 0, 0, 0, 0, O, 0), u e N.
01

Then, F;, € H> and since iR C p(A), let U, €
D(Ay) be the solution of the resolvent equation
(ilguld - -AZ)UM = F,u.

& Uy = (iBula — A) " Fy. (3.77)
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Rewriting (3.77) in terms of its components, where
denoting U, := (¢, @, ¥, ¥, w, W, ¥, n)and B, := B
to simplify the notations, we get

iBp— @ =0,

iBp1® — k(py + ¥ +1w)y — kol(wy — l9) + kaln = sin(ux),
ipy — W =0,

B2V — by + k(px + ¥ + lw) + k19, = 0,

iBw—W =0,

iBorW — ko(wx — l@)x + kl(px + ¥ +[w) + kany = 0,
iBp3® — y10xx + k1 Wy = 0,

iBoan — yanxx +ka(Wy — 1) = 0.

From the first, third and fifth equations of the above
system, we can consider the following reduced system
in terms of ¢, ¥, w, ¥, n

— Bp1p — k(gx + ¥ + lw)y — kol(wy — lg) + kaly = sin(ux),
— B2o2 — brex +k(px + ¥ + lw)+

— B2 p1w — ko(wy — 19)x + kl(px + ¥ +1w) + kane = 0,
iBp3V — y19xx +ipkiyx = O,

iBoan — yanxx +iBka(wy —lp) = 0. (3.78)

This is the precise moment where we need to work
with boundary conditions (3.8). In fact, due to the sym-
metry of the above system in compatibility with the
boundary conditions, we can look for solutions to (3.78)
of the form

¢ = Asin(ux), ¥ = Bcos(ux), w = C cos(iux),
¥ = Dsin(ux), n = E sin(ux), x € [0, 7],

where A = A, B=B,,C =Cy, D =D, and
E = E, will be determined later.

In this way, to solve (3.78) is equivalent to find a
solution (A, B, C, D, E) for the algebraic system

(—B%p1 + kii* + kol ) A + kB + (k + ko) uC + kol E =1,
kA + (—B2p2 + bu + k) B + kIC + kyuD =0,

(k + ko) LA + kI B + (=% p1 + kop? + kI*)C + kot E =0,
—ipkiuB + (iBps + yin*)D =0,

—iBkal A — ikopC + (iBps + yau®)E =0.
(3.79)
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We denote the matrix of coefficients in (3.79) by

Py kp  (k4+ko)lw 0 kol
ku P kl kinw O
M= (k+ko)lu ki P 0 kou
0  —ifkiw O P 0
—ifkol 0 —ifkon 0 Ps
(3.80)
where
Py = —B%pi +kp? + kol?,
Py =—p2pr +bu® +k,
Py = —B%p; +kop? + k1%, (3.81)

Py =iBp3 + y1u?,
Ps = iBps + you?,

are functions of 8. Recalling that our goal is to evaluate
the behavior of
1GBla = AD) ™ Fullpy. 1 — +o0,

let us note that

k1o, =10

1GBla — AD) " Fullgy, = 1Ukli3g, = mII®II3
b
= pulBIlgl3 = S pilBIPIAP.

Thus, we should evaluate the behavior of A when
 — +oo. For this, using Cramer’s Rule, we have
det M,
= detM’
where

(3.82)

1 kpn (k+ko)lu 0 kol
0 P kl kiw 0O
0 ki P3 0 kyu
0 —iBkii 0 Py 0
0 0 —ifkauw O Ps

Then, a simple calculation shows that

M| =

det M = Py Py P3Py Ps — k> i> P3Py Ps
— (k + ko)*I* > Py Py Ps + iBk3 ju* Py Py Py
+ iBkIu* Py Py Ps — Bk k3 Py
— iB(k + ko) k31> 1u* Ps + iBk31* Py P3 Py
— 2iB(k + ko)k3 12> P, Py
— iBK* Ut Py + 287 (k + ko) K31 1
— BA3I31 12 Py
+ 2(k + ko)k21% 2 Py Ps
— K212 Py Py Ps + 2iBK I3 12 1% Py — iBK K31 Py.
(3.83)
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and
det M| = P,P3P4Ps5 + iﬁk%Pszt + iﬂk%,u,2P3P5
— B2kt — k> Py Ps. (3.84)

Now, choosing the sequence (B)uen C R* such
that

1
Bu = \/p—(ku2 + kol — B), (3.85)
1

where E is a constant to be determined later, we get
det M # 0 and det M| # O,

for u > 0 large enough. In addition, note that det M
and det M are polynomials in the variable u of degree
< 10 and degree < 8, respectively. Our intention is to
reduce the degree of det M without interfering in the
degree of det M. Indeed, from (3.83) and (3.85), we
can analyze the first three terms of det M, which have
a higher degree,

P Py P3Py Ps — k> iu” P3Py Ps
— (k + ko) 1> % Py Py Ps
- <P1 PyP; — kK212 Ps

—(k + k0)212M2P2> Py Ps.

From (3.81) and (3.85), we have

—

P

s

Q%wf+k—£%d?+
P1 P1

Py = (ko — k) + (k — ko)I> — E.

P2 o
L1

P,=|b-

Now, in view of xp # 0 in (3.14) and keeping in
mind (1.5)-(1.6), we get

k#ky — IE#£IG «— b=k
)

Then, by setting x := b — %k, we also deduce that
x # 0, and thus

PiPyP3 — K2 U Py — (k + ko) 121> Py
~ 01,u4 ~|—02/L3, 01,00 >0, u — +o0,
where
a1 = XX0E =k xo = P(k + ko)’ x.
Therefore, we pick up
k*xo + 1>k + ko) x
X X0 ’

in the sequence (8;,)en C R given in (3.85), yields

det M %03117, 03 >0, u— 4oo,

det M, %04;18, o4 >0, u— +o0o.

From (3.82), we get

[Aul = osp, o5 >0, u— +oo.

Therefore,
1GButa — A2~ Fullgy, = 1ULl3,
T
> —p11BulP1Au? = +oo, w— +o0,  (3.86)

2
which implies

1Bl 2B ls — A) " Fullm,
/g _
> EMWVWMHMWK%>Qu++w
that is,
lim ——|(iB, 1y — Ay~ 'F, = +o0.
oo |,3|2_U ”(lﬁu ¢ — A2) ,u”'Hz +

This completes the proof of (3.76), which provides the
desired conclusion on optimality.
In particular, going back to (3.86) one sees that

. : R
MEIEOO 1GBuda — A2) ™ Fullm,

= lim ||U = +00,
im Uyl =+

which ensures the lack of exponential stability of the
Co-semigroup {eAZl YonHs if xo # 0O, cf. [25, Theorem
1.3.2]. Hence, the semigroup solution U (¢) = At Uy
is not exponentially stable as well.

This finishes the proof of Theorem 3.3. O

4 Concluding remarks

Letus consider some final remarks on Theorems 3.2, 3.3,
and 3.5 as follows, by clarifying the novelties of this
work. We also express some brief comments on the
linear physical modeling as well as on the connection
with nonlinear-related systems.

L. Polynomial stability. The semi-uniform polynomial
decay rate

1 n/2
<;> , neN, 4.1

@ Springer
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achieved in (3.15) for Uy € D(A;") and x¢ # 0 is the
same independently of the boundary conditions (3.7)
(j = 1) or (3.8) (j = 2). Therefore, in both cases
w.r.t. boundary conditions, Theorem 3.2 constitutes an
improvement in the stability result [24, Theorem 4.1]
where the slower decay is obtained for n € N:

1 t n/8
Int (%) for (3.7),

In £\"*
Int (T) for (3.8).

Moreover, since the semi-uniform stability (4.1) is
the same whatever boundary condition is taken into
account, then Theorem 3.2 gives the precise answer to
the issue raised in [24, Remark 4.1] on the faster decay
rate for (3.8) than that one for case (3.7).

II. Optimality. Besides improving and clarifying the
statements in [24, Sect. 4.1], Theorem 3.3 states what
is the optimal polynomial decay rate in (3.15) for
Uy € D(A3), namely, (4.1) for n = 1. In particu-
lar, the proof reveals us the lack of exponential sta-
bility as well as it prevents any other uniform decay
patterns (Corollary 3.4) when xo # 0. Unfortunately,
since the technique employed in the proof of Theo-
rem 3.3 requires compatibility between the symmetry
of the system and boundary conditions, the optimal-
ity only works for the mixed boundary condition (3.8).
An analogous approach does not work well for (3.7).
However, due to the conservative nature of both bound-
ary conditions, one might expect the optimality in case
(3.7). This fact is still open.

III. Exponential stability. Although Theorem 3.5 is
already proved in [24, Theorem 3.1] when xo = 0,
here we consider it as a complementary result by the
simple fact that it can be extended to any other bound-
ary conditions, some exemplified below. Indeed, the
main advantage of computations provided in Sect. 3.3
relies on the fact that all localized estimates are given
by means of auxiliary cut-off multipliers, and no further
information on boundary point-wise terms is required.
This is quite different from the proofs by contradictions
arguments presented in [24, Sect. 3], see for instance
on pages 63-64, wherein the case of the boundary con-
dition (3.7), the convergence of boundary terms must
be analyzed in (3.26) therein.

@ Springer

1V. Boundary conditions. It is worth mentioning again
that all local estimates in Sect. 3.3 are independent of
any boundary conditions. As a consequence, no bound-
ary point-wise terms must be handled and the proofs
as in Sect. 3.4 will follow in the same way. Hence,
the polynomial and exponential stability, namely, The-
orems 3.2 and 3.5, respectively, can be similarly repro-
duced for other boundary conditions. Among them, we
highlight the following where the existence result holds
true.

px, 1) = Yx(x, 1) = wlx, 1) = F(x,1)
:nx(xst)zos XE{O,L}, IZO,
(p(-xa t) = w(-xv t) = wx(x»t) = ﬁx(xa t)
=n(x,t) =0, xe{0,L}, t >0,
(p(xv t) = W(-xv t) = w(xv t) = ﬁx(xv t)
=nx(x, 1) =0, x€{0,L}, =0,
ox(x, 1) =Y (x, 1) =wx, 1) =(x,1)
=nx,1)=0, xe{0,L}, >0,
‘px(x’ t) = W(-xa t) = U)(.x, t) = ﬁx(x»t)
:nx(x5t):()a XE{O,L}, t207
ox(x, 1) =Y (x, 1) =wx, 1) =0(x,1)
:r}x(-xat):()v XG{O,L}, tZO,
ox(x, 1) =Y (x, 1) = wx, 1) = x(x,1)
=nx,1)=0, xe{0,L}, >0,
and variations so on. Moreover, any other mixed bound-
ary conditions such as Dirichlet (or Neumann) at x = 0
and Neumann (or Dirichlet) on x = L can be also con-

sidered provided that the existence (in particular the
dissipative condition (3.13)) is satisfied.

V. Invariance. Under the above statements, one sees
that Theorem 3.2 (for xo # 0) and Theorem 3.5 (for
xo = 0) are invariant with respect to boundary condi-
tions linked to the thermoelastic Bresse system (3.1)-
(3.5). We recall that (3.1)-(3.5) represents the Bresse
system with temperature deviations along the longitu-
dinal and vertical directions, here with couplings on
the axial force and bending moment as a first case. In
addition, we advance that in the next two forthcoming
works of the trilogy the analogous results (to Theo-
rems 3.2 and 3.5) will be proved for Bresse systems
with thermal couplings on the shear force and bend-
ing moment (second case) and also on the shear and
axial forces (third case). Therefore, we will be able to



Arched beams of Bresse type: observability

2389

conclude that the results on polynomial and exponen-
tial stability of the whole three cases are invariant not
only under the boundary conditions but also under the
thermal couplings on two displacements of the system.

VI. Physical setup. We also stress that a deep physical
setting (including visual interpretations) of the three
aforementioned thermoelastic couplings, namely,

e axial force and bending moment (related to prob-
lem (1.1));

e shear force and bending moment (coming case);

e shear and axial forces (final case);

will be provided in the last related paper of the trilogy,
where a precise justification of the linear thermoelas-
tic models will be made by means of constitutive laws
in mathematical-physics. To this purpose, we shall use
the theory developed by [22,23] in combination with
the classical Bresse model, see [7], whose governing
equations are very well-known, see for instance [28,29]
(Egs. (1.1)—(1.3) therein), among several others. For a
nice picture describing the variables of the Bresse sys-
tem, we refer to [10, 14] (Fig. 1 therein).

VII. Nonlinear generalizations. As we know, the linear
thermoelastic Bresse systems can be derived by them-
selves with no mention to a more general nonlinear
configuration. However, as mentioned in the introduc-
tion the thermoelastic problem (1.1) (among others)
can also be seen as a linear system coming from more
general nonlinear settings. Indeed, relevant nonlineari-
ties could appear in the modeling of thin thermoelastic
curved beams when forces like twist and warping are
taken into account. For example, in [22, Sects. 3-5]
a list of nonlinear thermoelastic Bresse beams is pre-
sented along the sections under several situations. See
also [23, Chapt. III]. Therefore, potential generaliza-
tions of (1.1) include nonlinear problems that could be
studied by regarding a more refined nonlinear analy-
sis on the dynamics of solutions. Other ways to con-
nect problem (1.1) with nonlinear thermoelastic Bresse
systems is to consider a similar approach as in [14].
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