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1. Introduction

In the recent approaching by Gomes Tavares et al. [10], supported by the relevant physical deployment
in Balakrishnan & Taylor [4], and motivated by the work of Emmrich & Thalhammer [8], the authors have
considered the following class of extensible beams with nonlocal Balakrishnan-Taylor and frictional damping
in a bounded domain Q C R", n > 1,

ugs + A%u — BJr*y/ \Vuldz + 6 |®(u, u)| 9> ®(u, uy) | Au+ wug + f(u) =h in QxRY, (1.1)
Q

with corresponding clamped boundary and initial conditions, where

D(u, uy) := /Vu -Vupde = —/Auut dx. (1.2)
Q Q
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As explained by the authors, when n = 1 the model (1.1) corresponds to transversal deflections of an
extensible beam with length 2L, which means to take e.g. Q = [—L, L] (cf. [4]). Additionally, the authors
prove the existence of global and fractal exponential attractors for the dynamical system corresponding to
(1.1) by exploring the global L%-regularity (¢ > 2) in time of the nonlocal Balakrishnan-Taylor damping
term coming from ¢ \(I’(u,ut)\q_Q O (u,ut)Au with ® given in (1.2), cf. [10, Section 3]. Among all tools
employed in [10], we highlight three important ones when dealing in bounded domains 2 C R™, say with
finite measure || < oo,

(a) Technical estimates with upper bounds depending on ||~ everywhere;
(b) Poincaré’s inequality;
(¢) Compactness properties when dealing with Sobolev spaces over bounded domains.

In the same spirit in what concerns Balakrishnan-Taylor extensible beam (still combined with viscoelastic
Kirchhoff wave) problems in bounded domains 2 C R™ (|2| < o0), there are several works dealing with
stability and long time-behavior of solutions by assuming additional full frictional or viscoelastic damping,
see e.g. [4,5,8,9,16,18,22,23,25] just to name a few. Since the additional full damping represents a kind of
extra damping to the system, then the asymptotic or/and long-time results for the system in turn are quite
expected in the current literature.

In the present paper, we are concerned with a Cauchy problem related to the semilinear extensible beam
model (1.1) under localized frictional effects, namely, we consider the following Cauchy problem in R™:

q—2

wge + APu A+ Au — 5+’y/|Vu|2dx+(5 /Vu-Vut dx /Vu~Vutdx Au (1.3)
R~ R~ Rn

+a(z)us + f(u) =h(z) in RT xR,
subject to initial data
U(O,IE) = uO(w)a ut(ov‘r) = ul(x)v r € R", (14)

where 8 € R, \,v,0 > 0, ¢ > 2, h(z) is an external force, a(z) is a localized function in R™, and f(u)
is a nonlinear source term of lower order, whose assumptions will be properly given in Section 2. In order
to simplify the notation as previously set in (1.1)-(1.2), we define the following representation to be used
throughout this paper

T (u, uy) == /Vu -Vupde = — / Auuy dz, (1.5)
R™ R™

where the second equality in (1.5) is formally considered. However, it holds true for strong solutions as
presented in the existence theorem (Section 2).

To our best knowledge, there is no approach on the dynamics concerning (1.3)-(1.4). It is worth mentioning
that the results presented in [10] are no longer valid here for several reasons. Among them, we notice that
one looses some useful compactness properties for functional spaces over the whole space R™ and stress that
conditions the (a)-(c) aforementioned can not be employed in the present framework, even if we consider
full frictional damping in (1.3) i.e. a(x) = k& > 0 in R™, which is not the case to be considered (see
Assumption 2.1). Therefore, our main goal is to address the long-time behavior of the dynamical system
corresponding to (1.3)-(1.4). To this purpose, we rely on a similar approach as given in [1,2,21], and provide
a new unique continuation property for extensible beams that has been essential to ensure the gradient



S. Yayla et al. / J. Math. Anal. Appl. 494 (2021) 124620 3

and asymptotic smoothness properties for the related dynamical system. These statements are new for the
Cauchy problem related to Balakrishnan-Taylor extensible beam models, namely, (1.3)-(1.4) which in turn
can be considered as mathematical extension of (1.1) placed in the whole Euclidean domain R™.

In what follows, we are going to deliver the state of the art as well as the main novelties of the present
work when compared to previous literature related to (1.3)-(1.4).

We start with models in the absence of extensible parameters, mainly in the case 5 =~ =3 =0 in (1.3),
which in turn becomes to the simplified semilinear plate model:

wy + A%u+ A+ a(x)ug + f(u) = h(z) in RT xR (1.6)

With respect to asymptotic and long-time behavior of (fourth order) plate equations like (1.6) (and similar
models) approached in unbounded domains with localized and nonlocal damping terms, we refer e.g. [1,
2,11,12,14,15,17,21,24] and references therein. For the sake of brevity, we do not mention (second order)
wave models with localized damping in unbounded domains. As well as for wave problems, for these sort of
plate models with localized weak damping (1.6) posed in R™, there is also a considerable stability theory
under proper assumptions on both the nonlinear source f(u) and localized damping coefficient a(x). See,
for instance, [2,12,14,21], among others.

To clarify the ideas, one sees for example in [2,21] that an important property in the study of asymptotic
and long-time behavior of solution for (1.6) is the property so-called Unique Continuation Property (UCP
for short). More precisely, in [21] the authors prove the exponential stability of energy for (1.6) in the
homogeneous case h = 0. Due to the lack of UCP for weak solutions of (1.6) with non-smooth coefficients,
the authors appealed to a combination of techniques from [7,12,26] by using the sequentially limit transition
argument, point dissipativity property for the semilinear plate equation and suitable energy estimates. More
recently, in [2] the authors prove the UCP for the weak solution of the plate equation with the low regular
coeficient. As a consequence, they handle with global attractor for a semilinear plate model with localized
damping encompassing (1.6). Nevertheless, the UCP proved in [2] can not be applied to the Balakrishnan-
Taylor model (1.3) due to its nonlinear extensible terms (y,0 > 0). Therefore, to overcome this situation,
our first main objective is to prove the UCP for an extensible beam model and, with the crucial help of the
Balakrishnan-Taylor damping term, we apply the UCP to reach the properties for the associated dynamical
system and, consequently, to prove the existence of a global attractor as well. As far as we know, there are no
results in this direction for the Balakrishnan-Taylor extensible beam model (1.3)-(1.4) posed in unbounded
domains. In Sections 3 and 4 we present the precise results and details on these statements. Moreover, as
we also explain in Appendix A, the Balakrishnan-Taylor damping term —d | Y (u, u¢)|? > Y (u, u;) Au alone
(a = 0) is not enough to produce the desired results on stability nor long-time behavior. Hence, the additional
localized damping term a(x)u; (a(x) > ap > 0 only a portion of R™ (see Assumption 2.1) is regarded as
a minimum amount of localized damping in order to study the long-time dynamics of the regarded model
(1.3)-(1.4). On the other hand, in the lack of the Balakrishnan-Taylor damping term (§ = 0), equation (1.3)
is handled in [1] by assuming that the a(z) > ag > 0 for all x € R™. Hence, when the weak damping is
efficient only in a portion of R” and § = 0 in equation (1.3), existence of the global attractor is still an open
problem. In this paper, we weaken the strict positivity assumption of [1] imposed on «(z) with the help of
the Balakrishnan-Taylor damping term.

Based on the above statements on plate equations in unbounded domains as well as on extensible models
in bounded domains, we highlight that our main results (Proposition 3.1 and Theorem 4.1, respectively,
in Sections 3 and 4) constitute a generalization/extension of the results presented in [2,10,12,14,21] to the
setting of long-time dynamics for the Balakrishnan-Taylor beam model with localized weak damping in R™,
which has not been approached in the literature so far. For the sake of completeness, we also consider the
Hadamard well-posedness of problem (1.3)-(1.4) in Section 2 and conclude this work with some remarks in
Appendix A.
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2. Well-posedness

In this section we discuss the well-posedness of problem (1.3)-(1.4). The existence and uniqueness of
global solution is based on theory of Cy-semigroups of linear operators, see e.g. Cazenave [6] and Pazy [19].
We start by fixing some notations and assumptions that shall be used throughout this paper. The spaces
LP(R™) stand for p-Lebesgue integrable functions with norm

el g :/|u(z)|pdx, w e LP(R™),
R’n

and W™P(R™) denote well-known Sobolev spaces. In particular, if p = 2, then L?(R") is a Hilbert space
and W™2(R™) := H™(R™). We set the following Hilbert phase space to the solution trajectories

H = H*(R™) x L*(R™),
equipped with the following inner product
((u,v), (W,0)) gy = /AuAide +A / uudx + / vodx
R~ R~ Rn

and norm
1w, )3 = ||AUH%2(R”) + )\||U||%2(]Rn) + ||'U||i2(]R”)7

for all (u,v), (w,v) € H. We also set the energy function E(t) := E(u(t),us(t)) associated with problem
(1.3)-(1.4), namely,

B(®) = 510 @) + S1TuO gy + IV Eaqary + [ (Fu(®) ~ hu()]dz, (21)

T2
R~

where F' (s) = [ f (1) dr is the primitive of f.

C—u

Assumption 2.1. With respect to the coefficients A, 3,6, , the exponent ¢ and the functions o, h : R™" —
R, f:R — R considered in (1.3)-(1.4), we assume the following hypotheses:

BER, N\ 6,v>0, ¢g>2, heL*(R"), (2.2)
a€ L°R"), a(z) >0 a.e. z R, (2.3)
a(x) > ap > 0ae in {z € R": |z| > ro}, for some ¢ > 0, (2.4)

f € CHR), f(0) = 0 and there exist constants C,Cy > 0 and C; € (0, \) such that

1 ’ _1 pz 1 if 1 §n§4,
Cols|P™ ' =C1 < f/(s) < C(1+s|""), Vs€eR, where (2.5)
1<p< -2 if n>5.

n
n—4

Remark 2.1. The geometric idea of condition (2.4) in the bi-dimensional case is presented in Fig. 1. Addi-
tionally, from (2.5) one can derive the following additional inequalities
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Fig. 1. Idea of assumption (2.4) in R2?, where o can vanish in the ball B(0,7¢) := {z € R? : |z| < ro} for some radius ro > 0
that can be large enough.

%|5|IDJr1 —C15° < f(s)s < C (s> +[s|PT), Vs€eR, (2.6)
p(pci 1) s = %52 S F(s) C(s* +[s]"™), VseR, (2.7)
fls)s—F(s) < 7%52, Vs eR. (2.8)

2.1. Nonlinear semigroup setting

Let us rewrite problem (1.3) — (1.4) as a first order equation. Denoting the vector-valued function U =
(u,v) with v = u, the problem (1.3)-(1.4) can be rewritten as the following abstract initial value problem

d
—U(t)=AU(t)+ (U(t)), t>0,
LU = AU+ S(U () (2.9
U(0) = (u(0),u; (0)) = (uo, u1) := U,
where A : D(A) C H — H is the linear operator
— v _ g4/mn 2/mn
AU) = A%y | UeD(A)=H*(R") x H*(R"), (2.10)
and ® : H — H is the nonlinear operator
o (U) = 0 (2.11)
T B = f () + BAU+ || Vull gy Au+ E(U) Au— o (z) v '
with
q—2
EU)=9¢ /Auvdm /Auvdm = 5|7 (U)]72T(U),
Rn R~

for U = (u,v) € H, where the notation Y(U) is introduced in (1.5).

Under the above assumptions and notations, we have the following Hadamard well-posedness result.

Theorem 2.1. Let us consider Assumption 2.1 into account. Thus, we have:
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(1) If Uy = (ug,u1) € H, then there exists Tyax > 0 such that problem (2.9) has a unique mild (weak)
solution U € C ([0, Timax); H) given by

t
U(t) = eMUy + / eA=DB(U(s))ds, t € [0, Tmax)- (2.12)
0

(#7) If Uy = (ug,u1) € D(A), then U is a regular (strong) solution of (2.9), with U € C ([0, Tiax); D(A))
and ug € C ([O,Tmax]; L2(R")).

(#4i) In both cases, we have that Tyax = +00.

(iv) If UL = (ul,0!),U% = (u?,0v?) € C([0,00); H) are two (weak or strong) solutions of (2.9) with initial
data U} = (ud,v}), U8 = (uo,vo) € H, respectively, then

|Ut(t) - U*@®)]],, < L||Uy - Us teRT, (2.13)

e

where L = L(|Ug ||, |U|1n)-

Proof. (i) — (ii) We first prove that A : D(A) C H — H given in (2.10) is the infinitesimal generator of a
Co-semigroup of contractions e*. In fact, taking arbitrary U = (u,v) € D(A), we have

Re (AU, U)o 9 = /AUAudx + /\/vudx + /(—A2u — \u)vdx = 0.
R~ R~

Which shows that A is dissipative. On the other hand, it is also easy to see that

R(I-A)="H,
where R(I — A) stands for range of the operator I — A. Therefore, from Lummer-Phillips Theorem (see e.g.
[19, Chapter 1]), A is the infinitesimal generator of a Cy-semigroup of contractions e’ in H. In addition
® : H — H is locally Lipschitz continuous in 4. Indeed, let us first define

Let R >0 and Ul = (ul, o), U? = (u?,v?) such that ||U||%, ||[U?||x < R. Then, from (2.11), we infer

() = Uy = U = MO ey = sup | [0 =10 e (2.1)

||wHL2(1R")§1

In what follows, we shall give proper estimates on the right hand side of (2.14). Given w € L?(R"), adding
and subtracting the terms 7||Vu1||%2(Rn)Au2 and Z(U')Au? in the expression II(U') — II(U?), we denote

1, (2.15)

/[H(Ul) ~ () Jwda| =

Rn

where

Il = / |:5 -+ ’YHVU}H%Z(R”)} (Aul — A’LLQ)U)dZ',
Rn
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I = ’Y/ [HVUJIHQLQ(R") - ||VU2||2L2(Rn)] Avtwdz,
Rn
I3=9¢ / Z(Uh (Aul — Av?) wdz,
Rn
T, = 5/ [2(UY) - E(U?)] Avlwdz,
Rn

Z = [ [£) - f(u)] wda,

Rn
Is = /a(x)(v2 —vHwdz.
Rn
Thus, it remains to estimate the terms 7y, ..., Zg. Firstly, using interpolation theorem, there exists ¢ > 0

such that
IV 2y < 0 | 1AW 2 gy + M/ [Faqgey | < ollU7 I, for i =1,2.
In order, the term Z; can be estimated as follows
T2l < [ 1814+ 2V e | 180! = A2y ]l 2y

< [ 18I+ el U5 ] 1" = U lallwll L2 e
< [181+7eR? [ U = U|llwll 2 rn) -

Using that a? — b = (a — b)(a + b) we can estimate Z, as follows

Tl < 7| 196 12y = IV

||AU2HL2(R")||w”L2(R")

<y [IVul|lL2@ny + [|VE® || z2@®n) ] VU = V|| 2@y | Au?|| L2y
<o [Tl + 10l ] U = U2l | U ||| 22

< 290R*| U = U?|l]lwl| L2 m)-

wHLZ(]Rn)

The term Z3 is estimated by

-1
6 [ ||Au1||L2(]Rn)||vl HL2(Rn) ]q ||Au1 - Au2‘|L2(Rn) ||w||L2(]Rn,)
SRAV|UY = U3 |w]] 2 (-

|Z5]

IN

IN

Now, let F' € C(R) be given by F(s) = |s|972s. From the Mean Value Theorem, one can easily prove that

|F(01) — F(d2)] < 2207 (g —1) [|[91]972 4+ [92]972] [91 — Vo, 01,02 € R.

Then, taking ¥; = Y(U") = — / Avividz, i = 1,2, we have
R~

Za] < 22079 (q = 18 [0 + Y]] 1O = YO A0 2y o] 2o

where
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-2 —2 _
ITOH* + W] < A | ze@mllot |z @ny 1972 + [ AW 2oy 02 2Ry 19
< 2R*4-2),

Using that T(U') — T(U?) = f/ [(Au' — Au®)v' — Au? (v! — v?) ] dz, we have
R~

|T(U1) - T(U2)’ < |Aut - Au2||L2(R")||UlHL2(R") + ||Au2||L2(]R")||U1 - v2||L2(]R")
<2R||U' — U?||3.
Thus, the term Z, can be estimated by
2(q—1
Za] < [V2R]* ™V (g = 1)U = U |efjw] 2

From Mean Value Theorem, assumption (2.5), Holder’s inequality with 2—1 + ﬁ + 1 =1 and embedding
H?(R"™) — L?"(R"), we get

Zl=| [ [ - 102w

R~

<0 [T ity W ] et oo do

= C/ lu' — u?| |w| dx 4+ C2P~1 /[ |t [P+ [u? P et — ?| w| do
Rn» R»

< Ollut = v?|| 2 @m 1wl L2 ey
+ cort [ Hu1||L2T’(R") + Hu2||L2P(R" } ||u1 - u2||L2P(R")||wHL2(Rn)

S/\1/2||U1 U?|la¢llwl| 2y

— —1
+ C2C8 [ e Bty + Ne ety | lu = w2 a2y 0] 2

< )\1/2 U = U?|lnllwll p2@ny + 22T CPIRPTICIU — UP||n|lwll 2wy

where C), > 0 is the constant coming from the embedding inequality [ - [|2, < Cyl| - || g2(rn). Last, using
assumption (2.4), we have

1Zs| < [l ooy 0! = 2| 2@y lwll L2y < [l poe ey U = U?|la¢lw]| 2 gy

Going back to (2.15) we obtain

[ - 1w jude | < Lall0* - Ul e, (2.16)
Rn

where Lg > 0 is given by
Ly = |8] + 370R? + 6R*1~D + [VAR]* V(g — 1)5

)\1/2 +2P+lcp lRp IC+HOL||Loo(Rn),
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and replacing (2.16) in (2.14), we arrive at the desired locally Lipschitz condition
|®(U") — ®(U?)|n < Lgl|U" — U?||3. (2.17)

Hence, applying the semigroup theory the existence and uniqueness of mild (respect. regular) solution
U = (u,u) € C ([0, Tinax); 1), for some Trax > 0, (respect. U = (u,uz) € C ([0, Tinax); H* (R™) x H? (R™)))
for (2.9) on [0, Tmax) follows from Theorems 1.4 and 1.6 in Pazy’s book [19, Chapter 6]. This proves (i) and
(i1).
Now let’s prove (ii), that is, that tymax = +00. In fact, if Tihax < 00, it well-known that
Hm | (u(t), ue(t)) |l = +oo. (2.18)

t—Tmax

Multiplying (1.3) by u; and integrating over (0,t) x R™, ¢t > 0, we obtain

t
q
0

0 Rn»

From Young’s inequality, (2.2) and (2.7), we get

;8 2
§||Vu(t)||2L2(Rn) 2 T —||VU( Mz ®ny» (2.20)
1
/ Flu(t))dz 2 = [u)l2:ge) (2.21)
Rn
and
— [ hu(t)dz > —||h t > L LAY 2.22
u()dz 2 |7l 2@y llu(®)| 2 @n) 2 =55 IAlIz2 @) = 5 lu@)lz2@n), (2.22)
R~
where ¢ := A*Tcl > 0. Thus, from (2.20)-(2.22), we have
1 2 1 2 19 2 52 1 2
E(t) > §||Ut(t)\|L2(Rn) + §||Au(t)\|L2(Rn) + §Hu(t>||L2(R”) e %HhHLQ(R")
g2 1 .
> Dol (u(t), ue(t))]12, — e ﬁnhniz(w), where g = min {1,9}. (2.23)
Combining (2.19) and (2.23), we obtain
1 32
) )1 < 5 | BO)+ 55 + g Al | Y€ (0. T (224)

which is a contradiction with (2.18) for Tiax < +00. Therefore, Tyax = +00. This completes the proof of
(idd).

Remains proof (iv). We take two mild or strong solutions U(t) = (ul(t),v!(t)) and U?(t) = (u?(t), v2(t))
with initial data U} = (uf, v3) and U = (ud, v}), respectively, and set W = U' — U? and Wy = Ug — Ug.
Then, from (2.12) we have
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¢
W(t) = eMWy + /et—s [@(U(s)) — @(U?(s))] ds, VteRT.
0
Using (2.17) there exists a constant L = L(|Ud ||, |UZ]|%) such that
¢
W0l < 1Wollse+ L [ €= IW(s)luds, e € R (2.25)
0

Therefore (2.13) is obtained after applying Gronwall inequality. This completes the proof of Theorem 2.1. O

As a consequence, Theorem 2.1 ensures that problem (1.3)-(1.4) generates a nonlinear Cp-semigroup
{S(t)},50 in H:= H* (R") x L? (R™) through the formula

H > (ug,ur) — S (t) (ug, ur) = (u(t), us(t)), (2.26)

where u is the weak solution of (1.3)-(1.4). Therefore, the pair (#,S(t)) designates the dynamical system
corresponding to solutions of the Cauchy problem (1.3)-(1.4). In what follows, the main goal is to analyze
the long-time behavior of solutions through the dynamical system (H, S(t)).

3. A unique continuation result

In this section we prove an important result, see Proposition 3.1 below, that provides a unique continu-
ation property for a n-dimensional problem related to (1.3)-(1.4). It extends somehow the result on unique
continuation proved in [2] to the case of extensible beams. Then, we shall see that Proposition 3.1 is crucial
to conclude that the dynamical system (#H,S(t)) is gradient.

Proposition 3.1. Assume that ¢ € L> (R; LY. (R™)) and v € C (R; H* (R™)) N C* (R; L? (R™)) is a weak

loc
solution of the following equation:

v () + A2 (t,x) — Av (tz) +q(tx)v (t,2) =0, (t,z) € R x R™. (3.1)
If for some r > 0, we have that
v(t,z) =0, teR, zeR"\C(r), (3.2)
where C (r) = {z = (x1,...,2,) ER" || <7 foralli=1,...,n}, then

v(t,-) =0 a.e. in R", forall t€R.

) n in
Proof. Testing the equation (3.1) with ¢2 [] e(®T%°)% in R™, where @ > 0 and k € ZT, and taking
j=1
(3.2) into account, we get

d2 i . im ) k 4 itk 2 i
i / o(t,z) e [[ e )i do +n? (m%) / o(t,z)e'? [[ e+ Emdn
T

cr) 7=1 o(r) 7=l

ik \? imk T ok Tk ) g
—|—n<w—|—?> (B—!—’y@)/v(t,x)eZ He< 50075 e

c(r) j=l1
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+ / q(t,x)v(t, ) ' H (=505 gy = 0.

c(r) g=1

Now, denoting by

3

Tk,w (t) = / w+ o "’”de

c(r) j=1
we have
I 9 irk\* itk \”
ket 0" (w+ ) +nlw+—-) (B+79)| Trw ()
’ 2r 2r
N n
= / q(t,x)v(t,z)e 2 @t )T dy. (3.3)
c(r) i=1

Addition, we define

By (t) = /q(t,m)v(t,x)e‘z He(w—i-i;rk)xjdl»’

and

which satisfy the following conditions:

Re(ck,=) > 0,
| Ak, | < |c|Re(e), (3.4)
Be L (R;C).

Hence, considering the above definitions in (3.3), we obtain the following ODE:

hw &)+ (Aro — G o) Thw () = Brw (), tER. (3.5)

Then, one can easily see that there exists wo > 0 such that Ay - (¢), Bk w (t) and ¢ » satisfy the conditions
of [2, Lemma 2.1] for all @ > wg and k € Z*. Hence, applying [2, Lemma 2.1] to (3.5), we obtain

1
<
‘ck,w| R‘e(ck,W) - ||Ak,w ||L°°(]R;(C)

|T/€,w (t)| ||Bk’,wHLoo(R;C)

< ||Bk,WHLoo(R;C)
Tk (2 4 I —n (B +90) (@2 + 5
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forallt € R, A > \o, k € Z*. This gives

2

oo n
SR Thw (D < 2 | esssup / g (t.2) v (t,2) | [[ e odn | < oo,
el w teR j=1

C(r)

for all t € R, A > Ag. Thus, by the definition of Yy - (¢), we find

- 2
(T
Zk4 /v(tm H | sm(g(:ﬁj—kr)k)dx
Zr Jj=1 Jj=1
Q2
< — | esssup / lg (t,z) v (t x)\H e“%idr | < oo,
teR

n

for all t € R and w > wy. Since { H = sin (& (zj+r k)} is an orthonormal basis in L? (C (7))
=1

consisting of the eigenfunctions of the operator —A in L? (C (r)) with the domain H? (C (r)) N H} (C (r)),
by the last inequality, we find that v € L> (R; H2 (C (r)) N H} (C (r))), and

2 2

/ Av (t,x H T dx<§ estsesup / lg (¢, z) u (¢, x)|Hewxfdx ) (3.6)
j=1

() =t c(r)
for all t € R and w > wy. Since, for any bounded set 2 C R™, we have that
M, ||Au||L2(Q) < HU||H2(Q) < M ||Au||L2(Q) , Vue H*(Q)N H& (Q),

for some My > M; > 0, then (3.6) implies

P Cq
PO g2 (cry) < p 10l Lo R, L2(c(ry))» VEER, V@ > @0,

n
where 0(t,z) = v (t,2) [[ €%, from where we obtain
j=1

10Ol L2y < p- [0l Le L2y VEER, V@ 2 mo.
Choosing w large enough in the above inequality, we obtain
v(t,z) =0, ae.in x €R",
for all ¢ € R, which proves Proposition 3.1. O
8.1. Application: the gradient property

Corollary 3.2. Under the assumptions of Theorem 2.1, then the semigroup {S (t)},5, defined in (2.26) has
a strict Lyapunov functional. In other words, (H,S(t)) is a gradient dynamical system.
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Proof. We start by observing that, since the operator A is also maximal dissipative (A defined in (2.10)),
one can extend the semigroup {5 (t)},5, set by the relation (2.26) to a group {S(¢)},cg- In what follows,
we consider ¢ € H and set (u (t),u (t)) = S (t) g, for all t € R. From (2.19), we have

E(u(t), u(t)) < E (u(0), u(0)), V>0,

which means that the function ¢ — E (S (t) ¢) is a non-increasing function, for any ¢ € H. In order to show
that the Lyapunov function E(¢p) is strict, let us consider E (S (t) ¢) = E () for all ¢ > 0 and for some ¢.
Then, from (2.19), it follows that

t
d q

// ) lue (7,2)| dxd7+/ VU (2| dr=0, VieR. (3.7)

0 Rn 0

Thus, from (2.3) and (2.4), identity (3.7) leads to

ug (t,2) =0, a.e. in R x (R"\B(0,79)), (3.8)
and
d 2 :
7 [Vu (@)l z2@ny =0, ae in (0,00), (3.9)
which gives
IVu ()72 n) = 0, ae. in (0,00), (3.10)

where 6 is a constant. In this way, defining v (¢, x) := u; (¢, 2) and taking into account (3.8)-(3.10), we note
that v is a solution of the following problem

v + A% — (B+90) Av+ (f () + N)v=0 in R xR"
{ v(r,2) =0, ae.in Rx (R"\B(0,r)).

Since B (0,79) C C (rg), then applying Proposition 3.1, we deduce that
v(t,z) =0, a.e. in R",

for all t € R, which implies that u;(t) = 0 in L? (R™). Therefore, S (t) o = (u(t),0), from where one can
prove that it is a stationary solution

St)e =,
and, consequently, E () is a strict Lyapunov functional. 0O
4. Long-time dynamics

Now we are in position to state and prove our main result on the existence and regularity of an attractor
to the dynamical system given by (2.26). More precisely, we have:

Theorem 4.1. Under the assumptions of Theorem 2.1, we have:
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I. Global Attractor. The semigroup {S (t)},~, defined in (2.26) possesses a compact global attractor A C
H = H?(R") x L? (R™). -
II. Characterization. The global attractor A is precisely the unstable manifold A = M*“(N') emanating from
the set of stationary solutions N'. In addition, A consists of full trajectories T' = {U(t) = (u(t), w(t)) :
t € R} such that

 lim disty(U(t),N) =0 and tl}gl disty (U(t),N) = 0. (4.1)

— 00

IIL. Regularity. The global attractor A is bounded in H* (R™) x H? (R™).

The proof of Theorem 4.1 will be completed at the end of this section as a consequence of an asymptotic
smoothness result (see Theorem 4.6 and Corollary 4.7 below) in combination with Corollary 3.2. However,
to obtain such an asymptotic smoothness property for {S(t)},-,, we are going to prove some auxiliary
technical lemmas as follows. -

4.1. Technical lemmas

Lemma 4.2. Let the sequence {vy,},_, be bounded in L> (0,T; H* (R™)) N W (0,T;L? (R™)) and the
sequence {||va (t)||L2(Rn)} ) be convergent, for all t € [0,T]. We define zp,; = vy — vy and
m=

B(zma(t) = | (zm)e )7 2@n) + [182m 1O Z2@ny + Mzmi () 72@n) + BIVzmi()ll72@n-

Then, for every p > 0, there exists ¢, > 0 such that

T
[ [ (1900 Ol Avnlt.2) = [V Ol gy Avr(t.2) | G (8.2)
0 R»

T

/ (2m (t)) dt + C/ (Zm, (t)) dt (4.2)

0

q ~
E (2 (t)) dt +TI™YT), VT >0,

T
+ Cu/t’ IV 0m (8)][72 )
0

where C > 0, I™! € C[0,00) and limsup lim sup [II™! (T)| = 0, for all T > 0.

m— 00 l—o0

Proof. Firstly, we have

T
[ t[190m Ol Bonlt2) = 1901 Ol gy Aor(t,2) | (o)t ) s
0 R»

T
1 d .
3 [ 190m Ol 5 1920 Ol gy e+ T (), (4.3)
0

where
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T
(1) = [ ¢ (190 O @) ~ 190012y / A0 (t,2) (2 )1, ) dat
0

By the assumption of the lemma, we get

limsup limsup ’Hm’l (T)| =0. (4.4)

m— oo l—o0
Now, let us estimate the first term on the right hand side of (4.3). Using integration by parts, it follows that

T

d
/t IV 0m (D172 gy g 1Vema (t )||L2(Rn dt+ - ||va( 72y 1V 2m.0 (T)Hi?(]R")
0

N)l»—A

T
1 2 2 1 d 2 2
=3 / 190 (2@ 1V 2ma O3 ey e+ / t= V0 ()2 [V2ma ()72 e -
0 0

Recalling again the assumption of the lemma and with the help of the Young inequality with p > 0, we
obtain from the last equality that

T
1 2 d 2
-5 / V0 (O gy 55 V20 ()22 gy (4.5)
T T T d q
C’/E o (1)) dt + / (2 (t ))dt+cu/t‘dt IV 0m (D122 gny| E (2 (1)) dt.
0 0 0

Hence, replacing (4.4) and (4.5) in (4.3), we conclude that the desired estimate (4.2) holds true, which
proves Lemma 4.2. O

Lemma 4.3. Let the sequence {vy,}rn_, be bounded in L> (0,T; H* (R™)) N W (0,T;L? (R™)) and the
sequence {||va (t )HL2(R")} be convergent, for all t € [0,T]. Then, for every ¢ € WH* (R™) such that
¢ (x) >0 for all x € R™ and sup (¢s,) C (B(0,2r)\B(0,7)) fori=1,...,n, the following limit holds

m—00 l—o0

T
lim sup lim sup //t [||Vvm (t)Hiz(R") Avy(t,z) — ||V (t)||2Lz(Rn) Ay (t,x)}
R

X (z) (zm, (¢, z)) dedt = 0,
where zpy, | = Uy — v and B(0,r) = {z € R": |z| <r}.

Proof. First of all, using integration by parts, we have

T
[ (190 Oy Bomt2) = V01 O ey Aor(t,2) | 6 (0) (o (0,0)) dade
0 R»
T
= (1)~ [ 190 @) e

0

2
dt

V6 (T2 (1)

L2(R™)
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_Zj‘lo/ 5 [ V0O gy (et (t.0),, 60, () G (8,2) dade

0,2r)\B(0,r)
<T™N(T) + C T? ||vm — vill oo, rp:0 (B0.20)\ BO.4Y) (4.6)

where

T
™ (T) = / / 90 (32 @y = 900 (O 2@y | Avi(t2)6 (@) (2, (¢, 2)) da.
0 Rn

In addition, under the assumptions of the lemma, it is easy to see that

sup Hﬁm,ch[o - < 0o and limsup lim sup ‘ﬁm’l (T)‘ =0, VT > 0. (4.7)

m,l m—o0 l—o0

Furthermore, exploiting the compactness results in [20], we obtain that the sequence {v,,} -_, is relatively
compact in C ([O,T] iH?>~¢ (B (0,7"))) for every € > 0, T > 0 and r > 0. This gives the convergence

Uy, — v strongly in C ([0, T :H*¢(B(0, 7)), (4.8)

for some v € C ([0,T]; H*~ (B (0,7))). With the help of (4.7) and (4.8), passing to the limit in (4.6), we
complete the proof of Lemma 4.3. O

Lemma 4.4. Under the condition (2.5) and assuming that the sequence {vy,} ._, is weakly star convergent
in L™ (O,T; H? (R")) N W koo (O,T; L? (]R")), then there exists a constant ¢ > 0 such that

T
lim sup lim sup / / ELF (o (6 2)) = F(om (& 2)] [ (e (& )] dadt
meree fmreo 0 R»
T
< ¢ lim sup/ lvm, (t)Hiﬂ(Rn\B(oJ-)) dt, vI' > 0 and Vr > 0. (4.9)
0

m—0o0

Proof. Using integration by parts, we have

lim sup lim sup / / ELF (o (6 2)) = F(om (62) ] [ ()i (& @) ] dadt

m—oo l—o0
0 R

<7 limsup limsup | - / (F(um (T,2)) + F(un (T,2)) — 2F (0 (T, 2)) ) dz
RTL

m—o0 l—o0

T
+ limsup limsup / / (F(vm, (t,2)) + F(vm (t,2)) — 2F (v (¢, x))) dzdt
0 R~

= — T liminf lilm inf | (F(vm (T,z)) + F(v (T,2)) —2F (v (T, z))) dz (4.10)
m—0o0 — 00
R~
T
+ Timsup limsup / / (F(vm (t,2)) + F(ur (t,2)) — 2F (v (1, 7)) dadt
m—»00 l—o0
0 B(0,r)
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+ Tim sup lim sup / / (F(om (t,2)) + F(ur (t,2)) — 2F (o (¢, 2))) dadt.

m—oo l—o0
0 R»\B(0,r)

Furthermore, under the conditions of the lemma and (2.5), one sees that
F (v, (t,z)) = F (v (t,z)) ae.in (0,T7) x B(0,r), Vr > 0.

On the other hand, since {F (v,)}.-_, is bounded in W ((0,7) x R™), the following limits happen

{ F (vp,) — F (v) strongly in L' ((0,T) x B(0,7)), YT > 0, Vr > 0, (411)

F (vp) = F (v) weakly in L™+ ((0,T) x R™).

Thus, taking into account (4.11) in (4.10) and recalling the conditions of the lemma, we obtain

lim sup lim sup / / (o (82)) = Fom (62))) (o)t (£ 7)) dadt

m—00 l—o00

0 R»
T

< clim Sup/ [lvm (t)||§12(Rn\B(O7T)) dt, VT >0and Vr >0,
0

m—r oo

as desired in (4.9). This concludes the proof of Lemma 4.4. O

Lemma 4.5. Let us consider (2.5) in force and assume that the sequence {vy, },o_, is weakly star convergent
in L> (0,T; H* (R™)) N W1 (0,T;L? (R™)). Then, for every ¢ € C(R™) such that ¢ (x) > 0 for all
x € R™, there hold the following inequality

T
lim sup lim Sup//tgp (@) [flu(t,2)) — flom (E,2)) ] [vm (t,2) — v (¢, 2) ] dedt < 0. (4.12)
R~

m—0o0 l—o0

Proof. First, we readily get

T
/ / to () [ £ (1) (t.2) — f (0 (.2))] [ (£, ) | dclt
0 Rn
T

- / / t (2) Lf (00 (£,)) v (£,3) + f (v (£,2)) (t, 7) (4.13)

Rn
7f (Um (ta SU)) Um (tv IE) - f (Ul (t’ 37)) Uy (tﬂ :L') ] dzdt.

Then, recalling the assumptions of the lemma, for any » > 0 and 7" > 0, we have
Uy — v strongly in L? ((0,T) x B(0,r)).

Thus, there exists a subsequence of {v,,}.-_,, still denoted by {v,,} -_,, which is convergent to v almost
everywhere in (0,7) x B(0,7) for all > 0. Next, since f € C! (R), we obtain

Fom(t, ) vm(t,z) = flo(t,x))v(t,z) a.e. in (0,T) x B(0,r) for all > 0.
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Moreover, by (2.5), the sequence {f(v,)vm}re, is bounded in L%((O,oo) x R™). Hence, since r > 0 is
arbitrary, we infer that

f(Wm)vm — f(v)v weakly in Lot ((0,T) x R™). (4.14)

Therefore, passing to the limit in (4.13), considering (4.14) and taking into account the assumptions of the
lemma, we deduce

lim sup lim sup / / to (@) Lf (01 (£,2)) — F (om (6,2))] [ 2ms (& @) ] dadt

m—oo l—o0

0 R»

T
= limsup lim sup//tgo () | 2f (v(t,z))v(t,x) — Z f v (t,x)v; (t,x) | dedt

m—00 =00 P
0 Rn» J=m,

— _liminf hmmf//tcp 2 | S0 £ (tm) v (t2) = 2f (0(t,2)) 0 (¢ ) | dedt <0,
m—oo - P

which proves (4.12) and, therefore, Lemma 4.5. O
4.2. The asymptotic smoothness property

The next result plays a key role in the existence of the global attractor. As a matter of fact, it provides
the Ladyzhenskaya condition for the semigroup {S(t)},, set in (2.26) and, consequently, the asymptotic
smoothness property by using the general theory in dynamical systems, see for instance [7, Chapter 7).

Theorem 4.6. Let us assume that conditions (2.2)-(2.5) hold, with 8 > —(, where ¢ > 0 a small constant,
and let B be a bounded subset of H. Then, every sequence of the form {S(tx)pk}re,, with {pr}re, C B
and t — 0o, has a subsequence that converges in H.

Proof. We will prove the theorem by establishing the following sequential limit

hrggolflgnlglof 1S (tk) ok = S (tm) <Pm||H2(]Rn)XL2(Rn) =0, (4.15)
for every {pr}ro; C B and t; — co. Therefore, combining (4.15) with the argument presented in [13,
Lemma 4.5], we infer that the statement of Theorem 4.6 follows.

From now on, our goal is to prove (4.15). We start by observing that by (2.24) we have

supsup || (t) ¢|l4; < oo, (4.16)
t>0pEB

Since {pk}re, is bounded in H?(R™) x L? (R™), by (4.16), the sequence {S (.)¢x}re, is bounded in
Cy (0,00; H2 (R™) x L*(R™)), where Cj, (0,00; H* (R") x L? (R™)) is the space of continuously bounded
functions from [0, 00) to H? (R™) x L? (R™). Then for any T; > 0 there exists a subsequence {ky, },»_, such
that ¢, > Tp, and

Uy, — v weakly star in L™ (0, oo; H? (]R")) ,
Ume — v weakly star in L>° (0, oo; L? (R”)) ,
|V U, (t)Hig(Rn) — q(t) weakly star in W1 (0, 00),
U (1) = v (t) weakly in H? (R™), Vt >0,

(4.17)
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for some ¢ € W (0,00) and v € L (0,00;H?(R™)) N W (0,00; L? (R™)), where we have
(Um (), vme (1)) = S(t + tg,, — To)¢k,,- By (1.3), we also have

(Zm)ee(t, ) + A2 1 (t, ) + Azm(t, ) — BAzZpy i (t, @)
=7 [1V0m Oz ey Aot @) = [ V00 O]z ey Avits ) | + @)zt 2) (4.18)
+ [ (om(t,0)) = f (0(t,2))] = 6 [Z (0 (1)) Avin (t,2) — Z (u1 (1)) At 2) ] = 0.

In what follows, we are going to establish the following estimates for the smooth solutions of (1.3)-(1.4)
with the initial data in H* (R™) x H? (R™). By using standard density arguments, these estimates can be
extended to the weak solutions with the initial data in H? (R™) x L% (R"™). Firstly, considering (2.3)-(2.5)
n (2.19), we obtain that

2
/ [omt ()2 e\ B(0,ro)) At < €, VT 20, (4.19)
T
J

Now, putting v,, instead of v in (1.3), we have

Vo (¢ ||L2(1Rn) dt <C,VT >0. (4.20)

Sl

Vit (t, ) + A0 (t, ) — BAV, + Ao (t,2) — 7 | VU, (t)||2Lz(Rn) Avy,
+ a(X)vme(t, x) + f (vm) — 0E(Vup(t, x))Avy, = h(x).

In the next computations, we are going to use the following cut-off function 7, (x) =7 (%), where

0’ |x| S 17

4.21
1, |z|>2. ( )

neC*R"), 0<n(z) <1, n(if)Z{

9

Multiplying the previous equation by n2v,, and integrating over (0,T) x R", we get

T
2 2

/ ([7r Avm ( ||L2(Rn) + A7 vm ()2 (mny + B ”nrvvm(t)HL%R")} dt

0

Ty / 1 0m (O ) 1700 (8) 2yl + / / f (0 (6, 2)) 120 (£, ) dvdl

0 R»
T T
= / 177 Vit (t)HQm(Rn) dt — /77? (@) vt (&, ) v (8, z)dx
0 R~ 0
n T T
4 x 9
- Z Ny () N (;) Avp, (t, )y, (t, x)dxdt — A (7],. (x)) Avpy, (t, ), (t, x)ddt
=17 0 R»

r
i=1

T
26 — 1
2 Z/nr nzl vm(t )V, (t, x)dxdt — 3
0
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T

5 [ = 0 () 19T om0 syt + / [ @) @ o (1.2 da,

0 R»
q
where 2 (v (8) = | & IV0 (32| % 190 02z

From assumption (2.6), we have

//f O (t, )20 (t, 2)dedt > — Cl/Hnrvm ||L2 "

0 R

C
-4 / M (6) 3y (422

T
Cy
N /\||7770m M2 ®ny + 17 A0m (0172 &)

A
0

Using that 8 > —(, interpolation theorem and Young inequality, we obtain

Bl Vom ()72 @ny > —¢ HV (0rvm () 1 72®ny + IV (11r) Um(t)||2L2(Rn)]

—Co [/\Hnrvm(t)H%?(R”) + | A (nrom(t)) ||2L2(Rn)] — IV () v (D)1 72 Ry
¢ (4.23)

> —Co | Mmrvm ()32 gy + Ine Ao (®) 22y | = -

where p > 0 comes from the inequality
IV232g) < 0 [ Alzlle g + 182032 an | -

Thus, taking into account (4.16), (4.19), (4.20), (4.22) and (4.23) with ¢ < +Z, we obtain

T
2

/ ||Avm ||L2(]R"\B(O 2y T Ao (t )”L?(R"\B(O,?T))} dt

0

T
47 [ 190 Ol Vom0 @020y (4.24)

T
S C |:]. + ? +T ||h|L2(R"\B(O,r)):| 3 VT 2 0 and V?" Z T().

Now, multiplying (4.18) by Y7 @i (1 — n2;) (v — v1),, +% (n—1) (1 — n2r) (v — V1), and integrating over
(0,T) x R™, we obtain
T T
3 ) 1 )
5 [ 1Azmi@lz2so2mdt + 5 [ @)@ p0,20)
0

<Y1 @) () (T,2) G ()

B(0,4r)
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F [  ar @)3 Gona ) 0.9) (2 (0,2)  d

B(0,4r)
b 500 [0 @) (GnaT0) (T )| o
B(0,4r)
by [ 10 @) (mn(0,2)) (a0,
B(0,4r)
T

U (;7) i [ (Zm)t (t,2) ] ‘ dxdt

B(0,4r)\ B(0,2r)

T
]. n x 9
0 B(0,4r)\B(0,2r)
T
+ Zi:l / ‘ A ((1 — N2r (JU)) xz) (Zm,l (t, x))zl A (Zm,l (t, .CC)) ‘ dxdt
0 B(0,4r)

T

1 n
|

0 B(0,4r)\B(0,2r)

M, (%) 2 (it (2)),,,, A (2 (£.7) ‘ dzdt

T
bpm=0 [ [ A e (@) G (6:2)) A (o (8,2 d
0 B(0,4r)\B(0,2r)
T

+ %(n—l)ijl/

0 B(0,4r)\B(0,2r)

Nz, ( i) (2m,1 (t7x))zi A (2, (t, 7)) ’ dxdt

T
+BY. / / (1= v (@) 2 (2 (8,2)),, A (21 (t,x))’dmdt
0

B(0,4r)
T
#5000 [ [ 10 1) Gna0.)) A (o (00)) | o
0 B(0,4r)
T
+aY / | (= 2 (@) 3 (zan (12),, (s (8 2)) | dadt
0 B(0,4r)

>
T
+ vzn 1/ / IV 0m (D172 @ny Avm (8, 2) = [Vor ()[|72@n) Avi (, x)}
0

B(0,4r)

X (1 =1, (2)) 25 (2 (b, 2 \ dadt

T
.
#2000 [ [ ][IV Ol s B () = 1900 @) gy D (8.0)]
0 B(0,4r)
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X (1 = nay) (U, — vp)| dadt

T
3 / [0 @)1 G 1), 00 (G 00| o

B(0,4r)
(=1 [ [0 e @) G (12)) @ ) (G (8,2) | dde
0 B(0,4r)
T
+03 [ 1E o 0) Bun (t.2) ~ 2 (0 (1) v (1.2)
0 B(0,4r)

X (1 =n2r () i (2 (¢, 7)), ‘ dxdt

-1 1/ / (2 (0 (8)) Avyn (£, 7) — Z (0, (1)) Av (£, 7))

0 B(0,4r)

X (1 —n2r) (2m(t, x)) dedt|
T

e[ e @) G (), (5 (e (80 £ o (12| o

B(0 74T)

T
(n—1) 0/ / (1 =120 () (2t (£, 2)) (f (Ve (t,2)) = £ (01 (¢, 2)))]| dadt.

B(0,4r)

Now we note that by (4.16),

1E (vm (8)) Av () = Z (v () Ao ()] L2 (50,4r))

d 2 -t
<> pn IV (O p2mny| 180 Ol 22(5(0,4r)
j=m,l
q—1 _
<2 ) {HAU;' Ol 2y lvse (t)||L2(Rn)} 1Av; ()l L2 ((0,4ry) < €
j=m,l

from where, along with the previous estimate, it follows that

/I\Azmz L2020 9+ 5 /” zm 1)t ()1 725 0.20))

< C 7 [IV2m0 () 2 g0,ary) + 1920 O)ll 2 (50,000 |

2 2

X C l(zm )il L2002 B0 BO.2r) T C N2millLeorm2(80,4m0\B020))

+ C VT Vamill 12 0.1y Bo.ar) - (4.25)
Since the sequence {v,,}r._; is bounded in C ([0,7]; H* (R™)) and the sequence {vm¢}y,_; is bounded in

C ([0,T];L* (R™)), by the generalized Arzela-Ascoli Theorem, the sequence {vy, },-_; is relatively compact
in C ([0,T]; H' (B (0,7))) for every r > 0. So, according to (4.17),
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Um — v strongly in C ([0,T]; H" (B(0,7))) . (4.26)
Then, using (4.24) and (4.26) in (4.25), we get
T

lim suplim sup / 1820 () 23020y + 1 G (O3 2(30,200)| 22
0

m—00  [—o0
T
<C |:1 + ” +T |h|L2(R"\B(O,r))] , VI'>0, Vr >ro.

Now, using (4.19), (4.24) and the last inequality, we obtain
T

lim sup lim sup / [zt Oy + 1o Ol ey |
0

m—00 l—00
T
<C|:]'+?+T|h|L2(R”\B(O,T‘)):| P VTZO, VTZTO.

After passing the last inequality to the limit as r — oo, we deduce

lim sup lim sup/E (zm (t))dt < C, VT >0. (4.27)

m—oo l—o0

Now, multiplying (4.18) by 2t(zm.1)r = 2t (Vi — vit), integrating over (0,7) x R™, using integration by parts
and considering (2.4), we find

T

TE(zml(T))+a0/t||(zml) ()32 (o 50,0 U < /E (1)) dt
0

T
+ 2y / / [||va ()13 2y At (8,2) = V01 ()| 32y Avy (t,x)}t(zm,l)t(t,x)dxdt

0 R»
T p 1]
v [t 3[4 19n 0w ]—nw OFe| | Bmat)de
0 j=m,l
T
o / / E(F (00 (6,2)) — f (v (£, 2))) (2o )e (£ 2) . (4.28)
0 Rn

Multiplying (4.18) by etn,zm 1, integrating over (0,7") x R™ and using integration by parts, we get

T
2 2 2
6/ [ 182 O 2@ p0.20) + A et Ol 2@ 0.2y + 817200 2o m0:20y | 2
0

T

T
<eC T E (2 (T +5/ / t (Zma(t)); dxdt+ac/E(zm,l(t))dt
0 R”\B(0,r) 0
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T
e [ [ (190 1@y om (2) = [F00 (0032 gey Avt 12) ] 1 2) (o (8,)
0 R»
T ) d , 1| _
+ec/ 3 [ 190 O]+ [ 190 Ol | | B it
j= m7 J
T2
+ eC—lzmllc o,y 80,200\ B(O,r)
T
+ z—://t (f (w (t,2)) = f (vm (£, 2))) nr (2) (21 (8, x)) dadt, (4.29)

0 R»

forall T > 0 and r > rg.

Now, multiplying (4.18) by €237 | t@; (1 — n2r) (2my),. +€25 (n — 1) (1 = 2,) 2m 1, and integrating over
(0,T) x R™, we obtain

T
E 2
3 /t 3 HAZml ||L2 (B(0,2r)) dt + ||(Zm l) ( )||L2(B(O,2r)):| dt
0
T
<eCr(T+1T7) 1zm.ill e 0,770 (B(0,4r))) T e’C /t ”(val)t(t)||2L?(B(O,4r)\B(O,2r)) dt
0

2
L2 / 2t ()22 50,40y (0.2 - (4.30)

Summing (4.28)-(4.30), choosing e sufficiently small, applying Young inequality and recalling Lemma 4.2,
we infer

52

T
jod 2 2
TEmw@»+7/4mm%wmmw@mwﬂwmmmmmw@mjw
0

T
2 2 2
+ 5/’5 |:”Aval(t)HLQ(R"\B(Ozr)) + Mzm i Ol 2@\ 0,20y T8 Hvzm,l(t)||L2(Rn\B(o,2r))] dt

(=)

T

I 2

?/t 3||Azml ||L2 (B(0,2r)) dt + ”(ZWLZ) ( )||L2(B(O,2r)):| dt
0

T
q
(1+put)E sz(t))dt—&—Hm’l(T) +C/t Z ‘dt Vv; (¢ >||L2(Rn

0 j=m,l

E (ZmJ (t)> dt

O\H

+ C’// (v (t,2)) = fvm (&,2))) ((Zma)e (¢, 2)) dadt

0 R»

2 2
+ 50 (B(0,2r)\B(0,r))) +e Cr (T + T ) ||Zm’l||C([O,T];H1(B(O,4r)))
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T
o1 [ [ (I90m Ol sy Ao (6.2) = V01 (Ol ) A (62)) e 2) (2 t,2) dnde
0 R™

+ 60//t(f (v1) = f (vm)) N (@) (2 (8, 2)) dadt, YT >0, Vr >1rg

At this point, let us denote Ky, (T) = TE (2, (T)) and

T
Ay (T) = / E (Zm. (t)) dt + TI™Y(T)
0

[ @) = o (2) (e (8. 0) dode

0 R~

1 2
+ (T + ?) (T +T%) lom.dlleory e (o.ar)

T
e / / E(F () = f (0m)) e (2) (2o (£ 2))

0 R

T
b e [ [ [I90m Ol Ao (3) = 190 @2 ey A (12
0 Rn

X t Ny () (2my (¢, 2)) dadt.
Then, we obtain

q

d
i ||v”j (t)”iz(Rn) Km,l (t) dxdt,

T
Rm,l (T) S CAmJ (T) + C/
0

j=m,l

Jj=

and applying Gronwall inequality, it yields

T
IS |10 012 2 s | ]t
ot (T) < Oy (1) & 4 Zimra FIT0 Oz [t

Therefore, using Lemma 4.3, Lemma 4.4, Lemma 4.5, (4.4), (4.20), (4.26) and (4.27), there holds the estimate

m—o0 l— o0 m—o0

T
limsup limsup K, (T) < C | 1+ lim Sup/ lvm (t)”il'?(]R"\B(O,r)) dt
0

Recalling (4.24) and the definition of the &, ; (T), from the last estimate, it follows that

~ T
lim sup limsup TFE (2, (T)) < C {1 + - +T |h|L2(Rn\B(0,r))] , YT >0, Vr >rg.

m—oo l—o0

Hence, taking the limit as » — oo in the above inequality, there holds the estimate
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lim sup limsup TE (zmy (T)) <C, VT >0,

m—oo l—o0

which yields

limsup limsup ||S(T" + tx,, — To)@k,, — St +tr, — To)pw, |14 vT>0.

< C
m—oo  l—oo " " - \/T’

Picking T' = Tj in the last estimate, we deduce that

C
lim sup lim sup ||S(¢ — St < YTy >,
im sup limsup [|S(tr,, )@r,, —S(tr)er |3 < T Tz

m—0o0 l—o0

which proves (4.15), as desired. This completes the proof of Theorem 4.6. O

Corollary 4.7. Under the assumptions of Theorem 4.6, the dynamical system (H,S(t)) is asymptotically
smooth.

Proof. It is an immediate consequence of Theorem 4.6 and [7, Proposition 7.1.6]. O
We are finally in position to conclude the proof of Theorem 4.1.

4.8. Proof of Theorem j.1: items I and II

From Corollaries 3.2 and 4.7 we have obtained that (H,S(t)) is a gradient asymptotically smooth dy-
namical system. Moreover, it is not so difficult to prove the following additional properties:

(i) the Lyapunov function E(yp) is bounded from above on every bounded subset of H;
(ii) the set Er = {¢ : E(¢) < R} is bounded for every R;
(iii) the set of stationary solutions A is bounded.

Therefore, applying [7, Corollary 7.5.7], we can conclude that {5 (¢)},-, defined in (2.26) has a compact
global attractor A = M“(N) C H. In addition, the property (4.1) is a direct consequence of |7, Theorem
7.5.6]. O

4.4. Proof of Theorem 4.1: item III

Let us consider (ug,u1) € A. By the invariance of A, it follows that (see for instance [3, p. 159])
there exists an invariant trajectory I' = {(u (t),us (t)) : t € R} C A such that (u(0),us (0)) = (ug,u1)-
According to [3], an invariant trajectory is a curve I' = {(u () ,us (t)) : t € R} such that S (¢) (u (7) ,us (7)) =
(u(t4+7),us (t+ 7)) for all ¢ > 0 and 7 € R. As in (2.26), we denote S(t) (ug,u1) = (u(t),us (t)), and we
also define

u(t+7,2)—u(t )

v(t,x) = , 7>0.
T

Thus, using equation (1.3) and denoting, for simplicity, Y(u) instead Y (u,u;), we get

vie(t ) + A%o(t @) + Mo(t, ) — BAV(E x) + a(@)v(t, @) = | Va (8|72 gy Av (£, 2)

YV (t 4 7) 2 mey — [V ()] 2mn
_ Vet ey IV ONL2@e 5y 70— 67 )2 () 0 (1,2)

T
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_ gL ult )T (u(t 4 ) = [T (w(®)[" T (u(t)

Au(t+ 7, x)
-
LSl ra) = fa) o pe g o
T
From the definition of v and (2.24), we firstly observe that
u(s+7,2)—u(s, ) ~
lv ()| L2y = ( ( < sup ug ()| 2 mny < C- (4.32)
T L2(Rn)  0<s<oo

Additionally, there hold the following inequalities

Y (u(t+ )" T (u(t+7) = [T (w (@)Y (u(t)

:C% /A(u(t—i—T,x))ut(t—i-T,x)dx—/A(u(t,x))ut(t,x)dx
R» R»

X LT Gt )1 4 T (e (1))

<C| | Au(t+7,xz)) v (t,x)de
/

[0 G 7)1 1 (u () 7]

+ /Av (t, ) us (¢, z) do
R~

< C o Ol 2@y + 180 Ol gz | [T @E+DI2+ T @@)2] (433)

[0 G (e 7)1 1 (w ()]

Then, multiplying (4.31) by 2v, integrating over R™ and exploiting (4.32)-(4.33), we find

d —
= (E@(t))) + 200 [v: (D11 72@m B0.00))

< CIY () E(E) + C Vv #)ll p2®n

o0 ()| ey + C 1T (u (£)) 7 B (w(t))
+C [\T (WO 2+ [T (uw(t+ )72 | E@®) + C loe ()] 1o gy » (4.34)
where
E@®) = lloe O 72@e + 1A @O 72 gy + B1VY @)l72@n) + Mlv @)l]72 g
+ 7 IV (0172 @y IVO (O] 72 Ry -

Now, let 7 be the cut-off function as defined in (4.21). Multiplying the equation (4.31) by >°r | 2z;(1 —
e

Nor Ve, + 5 (0 — 1) (1 — n2,) v, integrating over R™, and exploiting (4.32)-(4.33), and using (2.5) and (2.24),
it follows that

3¢ 2 e? 2 e 2 g2 2
o5 A0 ()1 72(B(0,2r)) + 5 lloe 0172 p(0,20)) + 55 Vo (Ol 22(B(0.2r)) + 3/\ o (Ol (50,20
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28
V0 O p0amy + g [ [ m@a@ oo d

|

R~

62 2
57 [Vu ()72 ®n)

) |

res Z/xz (1 = 12y () v, () e (8, :c)dx+2(n—1)/(1—ngr( Ve (t2) v (t,2) da

= an

e2ln-1d / (1= nar () a () v (¢, )| d

4 dt [
Rn
2 2
< e2C|ur ( L2504\ B0,2r)) 4 + 20 ||Av Ol z2(B0,4m\B(O0,2r)

2
+e°C ||V O 22 (B(0,4r0\ B(0,2r)) @5 T €7 C v (D) 12(5(0,4m\ B(0,2r))
e | +2C 0+ 1) T (@ @) E (1)

+e2C [ 147 [0 Ol gany +7 0 O oge)

20 (r+1) [mu )72+ 7T (u (t+7))\q’2} B (), VE>0, ¥r>r
Next, a further multiplication of (4.31) by en?v, with the help of (4.32) and (4.33), leads to

2 2
el AV 2 ®e\ B0, T EBIVOO 2@\ B(0,1)) T EA VO 2R\ B(0,r))
2 2
+ev[[Vu ()l z2mn) VOO 12 ®e\B(0,1)

/77? () vt (¢, z) v(t, x)dx + % /nf (x) a(z) (v(t, x))Q dx

R~

|

—1—5i
dt

R~
2 3/2

< Ce [1 + [Imrve ( )||L2(Rn) + ||U(t)||jj{2(Rn\B(o,r)) + [Jv( )”H?(R”\B(O Mt [[v(t )||H2 Rn)

(4.35)

+eC [T @)+ T ((t+m)"* | @), ¥t20, vrzr
) and applying Young’s inequality with ¢ > 0 sufficiently small, we

|

Adding the inequalities (4.34)-(4.35
deduce
4 Bo(t))) + CE(u(t
& (Blu() + CE@()
+ 2— [Z/xz (1 =19 () va, (t, ) vy (8, :c)dx+2(n—1)/(1—nzr( N (t,z)v (L, z) de
= an Rn
52@% [/(1_% (@) a(2) |v(t,x)|2dx]
Rn
+ 6% /n? () ve (¢, z) v(t, z)dx + % /nf (z) a(z) (v(t,x))2 dx
R~ R~
(4.36)

<C+C|T (W) Ew(t), Vt>o.

Now, let us define
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O (t) = E(v(t)) + ¢ / (1 =20 (@) a (@) o (t,2) dz

R'n.
+ &2 Z / i (1= m2p (2)) vy, (¢, ) v (t,2) do
i=1gn
2
+ 5 =1 [ (0= @) ()0 () d
Rn

e | [ @ua) ot g [0 @alo) @) do

R" R»
Thus, from (4.36), it follows that

%@ (t) + CE((t)) < C +C|Y (w(®)|*E(v(t), Vt=o0.

It is easy to see that, choosing € small enough, there exist constants ¢ > 0, ¢ > 0 such that

cE(v(t) <O((t)<cE(v(t)).
Then, by (4.37) and (4.38), we readily get

%@ ) +COM)<C+C|T (u(t)]?O(t),
which yields

t

@(t)<C+C/|T(u(s))|q@(s)ds, vVt e 0,11,

0

for every T' > 0 and some C' > 0. Applying Gronwall’s inequality in the last estimate, we obtain

CtTus 9ds
o) <ce TN Gy e,

for every T'> 0 and some C' > 0. On the other hand, recalling (2.19), we have the estimate

/WW@sta
0

29

(4.37)

(4.38)

(4.39)

for some constant ¢ > 0. Therefore, taking into account the last estimate in (4.39) and using once more

(4.38), we infer that

E(w(#)<C, VteloT],

(4.40)

for every T' > 0 and some constant C' > 0. Taking the limit as 7 — 0 in (4.40) and regarding the definition

of v, we eventually obtain that

E(u(t) <C, ¥t>0,
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for some constant C' > 0. From this last estimate and (1.3), we also deduce that
ot ()l s gy < €
for some constant C' > 0. Therefore, the last two estimates are enough to conclude that
10 ) e () s gy o ey < €

for some constant C > 0. This finishes the proof of Theorem 4.1. O
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Appendix A. Final remarks

We finally highlight two interesting points to conclude the paper, namely, on the Balakrishnan-Taylor
damping term (as a not so good stabilizer alone) and also on the exponential stabilization in the homogeneous
framework.

A.1. Weakness of the Balakrishnan-Taylor damping

Although acting as a dissipative structure in the system, the Balakrishnan-Taylor damping seems to be
not enough to produce “a good” stability to the homogeneous problem, say the exponential one. Indeed,
just to fix the idea, let us formally take problem (1.3)-(1.4) with 8 =+v=0, a,Ah =0in R™ and f =0 in R,
namely, the next simplified model

U + A%+ M — 6 [T (u,ue) |2 T(u,ug)Au=0 in R x R”, (A1)

where we have used the notation (1.5). Thus, the corresponding energy set in (2.1) becomes to the following

1 A 1
E(t) = Sl Au)l|Ze @y + 5@ @n) + 5 lue @2 @ny, >0, (A.2)
whose derivative formally (and rigorously) satisfies

d

PO = =0T (u(®),w@®))" = =6 [(Au(t),w(t))[* <0, Vi>0. (A.3)
This shows that E is non-increasing and we can ask about its stability. For example, if E(t) does not go
to zero as t goes to infinity, then nothing could be done in terms of stabilization. On the other, even if we
have the strong stability E(t) — 0 as ¢ — oo, then one has

[T (u(t),ue(t))| < E(t) >0 as t— oo. (A4)
Accordingly, (A.4) implies that the damping coefficient in (A.1) becomes less and less effective as the

parameter ¢ goes to infinity and, consequently, no fast decay rate estimates could be expected. Moreover,
from (A.3)-(A.4), one can easily see that
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1
E(t) > . >0, A5
R P Rl o

which clearly means that the Balakrishnan-Taylor damping term —& | Y (u, us)|? > Y (u, us)Au (alone) is
no longer enough to conclude (uniform) exponential stability, once the energy is bounded from below
polynomially as in (A.5). In conclusion, the additional localized damping term «(z)u; seems to be a minimum
amount of damping necessary to recover uniform (exponential) decay patterns for (A.1) and, thus, in the
study of long-time dynamics for the fuller model (1.3)-(1.4).

A.2. Ezxponential stabilization in the homogeneous case

By taking § =+ =6 =0 and h = 0 in (1.3)-(1.4), then it precisely reduces to the problem proposed
by [21], see (1.1)-(1.2) therein. In such a case, under suitable assumptions on f, the authors show that the
corresponding energy functional is exponentially stable, see [21, Theorem 1.1]. In the present article, if we
only assume h = 0 in (1.3)-(1.4), then it also consists a sort of more general homogeneous problem, by
including extensible beams of Balakrishnan-Taylor type. In such a case, from (2.1) one sees that

Eolt) = S0, @)y + S IVuO ey + SVl + [ Flalt)dn,  (A0)
R~

and from (2.19) it is also non-increasing. Moreover, by strengthening the assumptions on f (if necessary),
taking advantage of the unique continuation property in the present setting, and following the same lines of
[21], one can prove that Ey(t) given in (A.G) (related to the homogeneous problem) is exponential stable,
that is, there exist constants C, ¢ > 0 such that

Eo(t,uO,Ul) S CE()(O,’UJO,’UJl)Bict, Vt Z O, (A?)

for initial data lying in bounded subsets (ug,u1) € B C H? (R™) x L? (R™). In other words, the attractor
Ao = {(0,0)} would be the trivial one. To the proof of such statements, only computations on the extensible
term

(B IVUO) 2y + 17w u)|* X)) Au,

are necessary when compared to [21, Section 2], by consisting somehow very similar to those performed in
the latter. Hence, we omit the details here.
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