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Abstract
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[14]. The sensitivity of the Timoshenko system with respect to heat conduction laws and history terms is
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1. Introduction

The classical conservative Timoshenko system3 from [29],

P1¢1 —k(px + ) =0 in(0,L) x R*,

P2V — bYax +k(px +¥) =0 in (0, L) x RF, (-

for the vertical displacement ¢ and the rotation angle ¥y modeling a beam of length L > 0, has
been studied intensively concerning possible damping mechanisms. Two damping terms, one in
each equation, of frictional type ¢; resp. i are easily seen to lead to an exponentially stable
system, of course here and in the sequel with added initial and boundary conditions. Only one
damping ¥, in the second equation of (1.1) is sufficient for exponential stability if and only if the
condition of equality of the wave speeds (EWS), given by

L =, (1.2)

is assumed to hold,”* cf. [27].
Damping through a memory term, replacing the second equation in (1.1),

P19t — k(px +¥)x =0 in (0, L) x RT,

t
1.3
P2Vt — b + k(ox +¥) +/g(t —$)¥uxds =0 in (0, L) x R¥, (-
0

with an exponentially decaying positive kernel g, also leads to exponential stability if and only
if the EWS condition (1.2) is satisfied, see [6].

Another type of damping consists in taking into account thermal effects — as will be later one
main aspect of our paper — having been studied first in [22],

P19 —k(px +¥)x =0 in(0,L) x RT,
02Ut — by +k(ox +¥) + 06, =0 in (0,L) x RT, (1.4)
030 — BOxx + 0Py =0 in (0,L) x RT,

where 0 denotes the temperature (difference to a fixed constant reference temperature). Again,
exponential stability is given if and only if the EWS condition (1.2) is satisfied. For more recent
results related to (1.4) we quote [2] and the references therein.

A third type of damping effect is given by a history term, similar to the memory term in (1.3),
resulting in the system

3 Recent work strongly suggests the notion of Timoshenko-Ehrenfest system, see [10].
4 The EWS condition is physically never satisfied but demonstrates already the sensitivity of the Timoshenko systems.
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P19 —k(px +¥)x =0 in(0,L) x R,
r 1.5
pavius — birex + k(s +w>+fg(t Yads=0 in@©L) xR, )
0

with an exponentially decaying positive kernel g, also becoming exponentially stable if and only
if the EWS condition (1.2) is satisfied, see [14,21]. A short survey of references containing more
recent generalized results concerning the models (1.3) and (1.5) can be found in [3].

Combining history and thermal effects, in [14], the thermo-(visco-)elastic system

P19 — k(px +¥)x =0 in (0, L) x RT,
o0

P2 — by +k((px+1ﬁ)+/g(t—s)wxxds+09x =0 in(0,L) xRT, (1.6)
0

030 — BOxx + oYy =0 in(0,L) x RT,

was considered and once more, for exponentially decaying kernels g, the exponential stability of
the system was obtained if and only if the EWS condition (1.2) is satisfied.

A final aspect in the above mentioned system with temperature and history concerns the be-
havior, if one replaces the Fourier type heat conduction law

q+B0x=0 (1.7)
for the heat flux ¢, leading to the classical heat equation visible in its main part

10391_,39)()6"':0

above, by the Cattaneo (Maxwell) law

Tqr + g = —pbx, (1.8)

with a positive relaxation parameter T > 0 (t = 0 corresponds to the Fourier law (1.7), combined
with the conservation law

030 + qx + 0¥y =0.

Here the interesting effect appears that the Cattaneo law leads to non-exponential stability for the
system

P1@ —k(@x +¥)x =0 in(0,L) x RT,
o0

P2t — by + k(@x + V) +/g(t — $)Yxxds +060, =0 in(0,L) x RT, (1.9)
0

P30 + qx + 0P =0 in (0,L) x RT,

Tqr +q = —pB0, in (0, L) x RT,
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even if the EWS condition (1.2) is satisfied, see again [14]. We also refer to [11] where a new sta-
bility number involving the coefficients, based on the development for Cattaneo’s system without
history [25], is still regarded in the uniform stabilization of (1.9).

Thus one has the surprising fact that the Timoshenko system plus history but without thermal
effect, i.e. system (1.5), is exponentially stable under the EWS condition, it remains exponen-
tially stable as expected if we add the (dissipative) effect of heat conduction under the Fourier
law in system (1.6), but it loses the exponential stability when adding the (still dissipative?) ther-
mal effect in form of the Cattaneo law in system (1.9). In other words, Cattaneo may destroy
exponential stability, while Fourier preserves it. See [14] for detailed (and precise) results on
these statements.

In all the thermoelastic models above, the thermal damping is assumed in the bending moment
by leading to the couplings in (1.4), (1.6), (1.9).

Here, we shall consider a coupling in the shear moment leading partially to new results with
respect to the EWS condition (1.2) — this condition can be avoided under history terms —. In
particular, we will have an unexpected very different result (cf. Theorem 4.1), where now we
obtain an exponential stability result also under the Cattaneo law.

The thermal damping in the shear force — possibly combined with history in the bending
moment — leads to the following thermo-(visco-)elastic system

P19t —k(px +¥)x + 060, =0 in(0,L) x RT,
o0

P2V — bWy + k(px + ) +oe[g(s)wxx(s)ds —060=0 in(0,L) xR, (1.10)
0

030 +qx +o(px +9) =0 in(0,L) x RY,

Tqr +Bg+6x =0 in (0,L) x Rt

where we have o = 0 (without history) or « = 1 (with history), and t = 0 (Fourier law) or

T > 0 (Cattaneo law). For the derivation of these possible dissipative hybrid models generated by

(1.10), we refer to [2,3] where physical justifications are provided on thermo-(visco-)elasticity.
The remaining constants are assumed to be positive constants,

o1, p2, p3,k,0,b, B >0, (1.1D

and further conditions on the exponentially decaying kernel g will be specified later on.
The case o = 0, 7 = 0, meaning without history and with Fourier’s law, i.e.

P19 — k(@x +Y)x +00, =0 in (0, L) xRt,
P2Vt — by +k(px +¥) —06 =0 in(0,L) x RT, (1.12)
P30 — BOxx +o0(0x +¥) =0 in (0,L) x RT,

with initial-boundary conditions

ox(0,8) =@ (L, t) =¥ (0,t) =y (L,t) =6(0,t)=6(L,t) =0, t>0, (1.13)
and
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@(x,0) = @o(x), 91 (x,0) = 1 (x), ¥ (x,0) = Yo (x),
Vi (x,0) =¢1(x),0(x,0) =6p(x), x € (0, L), (1.14)

has already been addressed in the literature, cp. [1,4,5]. Accordingly, it is known that
(1.12)-(1.14) is exponentially stable if and only if the mathematical assumption EWS (1.2) is
taken into account, and polynomially stable with optimal decay rate !/ ([4, Sect. 4]). This
result corresponds to the one for system (1.4) (coupling with bending moment, without history,
Fourier’s law).

Here, we first show in Section 2 the exponential stability if additionally a history term is
present, i.e. (1.10) with t = 0 (Fourier law) but o =1,

P1¢1 —k(px +Y)x + 06, =0 in (0,L) x R*,
o0

P2Vt — by + k(px +¥) + / g($)Vir(s)ds —o0 =0 in(0,L) x RT, (1.15)
0

030 — BOxx +0(px +9); =0 in (0, L) x R+,

without assuming EWS (1.2), see e.g. Theorem 2.2. This result provides the correct stabilization
for (1.15); and essentially improves [12,28], where the case of non-EWS remained open. It also
brings up a different result when compared to (1.6) (thermal coupling on the bending moment)
where the EWS condition (1.2) must be regarded for its exponential stabilization. In Section 2
we also provide more precise details on improvements in this case.

In Section 3, we look at Cattaneo’s law without history, « =0 and 7 > 0,

P1@e = k(px +¥)x + 00, =0 in (0, L) x R,

P2Vt —bYx +k(px +¥) —06 =0 in(0,L) x RT, (1.16)
P30 +qx to(px+¥) =0 in (0,L) x RY, '
1q, +Bq+6,=0 in (0, L) x RT.

It will be proved (cf. Theorem 3.1) that there is no exponential stability no matter if EWS (1.2)
is true or not. This result is new and corresponds to the known result for the case of damping in
the bending moment given in [14].

Finally, we discuss in Section 4 the situation of Cattaneo’s law with history, « =1, v > 0,
namely,

P191: — k(px +Y)y +060, =0 in (0, L)XR+,
o

2V — by +k(@y +¥) + f g()Yrx(s)ds —o0 =0 in(0,L) x RT, (1.17)
0

P36 +qx +o(px +¥); =0 in (0, L) x RT,

19+ Bq+6,=0 in (0, L) x RT.

It will be proved that (1.17) is exponentially stable without needing the EWS condition (1.2) on
the coefficients, see Theorem 4.1. Unlike the previous case, this is a strong contrast and, maybe,
unexpected in comparison to the result for the bending moment damping mentioned above with
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respect to (1.9), where we lose exponential stability going from the Fourier to the Cattaneo model,
as presented in [14]. Sections 3 and 4 will bring all specific and concrete proofs.

As a consequence for the quite different results obtained (in comparison to bending moment
damping), quite new sequences of a priori estimates will have to be provided.

Summarizing our contributions, we present:

e a first discussion of several thermoelastic Timoshenko systems involving history terms and
both Fourier and Cattaneo models (main Theorems 2.2, 3.1, 4.1);

e new insight into possible roles of history and heat conduction models strongly contrasting
expectations from earlier works, in particular Theorems 2.2, 4.1, also answering an open
question from [12,28];

e combination of methods requiring new sequences of a priori estimates not given before,
under less assumptions on the kernel g as e.g. in [14] (no lower bound required).

We denote by L2, L', H', HO1 (mainly on the domain (0, L)) the usual Sobolev spaces, and by
(-,-)2 and || - ||> the inner product resp. the norm in L2. Unless otherwise specified, the letter C
will denote a generic positive constant.

2. Fourier and history: exponential stability

We start by considering the thermoelastic Fourier case with history (1.15). Introducing as
usual (cf. [14]) for the history setting

nix,t,s):=¢vx,t) —vx,t—s), t,s >0, 2.1

we consider the following system

P19 —k(px +¥)x + 00, =0 in (0,L) x RT,
o
P2V — b + k(o + ) — / g)Nx(s)ds —o0 =0 in (0,L) x R*, 2.2)
0
036 — BOxx +0 (9 + 1) =0 in (0, L) x RT,
Nt +ns —¥:=0 in(0,L) x Rt x RT,
where
o0
b:=b— /g(s)ds,
0
with initial-boundary conditions
@x(0,0) =@x(L, 1) =y (0,0) =¥ (L,1) =6(0,1) =6(L,1) =0, 23)
n(0,1,5)=n(L,t,5)=0, t,5>0, '

and
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(x,0) =po(x), ¢:(x,0) =gi1(x), ¥(x,0)=vo(x), ¥:(x,0)=y1(x), 2.4)
0(x,0)=6p(x), n(x,0,s) =no(x,s), n(x,,0 =0, xe(@,L), t,s>0. '
The assumptions on g are given by
Assumption 2.1. We assume that g € LIRHNCIRY) isa positive function satisfying
o0
b=b— / g(s)ds >0 and g'(s) < —kig(s), seR™, (2.5)
0

for some constant k1 > 0.

We remark that we do not require any lower bound of type —kog(s) < g’(s) or a bound
on second derivatives like |g”(s)| < ky for some kg, k» > 0 as in [14]. Instead of using these
additional assumptions, we can give an improvement using a technique from [16], see below.

Without the history term it corresponds to system (1.12), where the EWS condition (1.2) is
still crucial, see the comments above following (1.12). Now, with history, we will be able to
remove this condition and still get exponential stability. This improves [12,28], answering an
open question, and it is in contrast to the corresponding result for systems with thermal damping
in the bending moment as in [14], where the EWS condition was also necessary for exponential
stability.

To address problem (2.2)-(2.4), we first consider the phase (Hilbert) space

Hp=H}0,L)x L3(0, L) x Hy(0,L) x L*(0, L) x L*(0, L) x L;(R™, Hj (0, L)),

where

L
L20,L):={we L*(0, L) | /w(x)dx:O}, H!:=H'0,L)n L0, L),
0

Ly(RT, Hy(0, L)) :={w| /gwe L*®R", Hy (0, L))},

endowed with the norm

o]

U3, = o I1913+ o2l 13+ kllpx + V15 +15||wx||%+p3||9||%+fg(s)ﬂnx(s)u%ds (2.6)
0

and corresponding inner product (-, )3, for all U = (¢, ®, ¥, ¥, 0, n) € Hf. Thus, denoting
® :=¢; and ¥ := ;, we can transform problem (2.2)-(2.4) into the first-order system

U: Uy 09
{ 1 =ArU. 1> 2.7

U (0) = (o, ¢1, Yo, V1, 60, no) =: Vo,
where Ar : D(AF) C Hp — Hp is given by
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_ o -
k o
—(px +¥)x — —0x
01 01
R4
1 /- 0 k o
— (bv + J5" gm)ds) = — @+ )+ 0
02 xx o P2 02

B o
_exx - _(q)x + \Ij)
03 03

ArU = (2.8)

\Ij_ns

with domain

D(AF) := {U €Mp|®eHN0,L), ¢, V.0 €Hy(0,L),ns € Ly(RT, Hy (0, L)),

8]

0, 0,by + / g(s)n(s)ds € H*(0, L), n(-,0) = 0}.

It is not difficult to prove that 0 € o(AF), with the arguments in [14]. Moreover, Ar is dissi-
pative with

oo

1
Re(ArU, Uy, = —BI6: 13 + 5 f g () Inx () |3ds. 2.9)

0

This identity would follow easily assuming —kog(s) < g’(s) as in [14]. But without this assump-
tion, we can guarantee (2.9) as follows, using arguments given in [16]. The only point to justify
is the integration by parts in

oo 1 o0
_Re/g(s)<nsx(s)snx(s)>2ds = E/g’(S)Ilnx(S)II%dS- (2.10$)
0 0

Using 7, (-, 0) = 0 and denoting by the finite number Z the left-hand side of (2.10), we have

1y
Z= lim —g(l/y>||nx(1/y>||%+/g/(s)nnx(s)n%ds
=1 Y

=:f2(y)

Since the integrand in f>(y) is negative, limo<y_.o f2(y) exists and is either a finite negative
number or —oo. But the latter is excluded since f;(y) cannot compensate this to a finite num-
ber because it is also negative. Hence f1(y) also converges to a finite number which must
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be zero, otherwise U = (..., n) would not belong to the domain of Ap. Altogether we have
Z =limg.y_,0 f2(y) proving (2.10) and hence (2.9).
Now using Assumption 2.1 we obtain

Re(ApU, Uy, = —BlI0:1I3 + % / g () Inx(s)l3ds
0
) ki il 2
<—Bloxls — / g e (s)13ds
0
<0, YUeD(Ap). (2.11)

Therefore, by using the Lumer & Phillips Theorem, A is the infinitesimal generator of a
Co-semigroup of contractions {Sr(¢)};>0 = {eAF "¢>0 on H F, and the existence and uniqueness
the solution U (t) = eAF’Uo, t > 0, to problem (2.7) follows in the class

U e CH([0, 00), Hr) N C°([0, 0), D(AF)).

As main result we have that the semigroup is exponentially stable no matter whether the EWS
condition (1.2) is satisfied or not:

Theorem 2.2. Under the Assumption 2.1, there exist constants C,y > 0, being independent of
Uy € HF, such that for all t > 0

IU@ 3y < ClUNIwpe ™" (2.12)

In other words, the thermo-viscoelastic Timoshenko system under the Fourier law (2.2)-(2.4) is
exponentially stable independent of any relation between the coefficients.

To prove Theorem 2.2 we use the well-known characterization of exponential stability for
Co-semigroups established in [15,17,26], cf. [18].

Theorem 2.3. Let {T (t)};>0 = {eAt}tzo be a Co-semigroup of contractions on a Hilbert space
H. Then, the semigroup is exponentially if and only if

iR Co(A) (resolvent set) (2.13)

and

limsup ||(iAl; — A)~! | < oo. (operator norm) (2.14)
|A]— 00

The conditions (2.13) and (2.14) will be shown in the next subsections.
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2.1. Verifying (2.13): the resolvent set o(AF) contains the imaginary axis
Let us prove that
iR Co(Ar). (2.15)

For this purpose we argue by contradiction, and we suppose that iR ¢ o(Ar). Then, there exist a
constant @ > 0, w.l.o.g., and a sequence A, € R, with 0 < A,, — w from below and i A, € o(AF),
and a sequence of functions

Up = (@n, Pn, Y, Y, Op, 1) € D(AF)  with ”Un”’Hp =1, (2.16)
such that
iU, —ArU, —0 in Hp. 2.17)

Using the expression for Af given in (2.8), then (2.17) can be rewritten in terms of its compo-
nents

iMa@n — P, — 0 in  H!0, L),
iAnp1Pp — k(Pux +Yn)x +06nx = 0 in  L20,L),
iAgYp — W, — 0 in  H(,L),
iAoV, + k((/)n,x +Yn)
0 (2.18)
— | by, —I—fg(s)n,,(s)ds —00,—0 in L2%0,L),
0 XX
iAn 0300 — B xx + 0 (Ppx + W) = 0 in L%, L),
idptn + Nps — WYy — 0 in  L3(R*, Hj(0, L)).

Lemma 2.4. Under the assumptions of Theorem 2.2 we have:

[6n.x113 = 0, as n— oo, (2.19)
0

/ [—&'()nn.x($)]3ds — 0, as n— oo, (2.20)
0

0

/g(s)||nn’x(s)||%ds — 0, as n— 0o. 2.21)
0

Proof. This is an immediate consequence of (2.11) and (2.17). O
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Observing Lemma 2.4, the convergence in (2.18) turns into

iAp@n — P, — 0 in H!(0, L), (a)
iAn 01 Py — k(@ x + Yn)x — O in L(0, L), (b)
iAW — W, = 0 in H} (0, L), (©)
o0
iAn2 Wy +k(§0n,x + ) — El/fn +/g(5)7]n(5)d5 —0 in LZ(O’ L), (d)
0 XX
idnTln 4 s — W = 0 in LZR*, Hj (0, L)). (e)
(2.22)

Lemma 2.5. Under the assumptions of Theorem 2.2 we have:
1, xll2, 1¥nxllz— 0, as n— oo. (2.23)
Proof. First, from (2.22¢) one gets
i (Y5 Wnx)2 = W I3 = 0. (2.24)

Using Cauchy-Schwarz and Young inequalities, we get

W13 < 2]idn (Wnxs Cne)2 — W2 [13] + A2 11 W2 13- (2.25)

Combining (2.24)-(2.25), and since and ||1p,,,x||§ < %HU,,H%_[F, it follows that (|| W, x|l2)seN 1S
bounded.
On the other hand, since n,, € L;(R*, H(} (0, L)), we have g||n,,,x(-)||% e L'(R*), and

lim g(2) 7. (2) 13 =0, (2.26)
77—

as explained in deriving (2.10).
Now, the mapping s ﬁwn € L;(RT, Hj(0, L)) for all n € N. Taking the multiplier

;—2 g(s)W, in (2.22e) and taking into account (2.21), we have

1 >0 g(s)ds
)»_2<77n,s’ an)Lg,(R*,H(} (0,L)) _./;))»—2 1P x ”% — 0. (2.27)
n

n

=P,

Integrating P, by parts with respect to s, using Lemma 2.4 (see (2.20)), the fact that (V)N 1S
bounded in H] (0, L), we infer

oo

1
| Py| = ﬁ/g(s)wn,sx(s)a Wy.x))2ds
n
0
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o0

1
= A_Q/g/(s)<nn,x(s)y ‘Ifn,x)zds
"0

o0

l !
_2||an||2 /g ()N, x (s)ds
Ay 0 )

o0 2

_AZ / (=¢/61ds | | [ 1= ©lms6)1Bds | 190020,

0

Thus, (2.27) and Lemma 2.4 imply W,, — 0 in Hé (0, L) and, consequently, (2.22c) yields v, —
0in H(} (0, L) as well. Therefore, the proof of (2.23) is completed. O

Lemma 2.6. Under the assumptions of Theorem 2.2 and the above notations, we have:

lon.x +¥nll2, [Pnll2 =0, as n— oo. (2.28)

Proof. We start by taking the multiplier k(g,, , + ¥,) in (2.22d) to get

[e¢]

idp 2k {Wy, On,x + Yn)o — < Ewn + / g(s)nu(s)ds s k(ﬂan,x + I/fn)>

0 XX 2
2 2
+k“@n,x + Ynllz = 0.

Performing integration by parts, using (2.21), (2.23), the boundedness of (¢, x + ¥u)ueN i
L?(0, L) and regarding boundary condition, we obtain

9]

Kl gn x + Vall3 + <Bwn,x + / 8(8) 1 x (8)ds, k(gn x + wn)x> =0. (2.29)

0 2
On the other hand, taking the multiplier Blpn, x+ fooo g($)Nu.x(s)ds in (2.22b), we have

oo o0

ip1An <51/fn,x+ f g(s)nn,x(s>ds,d>n> —<Ewn,x+ / g(s)nn,x(sms,k(wn,x+wn>x> — 0.

0 2 0 2
Using that (]|®,||2),eN is bounded and Hl;llfn,x + fooo g(S)Nn,x(s)ds H2 — 0, we conclude from
the previous limit that

[e.e]

- <l;wn,x + / g(s)nn,x (s)ds, k((pn,x + wn)x> — 0. (2.30)

0 2
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Combining (2.29) and (2.30), we @clude the first convergence in (2.28).
Now, taking the multipliers p1®, in (2.22a) and @, in (2.22b) and adding the resulting ex-
pressions, we have

ip1 20 [{@n, Pu)2 + ( Py, @n)2] — o1 ”q)n”% - k((ﬁan,x + Yu)x, On)2 — 0.

Integrating by parts and taking the real part, we get

— o113 + kRe (9nx + Vs @ux)2 — 0. (2.31)

On the other hand, taking the multiplier p,W¥, in (2.22¢) and v, in (2.22d), and adding the
resulting expressions, we obtain

o0

ipZAn[(¢nawn>2+(\I'ann>2]_< Ewn+/g(s)nn(s)ds an>

0 XX 2
4+ k{@nx + Vs Yn)2 — 021, |13 — 0.

Integrating by parts, using boundary conditions, and also Lemmas 2.4 and 2.5, we arrive at
kRe (@n,x + ¥, Yu)2 = 0. (2.32)
Adding the limits in (2.31) and (2.32), we get
—pl®nll3 +kllgnx + Yull3 = 0,
from where (2.28) follows. Thus the proof of Lemma 2.6 is finished. O

We are finally in the position to give the proof of (2.15). In fact, from (2.19), (2.21), (2.23)
and (2.28), we conclude

Unll2¢z — 0,

which is a contradiction to (2.16). O

We remark that, in the proof of (2.15) we use an approach similar to [14, Sect. 4]. However,
it is worth mentioning that our refined arguments are different in detail, in particular we do not
require a boundedness of the memory kernel from below.
2.2. Verifying (2.14): boundedness of (i\l; — Ap)~!

We will prove that there exists a constant C > 0 independent of A € R such that, as |A| — oo,

IGr g = AR) gy < C. (233)

Let Y= (f1,..., fe) € HF be given, and let
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iNU—ApU =T, (2.34)

which in terms of its components is given by

g — D= fi, (2.352)

P11 ® — k(gs +Y)s + 00 = p1 fo. (2.35b)

i — W= f3, (2.35¢)
.

iAW — B — / §(5)ax ()ds + k(g + ) — 00 = pa i, (2.35d)
0

136 — BOr + 0 (D + W) = p3 fs, (2.35)

D+ s — W= fo. (2.35)

To prove (2.33) we have to show that there exists a constant C > 0, independent of A, such
that, as |A| — oo,

N1UN = CIY I3 (2.36)
The estimate (2.36) will be proved in different steps estimating the different components.

Lemma 2.7. Under the assumptions of Theorem 2.2, there exists a constant C > 0 independent
of A such that

o]

16113 . /[—g’(S)]Ilnx(S)H%ds < CllUN 3 1Tl (2.37)
0

In particular, there exists a constant C > 0, independent of A, such that

]

3110115 + / g e ®)3ds < CllU 34, 101134+ (2.38)
0

Proof. Estimate (2.37) follows immediately by taking the inner product of (2.34) with U in H
and using (2.11). O

Lemma 2.8. Under the assumptions of Theorem 2.2 and given any € > 0, there exists a constant
C¢ > 0, independent of A, such that

kllox + ¥ 15 < €lUl3,, + Cel Y15, (2.39)
for |\ > 1 large enough.
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Proof. From the resolvent equations (2.35a), (2.35¢) and (2.35¢), we have

iAp30 — BOxyx +ido(px +¥) =p3 fs +6(f1,x + f3).

Multiplying (2.40) by k(¢, + ¥) and integrating over (0, L), we infer

L

L L
iAok / o + Y2 dx=—p / 0, Tk (@r F 90T dx + psk / 6T T )1 dx
0 0 0

=R =R
L
+kf (035 +0(fix + 1] e T 9) dx.
0

Let us rewrite the terms R and R; as follows. First, using (2.35b) we get

L L L

R =i)»/3p1/9x5dx—ﬁo/|0x|2dx+,3,01/9xﬁdx.
0 0 0

Next, applying (2.35a), (2.35¢), and integration by parts, we obtain
L L L
Ry, = —kp3/9x5dx +kp3/0@dx + kp3 f 0(fix+ f3)dx.
0 0 0
Replacing the above expressions for R; and R; in (2.41), and denoting by

L L L
R3 ::—,30/ 16,1 dx —kpg/@xgdx+kp3/.eﬁdx
0 0 0

L L

T kps / 6 in T 5) dx + B f 0.7 dx

0 0

L
+k/ [p3 /5 + 0 (fix + f3)] n 79 dx.
0

it follows that

L

irokllox + 113 = irBor /9x5dx + Rj3.
0
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Now, from the estimate (2.37) and Poincaré’s inequality there exists a constant C > 0 such that

IR3| < CIU e 1Tl + ClION20U 132 + ClO 21 NI94-

Returning to the identity (2.42), one sees that

Bp1
kllgx +¥l13 < —||9 ”2”¢”2+W|R3|

= Clloxl211®ll2 + ﬁ||9x||2||U||’Hp (2.43)

Cc
+ = U 1 M2

C
ol + = 10 201 [l -

|A]

From (2.43), using again the previous estimate (2.37) and Young’s inequality with € > O several
times, we conclude (2.39) for |A| > 1. O

Lemma 2.9. Under the assumptions of Theorem 2.2 and given any € > 0, there exists a constant
C¢ > 0, independent of A, such that

p1lI @13 < €llUNl,, + CellTl3, - (2.44)
for |\ > 1 large enough.

Proof. Multiplying (2.35b) by —g, integrating on (0, L) and observing (2.35a), we get

L L L
p1f|<1>|2dx=k/|¢x+w|2dx—kf(¢x+w>wx+1e4, (2.45)
0 0 0

where we have added and subtracted the term k fOL (¢x + Y)Y dx and denoted

L

Ry:= %afex@ Fdx - p /<¢E+ £9)dx.
0

Obviously we have

C
102032 + CNU N3 1T 3¢+

IR4|<—||9 20U 1137 + W

|A]

Then, going back to (2.45), using this latter estimate, the resolvent equation (2.35¢) and also
(2.43) along with Young’s inequality, one has
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pill @5 < kllox + W13 +kllox + ¥ l2ll¥ll2 + | Ral

C
— |0 21T
] 10 1211117

C
+mllU"%F+C”TH%w

for |A| > 1 and some constant C > 0. Using again the estimates (2.43), (2.37), and Young’s
inequality with € > O several times, we conclude (2.44) for |A| > 1 large enough. O

C
+ WHQJCHZHUH’HF +

+ ClU#p 1T 3¢

< Cllgx + v}

Lemma 2.10. Under the assumptions of Theorem 2.2 and given any € > 0, there exists a constant
Cc¢ > 0, independent of A, such that

P21 W13 < €llUI,, + Cell Y3, - (2.46)
for |A| > 1 large enough.

Proof. Multiplying (2.35d) by fooo g(s)n(s)ds and integrating over (0, L), we get

L oo L oo L oo
—p2 / / g(s)W[irn(s)ldsdx —o / / g()0n(s)dsdx + b / / g()nx (s)Yxdsdx
0 0 00 00

=:R5

L| oo L oo L oo
4 / / g()ne(s)ds| dx +k / / ¢() (@x + VTG dsdx = p2 / / ¢(s) fanGdsdsx.
0 0 0 0 0 0

=:Rg¢

Now, using the identity (2.35f) in R5 and the expressions (2.35a) and (2.35¢) in Rg, results in

Ib()

oo L oo L oo
fg(s)ds /|\p|2dx—a//g(s)emdsdx—B//g(s)nx(s)xpxdsdx
0 0 0 0 0

L oo L oo

P / f ¢(s) fin®)dsdx + p f / ¢ ()W adsdx
00 00
+R7+Rs+ Ry (2.47)
where we denote
00 2

L oo L
—m//g(S)‘lf[ns(S)]dsdx, Ry = —/ /g(S)nx(S)ds dx,
00 0 0
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and

bl

Ry :=— g(s)ny (s)dsddx +

SE
~|

L oo
[/g(s)mdsllldx
0 0

g (s)ds(fix + f3)dx.

SE

Ct~—r TT—n=
0\8 0\8

+

We obtain for R7, Rg and Ro:

1/2

o0
IR7l < pabo'/?1W2 / [—&'()1lIn(s)lI3ds
0
Next,

2
|Rs| < bollflllLﬁ,

remembering the notation ||n ||i2 = fooo g()|Inx(s) ||%ds. Moreover, there exists a constant C > 0
8

such that

C

A

C C
|Ro| < — —
2]

D> +
< |Mllnlng,ll lI2

Il L2 Nl + ==l 2 1L fix + f3ll2-

Using these last three estimates in (2.47) and also (2.38), we arrive at

Pl W5 < Clinlizz 1012 + Clinll 2 1¥xll2 + CIU N, 1 M2

0 1/2

+CII¥ll2 / [—¢'(®)lIn () 13ds (2.48)
0

< P < v

oIl 120+ il 9,

for come constant C > 0 and |A| > 1. From (2.37) and (2.38) we deduce

<

P23 < ClIU [l 1 Cllag, + Clinll 2 1 ll2 + ]

Inllz2 1@, (2.49)

for come constant C > 0 and |A| > 1. Finally, from (2.49), using again the estimate (2.38), we
conclude (2.46) for |A| > 1 large enough. O

Lemma 2.11. Under the assumptions of Theorem 2.2 and given any € > 0, there exists a constant
C¢ > 0, independent of A, such that
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bllyrell3 < €lUN3,, + Cell T3, -
for |A| > 1 large enough.

Proof. Multiplying (2.35d) by ¥ and integrating on (0, L), we have

L

L L oo
—/02/\1/(1'?»1//)61)6 +b Il/fxlzder//g(S)nx(S)%dsdx
0 00

—_
=:Rio
L L L
+k/(¢x+¢)$dx —O"/deleoz/‘fz;adx,
0 0 0

=R

Replacing v given by the resolvent equation (2.35¢) in both Ryp and Rj1, one has

L L oo L
b / [y |Pdx = — / / g(s)m(s)%dsdw% / (¢x + V) Wdx
0 00 0

L

L
+of9$dx+p2/|xp|2dx+1e12,
0 0

where

L

L L
" _ B B
Rz := %/(@x +1ﬁ)f3dx+,02/f41ﬁdx+,02/‘11f3dx'
0 0

0

It is easy to see that

IR12] < CIUNp 1M 5

for some constant C > 0, if |A| > 1. Thus, using (2.43) and (2.49), we obtain from (2.51)

bllvll3 < CIU ¢, Il + Clnl 21Ul + CllOx 121U 3¢ + 10211211 11325

(2.50)

2.51)

for come constant C > 0 and |A| > 1. Last, observing the useful estimates (2.37)-(2.38), we

finally conclude (2.50) for |A| > 1. O

Finally, taking into account the Lemmas 2.7-2.11 and choosing € > 0 small enough, there

exists a constant C > 0 independent of X such that (2.36) holds true.
This completes the proof of Theorem 2.2. O
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Remark 2.12. Let us finish this section with some comments as follows.

1. Theorem 2.2 is addressed for the mixed Dirichlet-Neumann boundary condition (2.3) only,
but the same result holds true for other different boundary conditions as well, such as the
Dirichlet-Dirichlet ones

ex,t)=y(x,t)=0(x,1)= n'(x,s)=0 for x=0,L, t,5s>0. (2.52)

Indeed, for the latter and its proper spaces for solutions, we still follow the same spirit of
computations as done in the proof of Theorem 2.2, by noting that the only difference comes
from the (possible) point-wise boundary terms. However, to handle with them we can use the
same point-wise estimates as provided in [1,21] or else introduce useful cut-off functions and
work with local estimates instead, as considered e.g. in [4,5], and then extend the estimate
to the whole range (0, L) by means of an observability analysis for Timoshenko systems.
In conclusion, problem (2.2)-(2.4) is also exponential stable subject to any other different
boundary condition instead of (2.3) where well-posedness is ensured.

2. Theorem 2.2 gives the answer to a question raised in [28, Rem. 3.8] with respect to thermo-
viscoelastic Timoshenko systems under Fourier’s law and memory in a history setting,
improving significantly some results presented in [12] (see Theorems 2.2 and 2.3 therein),
once Theorem 2.2 has revealed that the uniform exponential stability is achieved with no ne-
cessity of the EWS assumption (1.2) nor higher regularity of initial data. Moreover, even for
memory with null history the result on exponential stability keeps unchanged for (2.2)-(2.4),
including boundary condition (2.52), and the proof could be done through perturbed energy
method by combining similar arguments as given in [21,22] and refining the computations
of [7,19,20] in the case where the function & therein is constant. Therefore, the exponen-
tial stability result correspondingly also holds for Timoshenko problems with null history
and Fourier’s law under exponential memory kernels without regarding EWS, which gives a
different view of the stability result in [20, Thm. 2.5] for exponential kernels, i.e. £(-) =&
constant in [20]. It also complements the statements in [7, Rem. 3.4] since the shear ther-
mal coupling is the responsible for neutralizing the requirement of EWS assumption, not the
Neumann condition considered in [7] (without EWS) in comparison to the Dirichlet condi-
tions (2.52) in [20] (with EWS).

3. Cattaneo without history: non-exponential stability

In this section we consider the model (1.16), with Cattaneo type heat conduction and without
a history term,

P19t — k(@x +¥)x + 00, =0 in(0,L) x RY,
P2 — by +k(px +9) —06 =0 in(0,L) x RY, 31
P30 +qx +0(px +¥)r =0 in (0, L) x RT, '
7q: +Bq+0,=0 in (0, L) x RT,
where T > 0, and with initial-boundary conditions
0x(0,0) = (L, ) =¥ (0,1) =y (L, 1) =60(0,t) =0(L,1) =0, t >0, (3.2)
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and

:fp(x,0)=<po(X), @i (x,0) = 1(x), ¥(x,0) =vo(x), ¥:(x,0) =y1(x), (3.3)

0(x,0) =6o(x), q(x,0) =qo(x), x € (0,L).

The corresponding system with Fourier type heat conduction (t = 0) is exponentially stable if
and only if the EWS condition (1.2) is satisfied, as explained in the Introduction. Now we shall
see that the system above is not exponentially stable even if the EWS condition is satisfied.
That means, the system loses the property of being exponentially stable when taking Cattaneo’s
instead of Fourier’s law. This corresponds to the situation of thermal damping in the bending
moment considered in [14], while we have the damping in the shear moment.

To address problem (3.1)-(3.3), we consider the phase (Hilbert) space

He, = HL(0, L) x L2(0, L) x H (0, L) x L*(0, L) x L*(0, L) x L*(0, L),
equipped with the norm
U3¢, = prI®I3 + o2l W13+ Kllpx + VI3 + blIY I3 + p3ll6115 + Tligll3. (34)

for U = (¢, @, ¥, ¥,0,q) € Hc,. Thus, denoting ® = ¢; and ¥ = 1;, we can transform prob-
lem (3.1)-(3.3) into the first-order system

U =AcU, >0,

(3.5)
U(0) = (¢o, 1, Yo, V1, 60, g0) =: Up,
where Ac, : D(Ac,) C Hc, — Hc, is given by
_ ® _
k o
—(@x +¥)x — — 0k
L1 L1
)\
2 e~ L+ Zo 6
ACI U= Py XX pe Px 02 (3.6)
1
——qx — — (P + V)
03
B 1
——q— _Qx
L T T _
with domain
D(Ac) ={U e He, | © e H) g W0 € H), ge H' o,y € H2).
It is not difficult to prove that 0 € o(Ac,) and that A¢, is dissipative,
Re(Ac, U, Uy, =—Bllgll3 < 0. (3.7)
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Therefore, using the Lumer-Phillips Theorem again, A¢, is the infinitesimal generator of a Cp-
semigroup of contractions {Sc, (t)};>0 = {eAClt }i=0 on Hc,, and the existence and uniqueness
of solutions to problem (3.5) follows.

We are going to show that the semigroup is not exponentially stable even assuming condition

(1.2).

Theorem 3.1. The Cy-semigroup of contractions {Sc, (t)}:>0 is not exponentially stable. In other
words, the thermoelastic Timoshenko system under the Cattaneo law without history, (3.1)-(3.3),
is not exponentially stable, whether condition (1.2) holds or not.

Proof. We start by noting that it is relatively simple to prove that D(Ac,) is compactly embed-
ded into H¢,, and also that the operator iLl; — Ac, is injective for any given A € R. Therefore,
one can conclude that iR C p(Ac,). That is, condition (2.13) in Theorem 2.3 is satisfied. Conse-
quently, semigroup converges strongly (i.e. for any fixed initial value) to zero, see e.g. [8,9]. But,
as we are going to see below, the second necessary condition for exponential stability (2.14) is
no longer valid. To this end, it is enough to show the existence of a sequence (1,),cN C R, with
|Az| = 00, and U, € D(Ac,), n € N, such that

= 00, 3.8)

lim [|Uyll3, = lim H (inly — Ac)"'F,
n— 00 n— 00
for some bounded sequence (Fy),eN C Hc, bounded. Indeed, let us consider

Fy:=(0,0,0, sin(ahnx),0,0) with «:= %, P % neN.
o

In order to simplify the notations, let us omit the index # in the sequel. Let U = (¢, ®, ¥, V, 0, q)
be the solution of the resolvent equation (iAl; — Ac,)U = F, which in terms of its components
reads
irg — P =0,
. k o
iILO — —(gx + )y + —6, =0,
L1 L1
My — v =0,

' b k 70 =si 3.9
AV — — Yy + —(@x + ) — —0 =sin(aAx), (3.9
P2 P2 02

1 o
i+ —gx + — (9, + V) =0,
3 03

. B 1
irg+ —q+ —06,=0.
T T

From (3.9); and (3.9)3 we get the following reduced system
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5 k o
=20 — —(ox +¥)x + —0,=0,
L1 L1

=AY — — Yy + —(@x +¥) — —0 =sin(aix),
02 P2 02 (3.10)
. 1 iAo
P30+ —qy + 2 (g + ) =0,
r3 r3

. g1
irg+—q+—6,=0.
T T
Now, by virtue of the boundary conditions in (3.2), we look for solutions of (3.10) given by

@(x) = Acos(arx), ¥ (x) = Bsin(aix), 6(x) = Csin(aix), g(x) = D cos(aAx),

where A = A, B = B,,C =C,, D = D, are to be determined. Thus, to solve problem (3.10) is
equivalent to find A, B, C, D to the following algebraic system:

(—p1 + ka?)’2A — karB +oarC =0,
—karA + ((—p2 + ba®)A> +k)B — o C = py,
—ioaAA+iocB+ip3C —aD =0,

arC + (ith+ B)D =0.

(3.11)

We can rewrite this system as

p1(A) —kar ook
—kaX  p2(X) —0
—ioaA io p3(A)

(3.12)

(@I
I
e
N

=M
where we set

p1(V) = (—p1 +ka?)A2,

p2(h) = (—p2 +ba?)A? +k,
2
A

ith+ 8

(3.13)

p3() =ip3+
A simple computation leads to
detM = [p1(M)p2(A) — k2?2 p3s (M) + io?a®2* [ pa(h) — 2k] +io? pi(A),
and

5P [p1() P30 +i02a2?]
B det M ’

Here we observe that det M # 0, since
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p1kBa2?
Re detM = —m #0.
Thus, noting that pj (&) =k (% — £L) A%, p2()) =k, we obtain

_ k(B = 5) A% ps0) +ipao’a®s?
—p1kA2p3(X) —iko2a?)? 4 iko? (% — %) A2’

from where we obtain that |B| = |B;,,| behaves like a constant as n — 0o, no matter whether
(1.2) holds or not, that is,

|B|~cog>0, as n— oo.
Having in mind that W(x) = iX, ¥ (x) =iAB,, sin(al,x), we obtain

L L
. mL
1Unlge, = P2 / WP dx = 2l By, 1722 / sin (hnx) dx = == |By, [*A7,
0 0

which is enough to reach the desired limit (3.8).
Therefore, the proof of Theorem 3.1 is completed. O

Remark 3.2. This kind of loss of exponential stability when going from Fourier’s to Cattaneo’s
has been observed in [14] under damping on the bending moment, but also for thermoelastic
plates in [23,13]. In [24] it was outlined that this phenomenon might be more likely than not
losing the exponential stability.

This loss of exponential stability was also, surprisingly, observed in [14] if, additionally, a
history term is present, meaning an unexpected “destruction” by the Cattaneo heat conduction,
as explained in the Introduction. Now, in the next Section 4 we will add the history term, but,
interestingly, the system remains exponentially stable as in the Fourier case, in contrast to [14].

4. Cattaneo with history: exponential stability

In this section we study the case of Cattaneo’s heat conduction law with a history term (1.17),

P19 — k(px +¥)x +00, =0 in(0,L) x RT,
o0
P2Vir — by + k(px + V) —/g(S)T)xx(S)dS —060=0 in(0,L) xR,
0 4.1
030 +qx +0(px +¥); =0 in (0, L) x RT,
tq;: +Bq+6,=0 in (0,L) x R,
ne+ns =¥ =0 in(0,L) x Rt x RY,

with initial-boundary conditions
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n'(0,s)=n"(L,s)=0, n°(-,0)=0, t>0,s5s>0, '
and
(x,0) =9o(x), ¢:(x,0) =p1(x), ¥(x,0) =vo(x), ¥:(x,0) =;(x), 43)
0(x,0) =0(x), g(x,0) =qo(x), n°(x,s) =no(x,s), xe(0,L),s>0. '

The assumption on the kernel g will be again Assumption 2.1, as in Section 2.
To address problem (4.1)-(4.3), we consider the phase (Hilbert) space

He,=H} x Ly x Hj x L* x L* x L* x L3(R™, Hy),
equipped with the norm
||U||%{C2sm||<1>||%+pz||w%+k||¢x+w||%+5||wx||%+p3||e||%+r||q||§+||n||§§, (4.4)

for U := (¢, ®, ¥, ¥,0,q,1) € Hc,. Thus, denoting ® = ¢; and ¥ = ;, we can transform
problem (4.1)-(4.3) into the first-order system

Ur=AcU, >0, “s)
U (0) = (9o, ¢1, Yo, ¥1. 6o, g0, no) =: Vo, '
where Ac, : D(Ac,) C Hc, = Hc, is given by
_ ® _
k o
—(px +¥)x — — 0k
L1 L1
)\
1 /- 0o k o
— (by + J5" gm)ds) = —(ox+ )+ 0
ACQU = 1%} 1 xx P2 P2 (4.6)
o
——qx — — (P + V)
P3 p3
B 1
——q— _Qx
T T
L W — 7 i

with domain

D(Ac,) := {U €He,| € H ¢, V.0 € Hy,ns € Ly(RT, Hy),

o]

qE€ Hl,ga,l;l,/f —I—fg(s)n(s)ds € H?, n(-,0) =O}.
0
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It is not difficult to prove that 0 € o(Ac,) and Ac, is dissipative, with

oo

1
Re(AcyU, Une, = =Pllalls + 5 f g ()lInx(s)3ds
0

k1
< —Blalls - iz

<0, VUeDAcg), 4.7

and we have again a unique solution to problem (4.5) as in Section 2, U (¢) = eACZ’UO. We shall
prove that the semigroup {eACZ’},Zo is exponentially stable.

Theorem 4.1. Under the Assumption 2.1, there exist constants C,y > 0 independent of Uy €
Hc, such that for all t > 0

U3¢, < CllUollzge, e (48)

In other words, the thermo-viscoelastic Timoshenko system under the Cattaneo law (4.1)-(4.3) is
exponentially stable independent of any relation between the coefficients.

To the proof of Theorem 4.1, we still use Theorem 2.3. It will follow as a consequence of the
following steps.

4.1. Verifying (2.13): the resolvent set o(AF) contains the imaginary axis

In order to prove that

iR Co(Ac,). 4.9)

let us argue again by contradiction argument. We assume that iR ¢ o(Ac,) and conclude the
existence of a constant w > 0, w.l.o.g., and a sequence X, € R, with 0 < A, — w from below
and iA, € 0(AF), and a sequence of functions

Un = (00, @y Vs Wi, Ony G, ) € D(ACZ) with ”Un”?-[cz =1, (4.10)
such that
i)»nUn—AczUn—>0 in Hc,. “4.11)

In view of Ac, defined in (4.6), the limit (4.11) yields
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iAnon — D, -0

iAgP1Pn — k(@ x +VYn)x + 00, x — 0
iy — ¥, >0

iAn 2V + k(@n,x + ¥n)

— | by + / g u(s)ds | —o6, =0

0 XX

iAn 036, + Gnx + o‘((‘Dn,x +¥,)—0
ilnTqn + Bgn + 60 x — 0
[Aphy + NMn,s — v, —0

in

in

in
in

in

Lemma 4.2. Under the assumptions of Theorem 4.1 we have, as n — 00:

lgnll2 — O,

/ [ ()17 (5)[3ds — O,
0

Inallzz =0,

16, 1l2 — 0.

H!, L),

L%(0, L),

HJ(0,L),
4.12

L%(0, L), (412)

L2(0, L),

L%(0, L),

L§(R+, Hy (0, L)).
(4.13)
(4.14)
(4.15)
(4.16)

Proof. The limits (4.13)-(4.15) arise directly from (4.7) and (4.11). Additionally, (4.16) is a

consequence of (4.13) and (4.12). O

Using the limits given in Lemma 4.2, (4.12) can be reduced to the following,

iAny — D, =0
i1 Py — k(@nx + V) — 0
il — W, — 0

in H!0,L),
in L2(0,L),
in H}(0,L),

P2V + K@+ V) = (B + [§¥ 8©)mu()ds) —0 in L2, L),

i)\nnn + nn,s - \Iln - 0

in Lg(R*, Hy(0,L1)),

which are precisely the same limits as given in (2.22a)-(2.22¢). Therefore, in what follows, the

arguments are the same as presented previously.

Lemma 4.3. Under the assumptions of Theorem 4.1 we have:

1213, 1213, l@nx + ¥nll3, @415 — 0, as n— oo. (4.17)

Proof. It follows verbatim with the same arguments as in the proofs of Lemmas 2.5 and 2.6. O

Therefore, combining (4.13), (4.15), (4.16) and (4.17), we conclude that

1Unl3e, = 0.
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yielding the desired contradiction with (4.10). This finishes the proof of (4.9). O
4.2. Verifying (2.14): boundedness of (irl; — Ap)~!
Let us prove that there exists a constant C > 0, independent of A, such that, as |A| — oo,
1Gra = Ac) "l eeme,) < C- (4.18)
To this end, let Y= (f1, ..., f7) € Hc, be given, and let U € D(Ac,) be the solution of
iU —-Ac,U=T, (4.19)

which in terms of its components reads

irg —® = fi, (4.20a)

iAp1 @ — k(py +¥)x + 06 = p1 f2, (4.20b)

iy — W= f, (4.20c)
%

irp2W — by — /g(s)nxx(s)ds +k(px +¥) — 06 = p2fa, (4.20d)
0

iA030 + qr + 0 (P, + W) = p3 fs, (4.20e)

irtq + Bq +0x =fs, (4.20f)

iAn+ns— W= f7. (4.202)

We have to show that there exists a constant C > 0, independent of A, such that, as |A| — oo,

1Ul1#e, < CNY M3, - (4.21)

Lemma 4.4. Under the assumptions of Theorem 4.1, there exists a constant C > 0, independent
of A, such that

o0
13, / [—¢' &) lne ) 3ds < CIU g, 1, - (4.22)
0

In particular, there exists a constant C > 0, independent of A, such that
IIUIIié = CllU 346, 1N, - (4.23)

Proof. As before in Section 2, this follows promptly from the dissipativity (4.7). O
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Lemma 4.5. Under the assumptions of Theorem 4.1, there exists a constant C > 0, independent
of A, such that

p3ll0113 < ClIU 3, 1T N34, + Cligll2l| @2 + Clig 211 %]l (4.24)

In particular, given any € > 0, there exists a constant C. > 0, independent of X, such that
2 2 2
311012 = €llUl3, + Cell Tl - (4.25)

Proof. Integrating (4.20f) over (0, x) C (0, L) and taking the multiplier 6 in the resulting ex-
pression, we get

X

L L L x
/|e|2dx=r//q(y)dy(iwm)dx—ﬂ//q(y)dy%dx+
0 0 0 0

0

=51
X

L
f//fﬁ(y)dymdx (4.26)
00

From (4.20e) we can rewrite S| as follows

I L
T T D
S = —/|q|2dx— —(q(L)+o<I>(L))_/‘1dx
03 J p3 0

o L B o L x B L x B
+ qcbdx—Effq(y)dywx)dx+rf/q(y>dyfs<x)dx.
00

03
0 0 0

Replacing this in (4.26) we obtain

=5

L L L x L
. / 012dx = / g Pdx — p3B / / () dy () dx — 7 (G(L) + o B(L)) f qdx
0 0 00 0

L L x
+Ta/q6dx —ro/fq(y)dy@(x)dx 4.27)
0 00

X X

L L
+psr//q(y)dyﬁ(x)dx+p3rf/fs(y)dy5(x)dx-
0 0 0

0
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In what follows we are going to estimate S>. Indeed, integrating (4.20e) on (x, L), taking the
multiplier fOL gdx in the resulting expression and then rearranging the terms, we obtain

L L L L
[g(L) + oW(L)] / 7dx = p3 / Fs(s)ds f 7@z + [q(x) + o O] f 7@ds (4.28)
0 X 0 0
L L L L
P / 0(s)ds / G)()dz—o f W(s)ds / 4(2)dz.
X 0 x 0
=5,

Now, using the identity (4.20f) in S3 and noting that 6 € HO1 (0, L), we can rewrite (4.28) as
follows.

=5
L L L i
[4(L) + o W(L)] / 7(@)dz = p3 / fs(s)ds / 9@dz +1g(x) + "q)(x”/ e
0 X 0 0
L L L ¢
+2 [owas [Fi-pp@az—o [ woas [awae
X 0 * 0

and integrating this expression with respect to x on (0, L), we easily deduce by (4.22)

1521 = CllU 134, T Nl34c, + Cligl2® M2 + Cligll21Wll2 + Cllgl121161]2, (4.29)

for some constant C > 0. Thus, going back to (4.27) we arrive at

p3110113 < CllU 1340, X34, + Cligll2ll @2 + Cligl21¥ll2 + Cligl2116112,

for some constant C > 0. Therefore, using (4.22), we conclude that (4.24) holds true and, conse-
quently, (4.25). O

Lemma 4.6. Under the assumptions of Theorem 4.1 and given any € > 0, there exists a constant
C¢ > 0, independent of A, such that

kllgx + 113 < €U, + Cell T3y, (4.30)
for |A] > 1.
Proof. Substituting the resolvent equations (4.20a) and (4.20c) in (4.20e), we have

iM30 + qx + iAo (ox + V) = p3 f5 + 0 (fi,x + f3). (4.31)
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Multiplying (4.31) by k(¢x + ) and integrating over (0, L), we get

L L

L
i?»ak/ | + VI dx =/61[k(§0x + ¥)xldx —i)»psk/9(<ﬂx + ) dx (4.32)
0

0 0

=8
L
+k/ [p3 /s + 0 (fix + f3)] @n 79 dx.
0

Let us rewrite the terms S4 as follows. Using (4.20b) and then (4.20f), we infer

L
/ Ox dx—m/CIfzdx
0

L
qux—HM:a/|q|2dx—,30/|Q|2dx

S4 = —irp1

= Ct~— o\h

= —iAp
L
+ra/qﬁdx—p1fqﬁdx.
0 0
Replacing this in (4.32) it follows that
L L
okl -+ VI = i1 [ a®dx—inpak [ 66, ) da
0 0
+ (it = B)oligl; + Ss, (4.33)
where we denote
L L L
S5 1= TU/Qﬁdx_pI/Qde'i'k/[/BfS+6(.f1,x+f3)] (px + V) dx.
0 0 0

We have

1551 < ClIU 3¢, I Vllaee, -

Now, from the identity (4.33), estimates (4.22) and (4.24), Young’s inequality and |A| > 1, we
obtain
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Klge +¥113 < Cligl2@ll2 + Cligll21¥ll2 + CIO121U 134, + CIU 30, 1 14,
(4.34)

for some constant C > 0. Finally, from (4.34) and combining again (4.22), (4.24) and Young’s
inequality with € > 0, we conclude (4.30) for [A| > 1. O

Lemma 4.7. Under the assumptions of Theorem 4.1 and given any € > 0, there exists a constant
C¢ > 0, independent of A, such that

pIlI®I3 < ellUl,, +Cell T3y, - (4.35)
for |\ > 1 large enough.

Proof. Multiplying (4.20b) by —g, integrating on (0, L), using (4.20a), adding and subtracting
k fo (o + Y)W dx, we get

L L L
m/|<b|2dx =k/|¢x+w|2dx—k/<¢x+w>wx
0 0 0

L L
+0/ [%Gx}(cprI)dx —pI/(chJrfza)dx. (4.36)
0 0

=S¢

Using (4.20f) for Se, one has

L L L
p1f|<1>|2dx =kf|¢x+w|2dx—k/(¢x+x/f>wx
0 0 0

L
+o (r — %) /q&lx + 57, 4.37)
0

where

L L L

ioT —_ i - o —
S7:= T/f6(d>+f1)dx +o <r - 7) /qf1dx —p1 /(‘Dfl + f29)dx.

0 0 0

We have

2
1551 = CllU 1w, TN, + CNT N5, -
for some constant C > 0 and |A| > 1. Returning to (4.37), using (4.20c) and (4.34), one gets
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pUll®13 < CliglallUllwe, + CIOIRNU 1,

+ ClU#, 1T ll32e, + |2||UI|HC +CIIT||HC

|A

for |A| > 1 and some constant C > 0. Therefore, the conclusion of (4.35) follows analogously as
in the previous lemmas and taking |A| > 1 sufficiently large. O

Lemma 4.8. Under the assumptions of Theorem 4.1 and given any € > 0, there exists a constant
C¢ > 0, independent of A, such that

P13 < €U, +Cel Tl - (4.38)
for |\ > 1 large enough.

Proof. Multiplying (4.20d) by fooo g(s)n(s)ds and integrating on (0, L), we get

L oo L oo L o©
—p2 / / g(s)W[irn(s)ldsdx —o / / g()0n(s)dsdx + b f / g()nx (s)Yxdsdx
0 0 00 0 0

=:53

L| oo L oo L oo
4 f / e)ne()ds| dx+k / / ¢()(@x + YIN@dsdx = p2 / / o(s) fanG)dsdsx.
0 10 00 00

=:89

Now, using the identity (4.20g) in Sg and the expressions (4.20a) and (4.20c) in S9, we obtain

—bo

oo L L oo

f g(s)ds / |W|%dx = o / g()0n(s)dsdx — b f / () ($)Yrdsdx
0 0 0 0

P2

o\h O'\g

e’} L oo
/ ¢(s) fan(Vdsdx + 2 f f o)V rdsdx
0 0 0

+ 810 + 811 + S12, (4.39)
where we denote
L oo L 00 2
Si0 == —pzf/g(S)\I’[ns(S)]dsdx, S = —/ /g(S)nx(S)ds dx,
00 0 \o

and
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L
k//g(s)n(s)dsde
00

~.

S =

>‘|"»

L oo
//g(s)nx(s)alscpdx+7
00

e

g()n()ds(fix + f3)dx.

St~

Let us estimate Sjg, S11 and Sp2 as follows.

1/2

1S10] < p2bo 21N | | (=g ®UIne)II3ds |

2
IS1l < bollnll; 2.
8

1S12] = ||77||L2|I<I>||2 + =

o IInIILZII‘I’Iler ||77||L§,||fl,x+f3”2-

Using these last three estimates in (4.39) and using (4.23), we arrive at

pll¥5 < Clmllz2 1012 + Climll 2 1¥xll2 + CHU I #c, 1T 1121,

~ 12
el / (=g ()]l (s) 2ds (4.40)
0
@l + Cn 2]
— N2 2 niizz2 2,
e I e

for come constant C > 0 and |A| > 1. Using Young’s inequality once more and the estimates
(4.22)-(4.23) we finally obtain

P2IWI3 < CINU lae, I, + Cllnll 21U e, (4.41)

for come constant C > 0 and |A| > 1. Finally, from (4.41), using again the estimate (4.23) and
Young’s inequality with € > 0, we conclude (4.38). O

Lemma 4.9. Under the assumptions of Theorem 4.1 and given any € > 0, there exists a constant
C¢ > 0, independent of A, such that

bllell3 < €l + Cell Tl - (4.42)

for |\ > 1 large enough.
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Proof. Multiplying (4.20d) by ¥ and integrating, we get

L L L oo
—p2 / W(iry)dx +b [ el dx + / / g($)nx (s)Yxdsdx
0 0 0 0
=513
L L L
Tk f (0x + ¥)Fdx —o / 0 dx = py / fiFdx.
0 0 0

=:S14

Replacing 1, given in the component equation (4.20c), in both S13 and S14, we have

L L oo L
l;/|1px|2dx:—//g(s)nx(s)ﬁdsdx— %/(¢x+1”)@dx
0 00 0
L

L
+o / Oydx + p2/ |W)%dx + S5, (4.43)
0 0

where

" L L L

l J— J— I

Sis 1=~ / (05 + V) Fadx + 2 / Fdx+ o / Wadx,
0 0 0

hence

1151 = ClIU 134, T l194c, »

for some constant C > 0 and |A| > 1. From the latter and in combination with (4.34) and (4.41),
we obtain from (4.43) the estimate

B3 < Clnll 21U e, + CllglalU e, + ClOIIU e, + CIU e, 1 e,

for come constant C > 0 and |A| > 1. Finally, applying Young’s inequality several times and
observing the useful estimates (4.22), (4.23) and (4.24), we conclude the estimate (4.42). O

Last, combining the Lemmas 4.4—4.9 and choosing € > 0 small enough, one can easily con-
clude (4.21).
This finishes the proof of Theorem 4.1. O

Remark 4.10. Let us finally stress some technical aspects concerning the result provided by The-
orem 4.1 when compared to [14] (see Sections 3 and 4 therein) and [11, Section 3]. Here, unlike
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[14,11], our main result in this section features the exponential stability for (4.1)-(4.3) indepen-
dent of any relation between the coefficients. The main technical reason for this achievement is
that we can estimate the shear component (see Lemma 4.6) by means of the shear force damping,
which leads to a new way of getting a priori estimates in comparison to bending moment damp-
ing, see e.g. [14, Lemma 4.4] and [1 1, Lemma 3.5]. Moreover, the same result (Theorem 4.1) can
probably be extended to other boundary conditions instead of (4.2) so that the existence of solu-
tion is ensured in proper spaces. Although additional computations are necessary to this purpose,
they can be done by following similar ideas as given in [21,25] to control possible point-wise
boundary terms or else we can follow the same lines as [4,5] by introducing cut-off functions
and get local estimates that could be globally expanded by means of a resolvent observability.

References

[1] D.S. Almeida Jdnior, M.L. Santos, J.E. Mufioz Rivera, Stability to 1-D thermoelastic Timoshenko beam acting on
shear force, Z. Angew. Math. Phys. 65 (6) (2014) 1233-1249.
[2] M.O. Alves, A.H. Caixeta, M.A. Jorge Silva, J.H. Rodrigues, D.S. Almeida Jinior, On a Timoshenko system with
thermal coupling on both the bending moment and the shear force, J. Evol. Equ. 20 (2020) 295-320.
[3]1 M.O. Alves, E.H. Gomes Tavares, M.A. Jorge Silva, J.H. Rodrigues, On modeling and uniform stability of a partially
dissipative viscoelastic Timoshenko system, SIAM J. Math. Anal. 51 (6) (2019) 4520-4543.
[4] M.S. Alves, M.A. Jorge Silva, T.F. Ma, J.E. Muiioz Rivera, Invariance of decay rate with respect to boundary
conditions in thermoelastic Timoshenko systems, Z. Angew. Math. Phys. 67 (2016) 70.
[5] M.S. Alves, M.A. Jorge Silva, T.F. Ma, J.E. Muiioz Rivera, Non-homogeneous thermoelastic Timoshenko systems,
Bull. Braz. Math. Soc. (N. S.) 48 (3) (2017) 461-484.
[6] F. Ammar-Khodja, A. Benabdallah, J.E. Muiioz Rivera, R. Racke, Energy decay for Timoshenko systems of memory
type, J. Differ. Equ. 194 (2003) 82—-115.
[7] T.A. Apalara, General stability of memory-type thermoelastic Timoshenko beam acting on shear force, Contin.
Mech. Thermodyn. 30 (2) (2018) 291-300.
[8] C.J.K. Batty, Tauberian theorems for the Laplace-Stieltjes transform, Trans. Am. Math. Soc. 322 (1990) 783-804.
[9] C.J.K. Batty, Asymptotic behaviour of semigroups of operators, in: Functional Analysis and Operator Theory, War-
saw, 1992, in: Banach Center Publ., vol. 30, Polish Acad. Sci, Warsaw, 1994.
[10] I. Elishakoff, Who developed the so-called Timoshenko beam theory?, Math. Mech. Solids 25 (2020) 97-116.
[11] L.H. Fatori, R.N. Monteiro, H.D. Fernandez Sare, The Timoshenko system with history and Cattaneo law, Appl.
Math. Comput. 228 (2014) 128-140.
[12] B. Feng, Uniform decay of energy for a porous thermoelasticity system with past history, Appl. Anal. 97 (2) (2018)
210-229.
[13] H.D. Fernandez Sare, J.E. Muiioz Rivera, Optimal rates of decay in 2-d thermoelasticity with second sound, J. Math.
Phys. 53 (2012) 073509.
[14] H.D. Fernandez Sare, R. Racke, On the stability of damped Timoshenko systems: Cattaneo versus Fourier law,
Arch. Ration. Mech. Anal. 194 (2009) 221-251.
[15] L. Gearhart, Spectral theory for contraction semigroups on Hilbert space, Trans. Am. Math. Soc. 236 (1978)
385-394.
[16] M. Grasselli, V. Pata, Uniform attractors of nonautonomous dynamical systems with memory, Prog. Nonlinear
Differ. Equ. Appl. 50 (2002) 155-178.
[17] EL. Huang, Characteristic conditions for exponential stability of linear dynamical systems in Hilbert spaces, Ann.
Differ. Equ. 1 (1985) 43-56.
[18] Z. Liu, S. Zheng, Semigroups Associated with Dissipative Systems, Chapman & Hall/CRC, Boca Raton, 1999.
[19] S.A. Messaoudi, A. Fareh, General decay for a porous thermoelastic system with memory: the case of equal speeds,
Nonlinear Anal. 74 (18) (2011) 6895-6906.
[20] S.A. Messaoudi, A. Fareh, General decay for a porous thermoelastic system with memory: the case of nonequal
speeds, Acta Math. Sci. Ser. B 33 (1) (2013) 23-40.
[21] J.E. Muiioz Rivera, H.D. Fernandez Sare, Stability of Timoshenko systems with past history, J. Math. Anal. Appl.
339 (1) (2008) 482-502.
[22] J.E. Muiioz Rivera, R. Racke, Mildly dissipative nonlinear Timoshenko systems — global existence and exponential
stability, J. Math. Anal. Appl. 276 (2002) 248-278.

202


http://refhub.elsevier.com/S0022-0396(20)30629-X/bibBDD40BBB4AE901F33CB2774B67ABDD5Fs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibBDD40BBB4AE901F33CB2774B67ABDD5Fs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib71F62D1A9F30A6978D97FE1D9C17C200s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib71F62D1A9F30A6978D97FE1D9C17C200s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib09D181A58307F5FC88D9D7D7BEEE9E2Fs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib09D181A58307F5FC88D9D7D7BEEE9E2Fs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibFA5B8D9EBDD210DCCA7C934FA41CCA51s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibFA5B8D9EBDD210DCCA7C934FA41CCA51s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib2B5EE27E2DE79C303AFEE73BB91ED3E6s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib2B5EE27E2DE79C303AFEE73BB91ED3E6s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibAFA6E5748679CB2F43726895F54CD8CBs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibAFA6E5748679CB2F43726895F54CD8CBs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibF4275913682480D00F7B7E6E13A7AFEEs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibF4275913682480D00F7B7E6E13A7AFEEs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibDB8A77158A8C35245B90AB08CFAC1AE1s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibB254380D4098FF826FAA97743BBFDAD4s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibB254380D4098FF826FAA97743BBFDAD4s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib424573B8200041811BCCCA79E03FACA7s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibE96499ED9754BB8FF04BA6CBEE1EAEEBs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibE96499ED9754BB8FF04BA6CBEE1EAEEBs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib6EAE8A71B3F08C0774FA40B62B45CD3Fs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib6EAE8A71B3F08C0774FA40B62B45CD3Fs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib2210D590DD944B0CDD806178F15C4B72s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib2210D590DD944B0CDD806178F15C4B72s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibC249DF5E0B0189B7E4BF3624A50FE433s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibC249DF5E0B0189B7E4BF3624A50FE433s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib250995848368A01435ADCD99EFF02C68s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib250995848368A01435ADCD99EFF02C68s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib922F123F72768739F448E4F7DF3C30C6s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib922F123F72768739F448E4F7DF3C30C6s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib4E8F794089B6B4EF55CD0399DCA1433Cs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib4E8F794089B6B4EF55CD0399DCA1433Cs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib3AA0DFF1F6AC459D48C246AA115E6F3Fs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib7F290D27BE2B8CF9965AACF86840E86Bs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib7F290D27BE2B8CF9965AACF86840E86Bs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib3D812E12EFA3649EBF8A48702019E0E7s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib3D812E12EFA3649EBF8A48702019E0E7s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibC796FA4954DCFFCD49F58A3D7EA53D19s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibC796FA4954DCFFCD49F58A3D7EA53D19s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib8AF0AF92AABC2BE328371C2B09C06309s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib8AF0AF92AABC2BE328371C2B09C06309s1

M_.A. Jorge Silva and R. Racke Journal of Differential Equations 275 (2021) 167-203

[23] R. Quintanilla, R. Racke, Addendum to: Qualitative aspects of solutions in resonators, Arch. Mech. 63 (2011)
429-435.

[24] R. Racke, Heat conduction in elastic systems: Fourier versus Cattaneo, in: Proc. 11th International Conference on
Heat Transfer, Fluid Mechanics and Thermodynamics, Skukuza, South Africa, 2015, EDAS, Leonia, NJ, USA,
2015, pp. 356-360.

[25] M.L. Santos, D.S. Almeida Junior, J.E. Mufioz Rivera, The stability number of the Timoshenko system with second
sound, J. Differ. Equ. 253 (2012) 2715-2733.

[26] J. Priiss, On the spectrum of Cp-semigroups, Trans. Am. Math. Soc. 284 (1984) 847-857.

[27] A. Soufyane, Stabilisation de la poutre de Timoshenko, C. R. Acad. Sci. Paris, Sér. I Math. 328 (1999) 731-734.

[28] A. Soufyane, Energy decay for porous-thermo-elasticity systems of memory type, Appl. Anal. 87 (4) (2008)
451-464.

[29] S.P. Timoshenko, On the correction for shear of the differential equation for transverse vibrations of prismatic bars,
Philos. Mag. Ser. 6 41 (245) (1921) 744-746.

203


http://refhub.elsevier.com/S0022-0396(20)30629-X/bib59DB9B02805E058CB060191786501650s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib59DB9B02805E058CB060191786501650s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibDB8EFB08A8BED87171B41DDF73EE9A85s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibDB8EFB08A8BED87171B41DDF73EE9A85s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bibDB8EFB08A8BED87171B41DDF73EE9A85s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib1868DA7811DF99F4E72289837B522BB5s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib1868DA7811DF99F4E72289837B522BB5s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib222B768266B218A4F2781B188DC412A8s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib0DA91FF509CBA28F99AEC861C0045495s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib8255E47AD52A5507DD237ED0782AECABs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib8255E47AD52A5507DD237ED0782AECABs1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib0AA5B449B111E95C833A0E8C3A9D14C7s1
http://refhub.elsevier.com/S0022-0396(20)30629-X/bib0AA5B449B111E95C833A0E8C3A9D14C7s1

	Effects of history and heat models on the stability of thermoelastic Timoshenko systems
	1 Introduction
	2 Fourier and history: exponential stability
	2.1 Verifying (2.13): the resolvent set ρ(AF) contains the imaginary axis
	2.2 Verifying (2.14): boundedness of (iλId−AF)−1

	3 Cattaneo without history: non-exponential stability
	4 Cattaneo with history: exponential stability
	4.1 Verifying (2.13): the resolvent set ρ(AF) contains the imaginary axis
	4.2 Verifying (2.14): boundedness of (iλId−AF)−1

	References


