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Our main goal in the present work is to address an integro-differential model
under localized viscoelastic and frictional effects arising in the Boltzmann theory
of viscoelasticity. More precisely, we consider a general version in the history
context of the pioneer localized viscoelastic problem approached by Cavalcanti
and Oquendo (2003) in the null history scenario, and more recently by Cavalcanti
et al. (2018) in the history framework. By means of a new observability inequality,
we prove a general stability result to the model under a weaker assumption on
the localized frictional damping and a slower condition on the decreasing memory
kernel (of polynomial type) than the previously mentioned works. To achieve such
stability results, we still work in a general setting by removing the assumption
on complementary damping mechanisms and show, in some reasonable situations
concerning the density coefficient, that the localized viscoelastic effect is enough
to ensure the general stability (of polynomial type) to the problem.

©2020 Elsevier Ltd. All rights reserved.

1. Introduction

1.1. Localized viscoelastic model

In the present work, motivated by the semilinear wave model with localized memory and linear frictional

terms proposed by Cavalcanti et al. [1,2], we are going to study the following autonomous n-dimensional
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initial-boundary value problem

p(x)uy — divik(z)Vu] —/Ooog(s)div[a(a:)Vn(s)] ds + b(x)h(us) + f(u) =0 in 2 x (0, 00),

= —-ns+u in 2 x(0,00) % (0,00),

w=0 on 802 x (0,00), 7=0 on A2 x (0,00) x (0,00), (1.1)
w(x,0) = uo(z), u(z,0) =ui(x), n°(x,s) =no(x,s), =€ N, se(0,00),

n'(z,0) =0, =€ N, te]0,00).

where

— {2 is a bounded domain of R™, n > 2, with smooth boundary 04?2;

— p > 0 is a non-constant positive function related to material density;

— a > 0 is a smooth bounded function that can vanish in a proper subset A C §2;

— g > 0 is the well-known memory kernel with total mass [, g(s) ds = go € (0, Ha||£ic(9));
- k(z) =1—goalx), =€

— b >0 is a bounded function that will act in A when p is general;

— f and h are real functions satisfying standard properties.

All assumptions on the functions a, b, p, g, f and h will be precisely stated in Sections 2 and 3. In
the above problem (1.1), the function u = u(x,t) represents the displacement and the variable n = n'(z, s)
stands for the relative displacement history. By following Grasselli and Pata [3, Sects. 3 and 4], one can show

nt(-,s):{ ulnt) —uo(nt=s), s 21,

u(,t) —u(,t—s), s<t, (1.2)

where ug : 2 x (—00,0] — R is the prescribed past history of the displacement u. Thus, one knows that
system (1.1) can be deduced from the following viscoelastic wave problem with history

p(x)uy — Au —|—/ g(t — s)div[a(x)Vu(s)] ds + b(z)h(u) + f(u) =0 in 2 x (0, 00),

u=0 on 92 xR, (1.3)

u(z, s) = up(x, s), u(x,0) = duo(x, s)|s=0, (z,8) € 2 x (—00,0],

and conversely. We refer to [1, Sects. 1.1 and 2.2] to a more accurate description of the model as well
as to the one-to-one correspondence between problems (1.3) and (1.1) with proper initial data such as
Mo+, 8) = uo(+) — uop(+, —s), s > 0. At this point, it is worth mentioning that the localized memory does not
interfere in the core of the equivalence between these related problems. Indeed, all the arguments presented
in [1] are somehow similar and rely on the statements previously introduced e.g. in [3-5]. Here, our main
goal is to analyze the general stability of problem (1.1). In what follows, we are going to bring the attention
to problems with localized memory and then highlight our main contributions on the subject.

1.2. Viscoelastic problems under localized effects

We initially notice that there is a vast literature dealing with asymptotic and long-time behavior of
problems with linear memory without localizing coefficient, say a = 1 in (1.3). Indeed, we refer to [3—10]
for problems involving the history case and [11,16-27] for models where the null history case is considered,
just to quote a few of them. Nonetheless, according to our best knowledge, there are only a few papers
addressing the stabilization of (1.3) (with or without history) under the localized viscoelastic effect, namely,
with coefficient a > 0 possibly vanishing in a suitable subset A C 2. Below, we are going to quote such
works (and their results) in order to compare with the present one.
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In Cavalcanti and Oquendo [2], the authors consider the following equation with null history
t
Ugy — Ko Au +/ g(t — s)div]a(z)Vu(s)]ds + b(x)h(uy) + f(u) =0 in 2 x (0,00), (1.4)
0

with initial-boundary conditions and appropriate assumptions on the nonlinearities h and f. Both viscoelas-
tic and frictional localized coefficients a and b act only in a portion of 2 C R™, but the authors assumed an
additional hypothesis like complementary damping mechanisms, namely,

a(x) +b(x) >0>0, Yzxel, (1.5)

which means that both viscoelastic and frictional terms cooperate with each other by constituting an
effectively (full) damping in the whole domain. Therefore, under the assumption (1.5), the authors prove
that the corresponding solution of (1.4) decays exponentially or polynomially to zero, provided the memory
kernel g decays exponentially or polynomially, respectively.

Since then, some works have appeared in the literature with the same cooperating assumption (1.5) on the
coefficients. In fact, in Cavalcanti et al. [28], the authors approach, in a more general setting, the following
model

ug — Au + /0 g(t — s)div]a(z)Vu(s)]ds + b(x)h(u) =0 in M x (0,400), (1.6)

where M is a compact Riemannian manifold with boundary. Still under the hypothesis (1.5), they prove a
general stability to the energy associated with (1.6) by considering milder assumptions on g and h than [2].
In general, the decay rate is determined by the “poorer” decay considered on the viscoleastic and frictional
damping effects.

Now, regarding problems in the history framework, we refer to Cavalcanti, Fatori and Ma [29] where the
following problem is studied

t
uge — Au +/ g(t — s)div[a(z)Vu(s)]ds + b(x)us + f(u) = h in 2 x (0,400), (1.7)
— 00

with initial-boundary conditions like in (1.3) and 2 C R3. Under the complementary damping condition
(1.5) and exponential kernel g, the authors prove the existence of a finite dimensional compact global
attractor to the dynamical system corresponding to problem (1.7). This shows that the assumption (1.5) as
well as the frictional damping b(z)u; play a crucial role in their results, which characterizes a full damping
in the overall computations and follows similar arguments as in the previous null history cases addressed
by [2,28]. Therefore, only the multiplier technique is required to reach the long-time behavior of solutions.
More recently, Shomberg [30] has complemented the results proposed in [29] by providing further regularity
for the above achieved global attractor under extra assumptions on the nonlinear term f(u), still considering
exponential memory kernel g, and again exploiting the assumption (1.5).

We remark that in all the above mentioned works [2,28-30], the assumption (1.5) is essential, since it
allows to consider the frictional and viscoelastic terms as a complementary damping acting in the whole
domain, namely, a full damping in the end. In this way, the semigroup property is no longer necessary to the
stability of solutions, for instance, and multipliers are usually enough to conclude all proofs on stabilization.
Therefore, one question that arises is whether it would be possible stabilize problem (1.3) without assuming
(1.5) or even neglecting the frictional coefficient b, that is, by taking b = 0 in {2.

To the best of our knowledge, the first work that gives a positive answer to this issue is due to Liu
and Liu [31] in the one dimensional case (n = 1). In this scenario, inspired by their own puzzling results
proved previously in [32], the authors consider, in addition to the one-dimensional linear wave equation with
the Kelvin—Voigt damping and smooth coefficients, the Boltzmann problem under discontinuity of material
properties at the interfaces, see for instance the linear models (1.3) and (1.4) therein. Thus, by assuming
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exponential memory kernel g, they prove exponential energy decay in both cases. Their arguments rely on
the strength of the one-dimensional case combined with linear semigroup theory, once both problems are
linear.

Other previous and recent attempts in the stabilization of systems by means of localized viscoleastic
effects can be found in Mufloz Rivera et al. [33,34] and Cavalcanti et al. [35,36]. However, in the latter papers
the authors deal with null history, namely, memory term defined on the range (0,t), so that the regarded
semigroup property seems to be not appropriate. Therefore, it seems hard to find a proper comparison with
such results afterwards and, for this reason, we omit them.

More recently, Cavalcanti et al. [1] study a n-dimensional (n > 2) history problem with localized memory.
By assuming exponential kernel g, linear frictional damping in (1.1) (i.e. h(s) = s), standard hypotheses on
the nonlinear source f(u), and suitable conditions on the density p(z) and on the viscoelastic and frictional
damping coefficients a(x) and b(z) (see e.g. [1, Rem. 3.3]), the authors prove that the energy related to the
autonomous problem (1.1) decays exponentially whenever the initial energy is taken in bounded sets of the
phase space, see for instance the main results in [1, Thms. 3.1 and 4.1]. In this occasion, the assumption
(1.5) is not regarded and even in the absence of frictional damping effects (b = 0), the localized viscoelastic
damping is enough to ensure the (locally) exponential stabilization of the system. As far as we know, this
consists a very weaker dissipation than those given by [2,28-31] in the context of localized memory with past
and null history. Thus, to the proof of their main results, the authors show two observability inequalities in
terms of ¢’ (for the linear and semilinear problems) by means of contraction arguments along with powerful
tools such as Unique Continuation Property (UCP), Geometric Control Condition (GCC) and Microlocal
Analysis (MA).

Motivated by the aforementioned papers [1,2,28-31], in especial by [1,2], and in order to go further, the
present article aims to promote a generalization of the stability results provided in [1] and to give a general
version in the history scenario of the previous viscoelastic problem in [2]. To this purpose, we work in a more
general condition with respect to frictional and viscoelastic damping. Our main contributions are highlighted
below.

1.8. Contributions and article structure

Under the previous statements, we are now in position to stress the main novelties of this paper.

(1) In Section 2, we introduce our preliminary assumptions and notations and the well-posedness result
as well. We first remark that, as in [1], we do not employ the strength of the complementary damping
assumption (1.5). Thus, we work in a more general (and harder) scenario than [2,28-31]. This fact will
be clarified in Remark 2.1 (see also Remark 3.2).

(2) We also observe that, under Assumptions 2.1 and 2.2 given in Section 2, one sees that our present
hypotheses are milder than those ones considered in [1] in three aspects:

(a) we assume a more general hypothesis on the localized frictional damping b(x)h(u;);
(b) we consider a slower decay (of polynomial type) to the memory kernel g;
(¢) we reach the critical Sobolev exponent in what concerns the growth of the nonlinear source f(u).

Therefore, our damping is weaker and slower than that one considered in [1].

(3) In Section 3, we state our main stability results, namely, Theorem 3.3 and Proposition 3.5. While
in Theorem 3.3 we address the general stability concerning the energy related to problem (1.1), in
Proposition 3.5 we feature a new observability inequality involving the kernel g. The latter constitutes
the principal difference when compared with the observability inequality provided by [1] in terms of ¢’
(see Egs. (3.12) and (3.13) therein). Indeed, their result does not apply in our case since our assumption
on the memory kernel (see Assumption 2.2) does not reflect the same exponential property to both g
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and ¢’, as done e.g. in [1]. Hence, a new proof is required, which still combines contradiction arguments
with the effective UCP, GCC and MA tools.

(4) We also note that for some suitable choices of the density coefficient p, see e.g. Assumption 3.1-II,
the energy stability is addressed under the sole dissipation given by the (polynomial) memory term
(i.e. b=0), see e.g. Theorem 3.3-II. In such a case, we believe it is a very weak damping that has been
considered in the literature in what concerns viscoelastic wave models with localized memory in the
history framework.

(5) In Section 4, we provide all details of the proofs of the main results. Finally, in Appendix we recall
some important (and useful) existing results in the literature to help with proofs and make this work
as clear as possible.

2. Preliminary concepts
2.1. Assumptions

In order to state our main results on the asymptotic behavior of problem (1.1), let us first consider the
assumptions and notations to be used throughout this paper as well as the well-posedness result concerning

(1.1).
Assumption 2.1. With respect to the functions a, b, p, g, f and h, we initially assume:

(A1) a € C>®(0)NC°(2) is a non-negative function such that there exists a closed connected set A C 2
verifying
a(z) =0 <= xz€A.

(Az) b e L°°(£2) is a non-negative function b > 0 on f2.
(A3z) p € C™(£) is bounded function such that

0<ar <p(z)<ay, Yzel, (2.1)

for some positive constants a1, as.
(Ay) g € LY([0,00)) N C*([0,00)) is a positive non-increasing function satisfying

l:=1-golla| g2y >0, where go = / g(s) ds. (2.2)
0
(As) f € C*(R) is function such that f(0) =0 and

(a) the primitive F(s) = [; f(7)dr satisfies

— g\s\z < F(s) < f(s)s + §|s|27 VseR, (2.3)

for 8 € [0, A1), where A; > 0 is the first eigenvalue corresponding to problem

—div[(1 — goa(x))Vu] = Au in {2,
u =0 on 0f2;

(b) there exists ¢ > 0 such that
[fO(s) S et +]s)P™7, VseR, j=1.2, (2.4)

where

p>1if n=2 and 1<p< if n>3. (2.5)

n —
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(Ag) h is continuous and monotone increasing function such that

(i) h(s)s >0, for all s # 0;

(ii) Mys® < h(s)s < Mays?, for all |s| > 1, where My, My are positive constants.

Assumption 2.2. Concerning the memory kernel g, we additionally assume:

(G1) there exist constants ps > p; > 1 and C;, Co > 0 such that
— Cilg(s)]"* < g'(s) < =Cafg(s)]P2, Vs> 0;

(G2) there exists ag € (0, 1) such that

/w[g(s)}l_aods < 00.
0

Before proceeding, let us give some comments on the above assumptions as follows.

(2.6)

(2.7)

Remark 2.1. In relation to the conditions (A1)-(Ag) and (G1)-(Gz) regarded above, we would like to

observe the following issues.

1. We first notice that Assumptions (A1)—(Az) do not require a condition like complementary damping

coefficients (1.5). Such an assumption will not be requested even for stabilization purposes.

. Hypothesis (As) is quite standard in the literature. A peculiar example is given by f(s) = —& arctan(s)
with proper coefficient £ > 0. We highlight that in [1] the growth p like in (2.4) is only considered in
the sub-critical case. Here, the critical Sobolev exponent is achieved as one sees in (2.5). Additionally,
we observe that the growth condition on f also implies that

[F(s)] < ep)ls] + c(p)ls|". (2.8)

We still note that (2.3) implies f/(0) + 5 > 0 as well.
. Condition (Ag) has its origins in the work [37]. It is crucial to construct a convex strictly increasing
function H : [0,00) — [0, 00) vanishing at = 0 and so that

s+ [h(s)]* < H '(sh(s)) for |s|<1.

Several examples of h-functions as well as decay rates were presented in [38] in a more general
framework. Such a property will be very important in the (general) energy stabilization when one
considers the case of non-vanishing complementary damping coefficient b > 0.

. Assumptions (G1)—(Gz) will be only required for stabilization purposes. It is worth mentioning that
(2.6) leads to decreasing memory kernels of polynomial type, which correspond to slower decay rates
than the (optimal) exponential one addressed in [1, Assump. 1.1].

2.2. Notations

Now we consider the well-known Hilbert space Hg({2) endowed with the topology given by

Jul? = /Q (1 - goa(a))| V| dz.

which is equivalent to the usual norm of Hg(£2) due to (2.2). From the Poincaré inequality we get

lul2g) < AT VUl ¥ we HY(9),
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where A; > 0 is the first eigenvalue of the Laplace operator with Dirichlet boundary condition and |- [|12(¢)
stands for the usual norm in L?(£2).
Given a satisfying (A1), we also define the Hilbert space

H! = {u € L*(2); / a(z)|Vul* dz < 0o, ulsg = 0}
2
with respective inner-product and norm
(u,v) g1 :/ a(z)Vu-Vvd:v+/ uvdz, ||u|\i11 :/ a(z)|Vul? dx—|—/ u|® dz.
¢ Q Q ¢ 2 Q

The regularity imposed on the function a is the main ingredient to prove that H! is a Hilbert space and,
consequently, it makes sense to consider the trace of order zero of any function u belonging to this space. In
addition, we define the g-weighted spaces with values on H}! as follows

B 1) = {n: R 1l [ a0 ds < oo
0

endowed with the inner-product and norm

o

1Oy = [ 90Dy dse e gy = [ 96 n(s) iy s

Furthermore, under the assumption (Agz) on p, we set the space

Lﬁm:{mQ%R;AMMM@%m<w}

full = ([ p<x>|u<x>|2dx)1/2.

u € Li(()) = ucl?*N).

endowed with the norm

Thus, due to (2.1), it is clear that

Under the above notations, we finally define the following Hilbert phase space
H=Hy(£2) x L2(2) x L;(R", Hy)
endowed with the norm

v, m) B = el 02 + W23 g gy 7 o 0m) € .
2.8. Well-posedness

Denoting by U the vector-valued function U = (u,v,n), where v = u;, then problem (1.1) is equivalent
to the next Cauchy problem

%U@+AWQ+IWO:Q £ 0,

U(0) = (uo, u1,mo) = U,
where A : D(A) C H — H is the linear operator

(2.9)

1 . o .
AU = fm{dlv[n(x)Vu] + /0 g(s)div[aVn(s)] ds — b(x)h(v)}
Ns —
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with domain

D(A) = {(u,v,n) € H;ve HY(N),n, € LE(R+,H;),77(O) =0,

div[k(z)Vu] + /000 g(s)div[a(z)Vn(s)]ds € LQ(Q)}.

which is well-defined due to the growth of h, and F : H — H is set by

Fw) = (o p(lx)f(um)T,

being also well-defined by virtue of the growth condition on f and standard Sobolev embedding.
The Hadamard well-posedness of problem (2.9) and, consequently, of the original system (1.1), reads as
follows.

Theorem 2.2 (Global Well-posedness). Under the Assumption 2.1 we have:

(1) If Uy = (ug,u1,m0) € D(A), then there exists a unique regular solution U = (u,us,n) of (2.9) such that
we W>(0,T; L2(2)) N WH>(0, T Hy (1)), n € WH>(0, T M),

with U(t) = (u(t),u:(t),n') € D(A), for allt € [0,T], for a given T > 0.
(ii) If Uy = (uo,u1,m0) € H, then there exists a unique mild solution U = (u, us,n) of (2.9) such that

u € CH([0,T]; L3(£2)) N C([0, T]; Hy (2)), n € C([0,T], M),

for allT > 0 given.
(iii) Moreover, these solutions are continuously dependent of the initial data, in the norm of C([0,T],H), for
all T > 0.

The proof of Theorem 2.2 relies on very similar arguments as those presented in [1,29], with minor
adjustments on the nonlinear frictional damping b(z)h(u:) that can be handled analogously to [37,38].
Therefore, we shall omit the proof of Theorem 2.2.

3. Main stability results

Let us consider U(t) = (u, ut,n) the unique global solution of problem (2.9) (resp. (1.1)). The associated
energy functional is given by

1

Bun(®) = [ sl do+ 5 [ vul o g [~ a@Ivari @R+ [ Fuw. @1

2

In order to prove locally uniform decay rates for E, ,(t), we deal with two possibilities for the frictional
damping coeflicient b > 0 below, depending on the density coefficient p. Firstly, we observe that a straight
forward computation leads to

GEa® =3 [ @IV O~ [ bt )t do (3:2)
which reduces to p | o
GEa) =5 [ g @IVaTi )Pas (33)

for the case of vanishing coefficient b = 0.
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Remark 3.1. At this point, let us give some comments on the identities (3.2)—(3.3). In both cases, due to the
Assumption 2.1 (see (Az), (A4) and (Ag)), one sees that the energy is non-increasing with E,, ,(¢) < E, ,(0)
for all ¢ > 0. Additionally, in case of (3.3) one has that the only dissipativity comes from the memory term
and due to technical reasons we must take some specific features for the density coefficient p(z). In this part
we follow the same assumptions as in [1, Rem. 3.3]. On the other hand, in a more general scenario with p(z)
satisfying only (Aj), the presence of the frictional damping is necessary with proper condition on b(x). In
both situations, the Assumption 2.2 will play an important role in the stability result.

Under the above remark, we are going to consider two cases as follows. For this purpose, we follow the
same assumptions as regarded in [1], see Remarks 3.2 and 3.3 therein.

Assumption 3.1. Concerning the density and frictional coefficients, we assume either:

I. General Density p(z). If p(z) is a general function, then we assume that b(x) is effective at the whole
set A, that is, there exists by > 0 such that

b(xz) >by >0 ae ze€A. (3.4)

) >

II. Specific Density p(z). Let K = ( i,j) be a matrix given by K;;(x) = k(x)d;j, where ¢;; is the
Kronecker delta function, and set w’ = 2\ A. If p(z) satisfies one of the following statements, then
we can consider b=0in (1.1).

— Constant Case: p(x) = po > 0 for n > 2. In this scenario, we observe that the geodesics of
1

the metric G = (%) are straight lines in A and, therefore, every geodesic of the G metric
which enters A does not remain inside A. Thus, w’ satisfies the Geometric Control Condition (GCC)
according to [1, Appendix 5].

— Non-constant Case: p(z) = (1— goa(z))7-2 for n > 3. In this case, we 1note that p(z) = k(x) =1,
for all z € A. Then, if we consider the Riemannian metric G = (%) , we still observe that the
geodesics are straight lines in A. Therefore, every geodesic which crosses A does not remain in A.
Consequently, the set w’ also satisfies the GCC. We refer again to [1, Appendix 5] to the proof that
every geodesic in Riemannian metric G meets 0f2 as well as to find other examples of non-constant
density p(x) in the particular dimension n = 2.

Remark 3.2. It is worth pointing out that, even under the Assumption 2.1-(A1)—(Az2) and
Assumption 3.1-1, the condition (1.5) is not regarded. Moreover, in view of Assumption 3.1-II we are going
to provide a general stability (of polynomial type) to the energy defined in (3.1) under the sole localized
viscoelastic effect. To illustrate the Assumptions 3.1 and 2.1 we consider Fig. 1.

Our main stability result reads as follows.

Theorem 3.3 (Main Result). Let us take on the Assumptions 2.1 and 2.2, and let R > 0 be given such that
E.,(0) < R and sup ||V aVuy(7)|| < R. We have:
7<0

I. Under the additional Assumption 3.1-I, then there exists a time Ty > 0 such that

To
where S(t) is the solution of the ODE

Eyun(t) < s< - 1> VE> Ty, with lim S(t) =0, (3.5)

L5+ a(S1) =0, S0) = Fuy(0), (36)
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p(z) satisfying case I p(x) satistying case II

Fig. 1. The viscoelastic effect acts in w’ = 2\ A while the frictional one is only located in the closed connected set A C 2 in case I
and may vanish in case II.

with q1(s) = s — (Id + p1)~1(s), and for some constant C = C(R,T) > 0 we have
- 1 -1
p1(s) = [C (J +H '+ ( + M2> Id)] (s),
M,

~ 1
H(s)=T|bllpr nH | ==——s |, T > Ty,

R AT

(1—ag) 52 00 1-29 ag

0 P P

569 =1 (sup [T g lvavi lPar 1) T (5)" T 1

Cgpﬁ t>0 Jo T

II. Under the additional Assumption 3.1-1I, then there exists a time Ty > 0 such that
t
<S(—— ; i = ,
E, () < S(TO 1), Vit >Ty, with tlggo S(t) =0, (3.7

where S(t) is now the solution of the ODE
d
750 +@2(5() =0, S(0) = Euy(0), (3.8)

and for some constant C = C(R,T) > 0 we have

g2(s) = s — (Id+p2) " (s),
p2(s) =C- J_l(s), J set as above.

Remark 3.4. Before proceeding with the main result that leads to the proof of the decay rates (3.5) in
case I (under the Assumption 3.1-T) and (3.7) in case IT (under the Assumption 3.1-1II), let us first give
some comments on examples of stability.

I. Let us split this case into four sub-cases:

(1) For exponential kernel g (which would mean p; = p; = 1 in (2.6)) and linear frictional damping
(i.e. taking h(u¢) = uy in (1.1)), then (3.5) falls on the exponential stability. Indeed, this is exactly
the case approached in [1, Sects. 3 and 4], see Theorem 3.1 (for f = 0) and Theorem 4.1 (for f # 0)
therein.

(2) Still considering exponential memory kernel g, but taking h as a non-linear frictional damping
satisfying (Ag), then (3.5) is carried out by the frictional effect through the function H constructed
in Remark 2.1-3, and several examples of decay rates can be found e.g. in [28,38].
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(3) For non-exponential kernel g satisfying (2.6) and linear frictional damping (h(u:) = u¢), then the
stability (3.5) is driven by the viscoelastic effect coming from the memory kernel g, and by virtue
of the assumptions (G1)—(Gz), the concrete polynomial decay rates can be achieved similar to that
presented in [21, Sect. IV].

(4) In a general situation where g satisfies (G1)—(Gz) and h satisfies (Ag), then the decay (3.5) is
conducted by the worst scenario, namely, the worst decay rate estimate provided by g and h, as
considered in [28, Sect. 1], see Theorem 1.4 and Remarks 4-6 therein.

II. In this case, the stability coming from (3.7) depends only on the (polynomial) behavior of the memory
kernel g, and the decay rate is already clarified in [21, Sect. IV], as above.

The main tool in the conclusion of the proof of Theorem 3.3 is given by the next result. Indeed, it will
provide new and key observability inequalities that play a crucial role in the proofs of the estimates (3.5) in
case I and (3.7) in case II. More precisely, we have:

Proposition 3.5 (Observability Inequality). Let us take on the Assumptions 2.1 and 2.2, and let R > 0 be
given such that E, ,,(0) < R. We have:

1. Under the further Assumption 3.1-1, then for all T > Ty > 0 there exists a constant C = C(T,R) > 0
such that

B <c<// (s)[avn'(s szsdt+// V[t |+|h(ut())|2)dxdt>. (3.9)

II. Under the further Assumption 3.1-II, then for all T > Ty > 0 there exists a constant C' = C’(T, R)>0
such that

a <0/(/ () IVavn (s)|2dsdt. (3.10)

Both Proposition 3.5 and Theorem 3.3 will be proved in the next section. To the proof of Proposition 3.5
we rely on contradiction arguments in combination with microlocal analysis. For the latter we use the theory
developed by Gérard in [39], whose results are briefly recalled in Appendix A.2 to make this paper more self-
contained as possible. To this end, we quote and use again [1, Appendix 5] where a more complete range of
results in microlocal analysis are built and adjusted to the present problem.

4. Proofs
4.1. Proof of the observability inequality: Part I
Let us start by proving inequality (3.9) in Proposition 3.5. Indeed, if it does not hold, then there exists a
time T' > Ty > 0 and a sequence of solutions (uy,ng) for (1.1) verifying
B (0) < R, (4.1)

and
Euk STk (O)

“m/’/ HJVW(H%ﬁ+/t/b ()12 + [h(u (1)) ddlt

where E,, , (t) is the energy defined in (3.1) associated with the solution (uy,n;) of (1.1). Also, from now
on, the notation wj, stands for the time derivative dyuy. Combining (4.1) and (4.2) it follows that

lim [/ / (s)[avnl.(s) |\2dsdt+/ /b (e (O + [l (0) P dadt| =0.  (43)

k—o0

= +o0, (4.2)
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Now we claim that
im / / (8)1VaV(s)||*dsdt = 0. (4.4)
—00
In fact, since p; > 1, we can write p; = ¢ + £ where ¢ > 1 and 0 < £ < 1, and then we have
[ [T coemvavii >||2dsdt
T 9]
= [ e vavai s Pasar
T [eS) f ) 1-¢ [eS) _g/(s) \/— \ ) ¢
Vn ds / s)|lvVaVn(s ds] dt
| U 9(5)E LIvavsi ) } [ e YOIVai )

L g‘;)s waviePn] ([ g e @

IN

From the hypothesis (G1), we also see

—9'(s)
O

If g(0) < 1, then g(s)¢ < g(s) for all s > 0, once g is decreasing. Combining the latter with the preceding
inequality, we get

S '(s) . 9 o t 2
| vaviiias < ¢ [ geIvaviioPds

On the other hand, if g(0) > 1, there exists s > 0 such that g(sg) = 1 and g(s) <1 for all s > sg. Thus,

) o e
| 2 avai)as

<o / " g6 IIVavik(s)|Pds
e / " g5 Vavi(s)|2ds + / " g()6IVavik(s)|Pds

S0

¢ 50 o
<O 20 [ sV Pas + ¢ [ g Vavakio)as

— ¢y (14 9(0)9) / " 9(s)lvavnt (s)|2ds.

In both situations, we obtain

* —g'(s) ¢ ~ t
/ L Vavi )]s < C (14 0)) | s@vavai s (45)

In addition, we still have

—g'()g(s)' ¢ < Cug(s)Prg(s)' ¢ = Cug(s)'~¢HP = Cug(s)' <,

and following similar arguments as in (4.5), we infer

OO—’s $) 8 VaVint (s)|%ds ﬂ Oos aVnt(s)||?ds
[ =il < (¢+ 905 [T g ivavii s
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Therefore,

[ [ coonvaviiis pas

<[ gf() avsiia] | [ g oer-sivavmonra] @

<o (1 ; g(0><> / : [ / °°g<s>|wawz<s>|2ds} a [ / Wg(s)llﬁvn}i(s)zdsrdt

g(s0)

(14 9(0 // (5)[VaVi(s)|2dsdt,

from where (4.4) follows by means of the limit (4.3). Keeping these both convergences (4.3)—(4.4) in mind,
we proceed as follows.
Since By, p, (t) < Ey, oy, (0) < R, for all t > 0, it follows that there exists a subsequence {(ug,nx)}, still
denoted by {(ug,nx)}, such that
up — u in L>(0,T; Hy(2)), (4.6)
uf =/ in L=(0,T; L3 (Q2)),

and, from Aubin—Lions Theorem it follows that
ugp — w in L*(0,T; L*(2)). (4.8)

To achieve the desired contradiction, let us consider two cases.
Case 1: u # 0. For each k € N, (ug, ny) is a solution of the following problem

plaul, v} V] = [ g(s)aivlala) Vo (s)) ds+ bah(u) + ) = 0
’ in 2 x(0,7),
M, = —0snk + uj, in 2x(0,T) x (0,00),

(4.9)

with initial and boundary conditions

up=0 on 9N x (0,T), nx=0 on 92 x (0,T) x (0,00),
ug(0) = uor, uk(0) =uip, nY(s) =nor(s) in 2, s e (0,00), (4.10)
n(0)=0 in 2, t€0,7).

From (2.8) and H{(2) < L?P(£2) we obtain
2
Hf(uk)HL‘X’(O,T;LQ(Q)) < C||uk||iOO(07T;Hé(Q)) + CHukHLIZm(O,T;Hé(Q)) <c¢ Vke€ N7 (411)

and, in particular, this implies that {f(uy)} is bounded in L2(0,7;L?(2)). Besides, uy — u almost
everywhere in {2 x (0,7), and from the continuity of f it follows that f(ug) — f(u) almost everywhere
in 2 x (0,T). Then, from Lions’ Lemma

fug) — f(u) in L?(0,T; L*(R2)). (4.12)
From (4.3), (4.6) and (4.12) results

p(x)u” — div[k(z)Vu] + f(u) = 0 in L*(0,T; H(2)). (4.13)
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Now, motivated by [1] (see on page 6555 therein), we define the auxiliary function

zi = k(z)ug + ax) /000 g(s)nk(s)ds, keN. (4.14)

Using the second equation of (4.9), integration by parts and (4.10)3 we have, for almost every ¢ > 0,

2% (t) = K(x)uy(t) + a(@) /OOO 9(s)[i(s)]" ds
k(a)uy,(t) + a() /OOO 9(8)[=0s11k.(5) + . (t)] ds

:umw+ww/m¢@Mﬂ@w.

0

Now, let w* be a closed subset of {2 such that A CC w*. Then there exists ¢ > 0 such that

1
/ nk(z, s)[ dz < / a(z)| VL (z, s)|*dz, Vs >0, (4.15)
2\w* a())\l 2\w*

where a(x) > ag > 0 for all x € 2\ w*. Then, from (4.4), (4.7) and (4.15), we infer
2, —u' in L*(0,T;L*(2\ w")). (4.16)
Moreover, an analogous calculation implies, in view of (4.3), (4.8) and (4.15), that
zr — k()u in L2(0,T;L2(2\ w*)) < D'(0,T; L*(2 \ w*)),

and consequently
2, — k()u’ in D'(0,T; L*(02\ w")). (4.17)

From (4.16)—(4.17) we obtain x(-)u’ = v’ in L*(0,T; L?(2\ w*)). As k(x) — 1 # 0 in w*,

v =0 ae in w*x(0,T), for all w* DD A4,

which implies
u' =0ae. in (2\A4)x(0,7). (4.18)

On the other hand, from (4.3) and using that b(z) > by > 0 in A, we obtain

v =0a.e. in Ax(0,7). (4.19)
Consequently, from (4.18) and (4.19) we deduce

v =0ae. in 2 x(0,7),
which implies v =0 in 2 x (0,7), and also

div[r(2)Vu(t)] = f(u(t)),
which in turn implies, along with condition (As)-(a), that

)1 = S1aOl = - [ fu)uds = Gl < 5],

and

Mllu)]? < Bllu(®)]*.
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Since 8 < A1, one concludes
=01in 2 x (0,7),
which is a contradiction.
Case 2: u = 0. In this case, for each k € N, we initially define

1 1

1/2
@ = (B O], o= Zoue - Ge= e

Then, (vg, k) is a solution of

pla)oy, — divlr(z)Vor] - A " g(s)divla(e) VL (5)] ds + ble) h(‘);k:@ Ny (O;Z”k) _o
in 2 x (0,T),
{¢LY = —0.¢f + vy, in 2 % (0,T) x (0,00),

with initial and boundary conditions

vg=0 on 92 x(0,T), (=0 on 9N x (0,T) x (0,00),
’Uk(()) = Vok, U;C(O) = U1k, Clg(s) = COk(S) in Qv ERS (Oa OO),
G(0)=0 in 2, te(0,T).

The energy functional associated with (4.21)—(4.22) is given by

Buad) = 3 [ s@lioF ot g [ sVl do g [ ool vaveias
Flawve(t))
+/Q 4(0)) g

Qg

We first notice that hypothesis (As)-(a) yields

1 Foapvg(t 1 1B
stz + [ HOH Dy > Lol - L Z e )l?
Q O

Oék 2
1
= Sl 2o
1 s B

= 3l = 5l =0

(4.20)

(4.21)

(4.22)

(4.23)

and then E,, ¢, (t) >0, from all k € Nand all t € [0,7]. We also observe that the energy functional E,, ¢, (t)

satisfies

d 1

GEna = [ ooVavdras- [ wwno D w <o e

ag

Then, E,, ,,(t) is a non-increasing function such that

h(agv; (t
EU}ka (0) = ’UIka / / H\fVCkH ds +/ b a:( )) dzdt.
Besides, from (4.20) we have
By ()= —Fy () = —— By, (), te0,T]
Vi Sk 0‘% Uk Mk Eup (0) Uk Mg\ b

and then
Ey ¢ (0) =1, VkeN

(4.24)

(4.25)
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Accordingly to (4.3)—(4.4),

h
i | [ [ snvawciasics [ [ soigen o 0 (420
k—+o0 Ckk
and
lim / / (s)|IV/aveL|2dsdt = 0, (4.27)
k—+o00
Thus, passing (4.24) to the limit, and observing (4.25)—(4.27), we conclude
1= lim By (0)= lim B, (7). (4.28)
On the other hand, if we show that E,, ¢, (T') goes to zero, that is,
lim B, ¢ (T) =0, (4.29)

k—+o00

then desired contradiction is achieved in this case and, therefore, the proof of (3.9) in the part I is complete.
In what follows, we aim to obtain (4.29). Indeed, since E,, ¢, (t) < E,, ¢, (0) =1 for all ¢ € [0, T}, there
exists a subsequence of {(vk, (x)}, still denoted by {(vk, (x)}, such that

v — v in L(0,T; HL(2)), (4.30)
vj, = in L®(0,T; L*(2)), (4.31)
v, — v in L?(0,T; L*(2)). (4.32)

Firstly, let us prove that v = 0 in £2 x (0,7). Since ay, = [El, 1, (0)]'/2, from (4.1) results that there exists
« > 0 such that
ap — .

We consider again two possibilities, namely, « > 0 or a = 0.
P1. o > 0. Here, from (4.8) and (4.20) result that agvy — 0 in L2(0,T; L?(£2)), and following similar
arguments as in the proof of (4.12), we obtain

flarvr)

S —0in L*(0,T; L*(2)). (4.33)
k

From (4.26), (4.30), (4.31), (4.33), and passing (4.21); to the limit, we obtain
p(z)v” — div[k(z)Vo] = 0 in L*(0,T; H 1 (R2)). (4.34)

Using analogous computations as in (4.14)—(4.18), from (4.26) and hypothesis (3.4) we conclude that v' =
in £2 x (0,T). Therefore, standard multipliers with (4.34) lead to v = 0 in £ x (0,T).
P2. a = 0. By using Taylor’s formula along with hypotheses f(0) = 0 and (As)-(b), we get

f(s) = f'(0)s + R(s), (4.35)

where
|R(s)| < ¢|s|” +¢|s|’, Vs eR. (4.36)
From (4.36), the fact that o = 0 and {v,,} is bounded in L®°(0,T; H}(£2)), we deduce

R(akvk (t))

- — 0 in L>=(0,T; L*(2)). (4.37)
k
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Passing (4.21); to the limit, and using (4.26), (4.35), (4.37), we obtain
p(x)v” — div[s(z)Vo] + f/(0)v = 0 in L*(0,T; H™*(2)). (4.38)
Now, we define
Zr = k(x)vg + alx) /000 g(s)Ci(s)ds, ke€N.
Again proceeding as in (4.14)—(4.18), we have v' =0 in (2\ A) x (0,T). Taking the derivative of (4.38) in

t and writing v’ = w, we arrive at

{ p(z)w” — div[s(z)Vw] + f(0)w =0 in 2 x(0,T), (4.39)

w=0in (2\ A4) x (0,T).

At this moment we use the strength of the unique continuation property provided by Theorem A.1. In fact,
from the latter, it results that ' = 0 in 2 x (0,T). Then, multiplying (4.38) by v, integrating by parts in {2
and integrating in (0,7), we infer

>\1||/U||i2(0’T;L2(_Q)) + f/(O)HU”i?(O’T;LQ(Q)) = 0. (4'40)
Regarding that 0 < 8 < A; and S+ f'(0) > 0, then (4.40) yields

0< 5||”||L2 o1;02(2) T f/(O)HUHiQ(()‘T;LQ(Q)) < /\1”””%2(0,T;L2(Q)) + f/(O)HUH%Q((]‘T;LQ(Q)) =0, (441)

which implies v = 0 in £2 x (0,T). Consequently, we have proved that v = 0 in 2 x (0,T) as desired, and
from (4.30)—(4.32), we infer

v = 0 in L°°(0,T; Hi(2)), (4.42)
vj, =0 in L>(0,T; L*(R2)), (4.43)
v — 0 in L2(0,T; L*(2)). (4.44)

To the next estimates, let us take 6 € C§°(0,T") and ¢ € C§°(£2) such that suppy C (2 \ A). From this,
2 2
[ @)+ 1e@DIGP i < ¢, [ a@)vei . (1.45)

In addition, setting ¢y (z,t) fo (s)CE(z, s) ds, multiplying the first equation of (4.21) by ¢ (x)¢y, and
integrating by parts on 2 x (0,7T), we get

/ | ple)iise(@n) dode - / | plorinet@)o' (0 dode

/ / x)Vuy - Vo o(x d:cdt+/ / x)Vuy, - V() prp6(t) dadt

/ / / 2)V(i(s) - Vio(a)pr(t) dadsdt

+ / / / 2)V (G, - Vo p(2)0(t) dedsdt (4.46)
T (av,
+/ /bz Marvi) Prep(x)0(t) dadt
0 2
T
+/ / (OK08) o ()00t = Ty Ton -+ Jon + T+ Jai
0 2
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From the convergences (4.26), (4.42)—(4.44) and (4.45) we directly see that
lim Jgk =.--= lim Jﬁk =0. (447)
k—o0 k—o0
In order to obtain a limit for J7j, we take (4.26) into account and the following inequalities

h(o"“”k)gk( $)p(2)0(t) dedtds

1

T (oo N |2 2 I

h(agv 2 2

o) [ [t [ / b<x>\(;kk) dx] [ ettt de]  asa
b, ¢, 0, g0) [/ / ’ (V) d dt—l—/ / / 2)| V(i (x, 8)| dxdsdt]
to conclude that klim J7i = 0.
—00
To compute a limit for Jg; we use (2.8) to have

flagvi(t))

873

(4.48)

] < c@lo®)] + c@)lax o), ke N.

Consequently, there exists a constant ¢ > 0 such that

Flarvi(®) ‘dxdt<c VkeN Vte[0,T].

Then, from (4.26) and

(5)CL o, 9)pl)(8)ds| ot < (6, g0, / / (8)[|Vav ek (s)|dsdt,

we get khm Jgk = 0. Gomg back to (4.46), one sees that lim Ji; = 0. Now, remembering that {¢}}’ =
— 00
—05Cp + v}, and writing

T T e}
= = [ o) [ c@p@liPdedt— [ o) [ o) [ elepta)om@dedsi
= Ly + Loy,

and since lim Lo = 0, we conclude
k— o0

lim / / 2|, dedt = 0. (4.49)
k—o0

Returning to (4.21), multiplying its first equation by 6(¢)p(x)vr and integrating by parts on 2 x (0,7,
yields

T T
0= — [ 60) [ e@p@)p() dedt — [ 0'(t) | p(@)p(a)v(t)or(t) dedt
J, 0 f vinief iz [100 [ e
+/0 G(t)/ngo(x) k()| Vor(t)] dxdtJr/ / x)Vuy, - Vo (z)vg(t)dxdt

(4.50)

S~
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Combining (4.26), (4.42)—(4.44), (4.49) and (4.50), we infer
T

lim [ 6(t) /Q o(z) k(z)| Vo (t)[*dz dt = 0. (4.51)

k—oo Jq
From (4.49) and (4.51), defining v (z,t) = 0(t)p(x) with 6(¢t) € C§°(0,T) and p(z) € C§°(§2), where
supp ¢ C (2\A), we derive

lim/ /m;t DL + pl)[Voul?] dadt = 0. (4.52)

k—o0

Now, considering € > 0 small enough and such that 0 <6 < 1,0 =11in (¢,7 —¢) and suppf C (0,7T), then
(4.52) implies

Jim o =0 in L*((0,T) x (£2\A)) and Jim Vog =0 in [L2((0,T) x (2\A)]"™. (4.53)
—00 —00

In what follows, we shall use precisely the results in microlocal analysis recalled in the appendix. Indeed,
let us first consider the microlocal defect measure p associated with {vg} in H1((0,7) x (£2\ A)). Thus,

(4.53) in combination with Remark A.5 imply that g =0 in (0,7T") x (£2\A4), that is, suppu C A.
On the other hand, from identity (4.21) we have

h(agvy)  flagvr)

p(z)vy — div[k(x) Vo] = /000 g(s)div[v/aV{l(s)]ds — b(x) in 2 x(0,7). (4.54)

(677 (677
Moreover, the convergence (4.26) leads to
oo h /
lim g(s)va 0 t(s)ds = lim b(yc)M =0in L*(2 x (0,T)), (4.55)
k—oo Jo 63% k—o0 (677
for each ¢ = 1,...,n, from where it follows
oo h /
lim 2. / 9(s)div[y/aVey(s)ds = lim 9y ™M) | o g=1(0  (0,1)). (4.56)
k—oco Ot k—oco Ot Qg
From this, we also note
A GTT) H, 102 % (0,T)). (4.57)

k—oo Ot  ay
Indeed, since H} (§2) < L?(£2), it follows that

f(akvk) _
H < C||Uk:||Loo(o,T;L2(m) + cay, 1||Uk\|Loo(o,T;H5(n))7
Lo°(0,T5L2(2))
and then, with
H 0 f (agvg) ‘ < ch(Oék’Uk)
H-1(2x(0T)) L2(2%(0.T))
we obtain (4.57). Therefore, from (4.54), (4.56) and (4.57), yields
0
Oy, = 5 (p(z)vy — div[k(z)Vog]) — 0 in H, 1 (2 x (0,T)). (4.58)

According to Theorem A.6, the convergence (4.58) implies
2 K(Z) 2
suppu C (t7$77-7£) T = 7|£| ’
p(z)
and from Theorem A.9 one obtains that suppp is the union of curves which are the bicharacteristics of

the principal symbol p(t,z,7,&) = 72 — Q\QQ We refer to Appendix A.3 for related definitions and

p(z)
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characterization of the principal symbol of the wave operator and its bicharacteristics. Since T > Tj, every
bicharacteristic ray enters the region w’ = 2\ A before the time T, and then p = 0 in 2. Consequently, we

deduce
lim dyvp, = 0 in L*((0,7T) x £2). (4.59)
k—o0
Now, let us show that
Jim Vo =0 in [L2(02 x (0, T)]". (4.60)

Indeed, multiplying (4.21); by 6vy, where § € C§°(0,T") is such that 0 <0 < 1and § =1in (¢,T —¢) for
e € (0,T) fixed and arbitrary, and integrating in 2 x (0,7, we obtain

= — ! ) o (O dedt — Y z)vh (t)v T
0 = /0T9<t>/9p< o) (1) ? dodt / 00) [ pla)ui(tonle) duds
4 /0 o(t) /Q ()| Vo () dadt
T )
s a(x t(s) Vv rds 4.
+ /T/ g<>/9 (01963 Tund()indsi (4.61)

/ o() R o) dat
2 (093
flagvk)

A

J,

+ / vE0(t)dxdt.
0

From (4.26), (4.42)—(4.44), (4.59) and (4.61) we deduce

lim / / 0(t) k()| Vo | dadt = 0,
k—o0

T—e
/ / )| Vo2 dedt </ / )|V P dadt, (4.62)

with arbitrary e > 0, we get (4.60) as desired.

5
S

and since

Now, from (2.8) we have
|F(s)| < c|s]” +¢|s|’T", Vs eR,

which implies

F(akvk(t))
/Q T dx < CakHvk”iw(O’T;LQ(Q)) + Cai||vk||zl)/Jgol(0,T;Lp+l(Q))7 vt € [O7TL
and then .
F t
lim / / Flawvk®) gy = 0. (4.63)
k—o0 0 0 Qe

From (4.26), (4.59), (4.60) and (4.63) we obtain
T
lim E”kv(k (t) dt = 0.

k—oo Jo

Since the energy is non-increasing we have

T
/O Ey, ¢, (t)dt > TE,, ¢ (T),

which finally proves the desired contradiction limit (4.29).
This completes the proof of Proposition 3.5-1. [



J.C.O. Faria, M.A. Jorge Silva and A.Y. Souza Franco / Nonlinear Analysis: Real World Applications 56 (2020) 1031581

4.2. Proof of the observability inequality: Part 11

Now we prove inequality (3.10) in Proposition 3.5. We follow the same strategy as above but regarding
now that b = 0. In fact, let us suppose that (3.10) does not hold. Thus, there exists a time 7" > Ty > 0 and
a sequence of solutions (ug,nx) for (1.1) such that

By (0) <R (4.64)

and
lim By (0)

o / / () [V/aViL (s) | 2dsdt

where E,, ,, (t) is the energy defined in (3.1) associated with the solution (ug,nx) of (1.1) with b = 0. Below,
u}, still denotes Oyuy. Combining (4.64) and (4.65) we obtain

= 400, (4.65)

Jim / / (5)lVaVi(s)|Pdsd = 0, (4.66)
and following step by step the proof of (4.4), we also obtain
Jim / / (8)|IV/aVnk(s)||*dsdt = 0. (4.67)
—00

On the other hand, since Ey, ,, (t) < Ey, », (0) < R, for all t > 0, there exists a subsequence of {(ux,nx)},
still denoted by{(ux, nx)}, such that

up — u in L>(0,T; Hi(2)), (4.68)

uf =/ in L0, T; L*(2)), (4.69)
and, by Aubin-Lions’ Theorem,

up, — w in L*(0,T; L*(R2)). (4.70)

As before, to reach the expected contradiction we assume two cases as follows.
Case 1: u # 0. For each k € N, (ug,nx) is the solution of

(oo}
p(z)uy — div[k(z)Vuy] — / g(s)div]a(x)Vnk(s)] ds + f(ux) =0 in 2 x (0,7T), (@.71)
o )
N, = —0sm, + ujin 2 x (0,T) x (0,00),
with initial-boundary conditions

up =0 on 902 x (0,T), n=0 on 92 x (0,T) x (0,00),
ure(0) = uor, wi(0) = uik, ni(s) =now(s) in €2, s € (0,00), (4.72)
n(0)=0 in 2, t€0,7).

As in (4.12), we obtain
fluk) = f(u) in L*(0,T5 L*(92)), (4.73)

and combining (4.66), (4.68) e (4.73), yields
p(x)u” — div[k(z)Vu] + f(u) = 0 in L?(0,T; H~(2)). (4.74)

Defining again the auxiliary function

zi = k(@)ug + a(x) /000 g(s)nk(s)ds, keN, (4.75)
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and using similar arguments as in (4.18), we also conclude
v =0a.e. in (2\A) x(0,7T). (4.76)

Since u satisfies

pla)u — divls(z)Vu] + f() =0 in 2 x (0,T), -

W =0in (2\A) x (0,7), '
then taking its time derivative and denoting v’ = v, we get

p(z)v” — divis(z)Vu] + f'(u)v =0 in 2 x (0,T), (4.78)

v=0in (2\ A) x (0,T). '

According to hypothesis (As)-(b) one sees that f/'(u) € L*°(0,T; L™(12)), and using again Theorem A.1, we
have v =0 in 2 x (0,7), which implies v =0 in 2 x (0,T). Consequently,

div[x(x)Vu(t)] = —f(u(t)) a.e.in [0,T)]. (4.79)
Multiplying (4.79) by wu, integrating by parts on {2 and using the hypothesis (As)-(a) we obtain
Mllu)]® < Bllu(®)]?,
from where it follows that
u=0in 2 x (0,7).

This reaches the desired contradiction in Case 1.
Case 2: u = 0. As previously, for each k € N we define
1/2 1 1
Ak = [E“kmk (0)} o U= o ug, G = o M- (4.80)

Thus, (vk, (k) is the solution of problem

p(x)vy — div[s(z) Vo] — /OO g(s)div[a(x) V(i (s)] ds + Flawv)

(Y = —0,¢t in 2 x (0.7) x (0, 00),

o =0 in 2 x (0,7), (4.81)

with initial-boundary conditions

vy =0 on 0N x (0,T), (=0 on 92 x (0,T) x (0,00),
v (0) = vor, v(0) = vk, G(s) = Cor(s) in 2, s € (0,00), (4.82)
G(0)=0 in 2, te0,T).

The energy functional associated with (4.81)—(4.82) is given by

Bua) = 5 [ s@li@F o+ g [ @IVl dos g [ ool vaveias

F t
+ / Flowvs(®)) g, (4.83)
2 g
with Ey, ¢, (t) >0, for all k € N and for every t € [0,T].
From (4.80) we get

1

1
Eﬂk,Ck (t) = OTiEukﬂ?k (t> = Ei(o)Euk’nk (t)7 le [07T]7

Uk Nk
and then
Ey, ¢, (0) =1, VkeN (4.84)
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Besides, (4.66) and (4.80) yield

Jim / / 5)||vaV¢h|[2dsdt = 0, (4.85)
—00
and from the definition of (; in (4.80) along with the limit (4.67), we obtain
Jim / / (s)|Vavet|Pdsdt = 0. (4.86)
k—o00

A straightforward computation shows that the energy functional E,, ¢, (t) satisfies

d 1 [
GEa =5 [ g@IVavaras <o, te T

from where E,, ., (t) is a non-increasing function verifying

B0 = Fopa 0+ 3 [ [ (o @)IVaveh Pas (4.87)
Passing (4.87) to the limit, when k — oo, and using (4.84), (4.86) e (4.87), it follows that
1= lim By (0)= lm E, (7). (4.88)
Our wish is again to prove
lim B, ¢ (T) =0, (4.89)

k—+o00
and the contradiction is also obtained in this case, which completes the proof of (3.10).
In what follows, the effort will be to prove (4.89). Indeed, since E,, ¢, (t) < Ey, ¢, (0) = 1 for all ¢ € [0,T7,
there exists a subsequence {(vg, ()}, still denoted by {(vk, (x)}, such that

vp — v in L°°(0,T; HY (1)), (4.90)
Vg, Sl in L%°(0, T L*(12)), (4.91)
vp — v in L?(0,T; L*(02)). (4.92)

Firstly, we show that v = 0 in 2 x (0, 7). Since oy, = [E,,(0)]/2, from (4.64) follows that there exists
« > 0 such that o, — . We consider two situations as follows.

S1. o > 0. Here, combining (4.70) and (4.80) we obtain azvs, — 0 in L?(0,T; L?(£2)), and using similar
arguments as used in (4.73) we also see

flarvr)

— 0 in L*(0,T; L*(2)).
Qg

Using this convergence, (4.85) and passing (4.81); to the limit we get
p(x)v” — div[s(z)Vo] = 0 in L*(0,T; H1(12)). (4.93)
Proceeding analogously (4.14)—(4.18) we get v = 0 in (2 \ A) x (0,7T). Thus, for w = v', it follows that w

satisfies
plx)w” — divls(z)Vw] = 0 in 2 x (0,7),
{ w=0in (2\A)x(0,7). (4.94)

Since w’ = 2\ A satisfies the Geometric Control Condition, from Theorem A.2 it follows that v’ = 0 in
£ x (0,T). Using this fact and (4.93) we obtain v =0 in 2 x (0, 7).
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S2. a =0. As in (4.35)—(4.36), we have

f(s) = f'(0)s+ R(s), (4.95)
where
|R(s)| < c|s]® +¢|s]’, Vs eR. (4.96)
From (4.96), the fact a = 0, and since {v,,} is bounded in L>(0,T; H}(£2)), we obtain

R(agvi(t))

o — 0 in L>=(0,T; L' (2)). (4.97)
k

Passing (4.81)1 to the limit when k& — oo, and using (4.85), (4.95) e (4.97), it follows that
p(x)v” — div[k(z)Vo] + f/(0)v =0 in L*(0,T; H (2)). (4.98)

Let us define o
Zp = k(x)vg + a(x)/ g(s)C(s)ds, ke€N.
0

Proceeding as in (4.75)—(4.76), we get v' =0 in (2\ A) x (0,T). From this fact, (4.98) and Theorem A.1,
we conclude that v' =0 in 2 x (0,T). Besides, by following the same arguments as in (4.39)—(4.41), we get
v=0in 2 x (0,T).

From the above considerations and (4.90)—(4.92) we obtain

v — 0 in L=(0,T; Hi(R2)), (4.99)
vy, = 01in L>(0,T; L*(2)), (4.100)
v, — 0 in L(0,T; L*(2)). (4.101)

Now, let 8 € C§°(0,T) and ¢ € C§°(£2) such that suppy C (£2\ A). Since suppy C (2\ A), we deduce
[ @)+ 1Ve@DIGP de < e, [ a@)veif . (1102)

Consider ¢ (z,t) = [ g(s)C}(, s) ds. Multiplying the first equation in (4.81) by 6¢(2)¢y, and integrating
by parts on 2 x (O T) we get

/ / #)Uidie(@)0E) dudt - / / 2)vp dip(2)0 (1) dadt

/ / 2)Voy, - Vo o(2)0(t) drdt + / / ) Vg - Voo(x) d0(t) dudt
A /0 / 2)V(i(s) - V() pr(t) dudsdt

/ / / 2) VG, - Vo (2)0(t) dedsdt

+ / / Flawvn) o Vo) dudt (4.103)
o Jo Ok
= Jip + Jor + -+ Jor + J = 0.

As in (4.47)—(4.48) we have that hm Jop = = hm J7i, = 0. Consequently, hm Jlk =0 and

lim / / 2)|vg|? dadt = 0. (4.104)
k—ro0
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Also, multiplying the first equation in (4.81) by 0(¢)¢(x)v, and integrating by parts in 2 x (0,7, we
conclude that

— [ 00) | w@)p@)|or @) dedt = [ 0'(t) [ o@)p(x)vi(t)os(t)
[, [
+/T9( )/ o(x)k(z)| Vg (t)] dxdt—i—/ / 2)Vuy - V(z)veb(t)dxdt
/ / / 2)VCL(s) - Vo(z)vi0(t)dzdsdt (4.105)

+/ e(t)/ (/ g(s)a(x)VEL(s) ds) Yok () () dudt
/ / Tewvelt) vg(t)p(x)0(t)dzdt = 0.

Combining (4.85), (4.99)—(4.101) and (4.104) with (4.105) we obtain

T
lim [ 6(t) /9 o(z) k()| Vo (t)da dt = 0. (4.106)

k—oo Jo

Moreover, from (4.104) and (4.106), defining ¥ (z,t) = 0(t)p(x) with 6(t) € C§°(0,T) and p(z) € C§°(12)
with supp C (£2\A), we get

lim/ /¢xt ) e + o) Vo] dr i = 0.

k— o0

Observe that if we consider £ > 0 sufficiently small such that 0 < 6 < 1,0 = 1 in (5,7 — ¢) and
supp @ C (0,7T), the previous limit yields

Jim O, = 0 in L*((0,T) x (2\A)) e Jim Vop =0 in [L2((0,T) x (2\A))]"™. (4.107)

At this moment, we consider again the microlocal defect measure p associated with {vy} in H*((0,T) x
(2\ A)). Thus, (4.107) and Remark A.5 imply that ¢ =0 in (0,7T) x (2\A), that is, suppu C A.
On the other hand, from (4.81) one has

f(agvy) )

n 2 x (0,7). (4.108)
Qg

plae — divin() Vo] = [ glopaivIyave(s)ids -

Since the convergence (4.85) implies

oo

. 0
lim [ g(s)var

k—oo Jo

(s)ds = 0in L2(2 x (0,T)),

for each i = 1,...,n, then
lim g/ g(s)div[yaV¢i(s)]ds = 0 in H™(02 x (0,T)).
0

Also, using similar arguments as in (4.57) we have

kl;rgoa o =0 in H, (2 x(0,T)).
From (4.108) one sees
0
Ovy, = = (p(z)v) — div[s(z)Vug]) — 0in H (2 x (0,7)). (4.109)
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Thus, Theorem A.6 along with (4.109) imply

suppis € { (t.7,€) 57 = 16}

Moreover, from Theorem A.9, suppu is the union of curves which are bicharacteristics of the principal

symbol p(t,z,7,£) = 7% — %\fﬁ see again the definition and results in Appendix A.3. Since T > Ty,
every characteristic ray ente@s the region w’ = 2\ A before time T, implying that p = 0 everywhere in 2.
Consequently,
Jim dyv = 0 in L*((0,T) x £2). (4.110)
Now we are going to prove
Jim Vo =0 in [L2(02 x (0,T))]"™. (4.111)

Indeed, multiplying (4.81); by fvy, where € C§°(0,T") is such that 0 <0 <1 and § =11in (¢,T —¢) for
some arbitrary € € (0,7, and integrating on {2 x (0,7") we have

—/Te(t)/ p(2)|vy(t)|” dudt —/OTe/(t)/Qp( Yol (£)ue(t) dadt

/ / / 2)V (i (s) - Vord(t)dedsdt (4.112)

/ / FlOwv) o) dwdt = 0.

Combining (4.85), (4.99)—(4.101), (4.110) and (4.112) we get

lim / / 0(t)k(z) | Vg > dadt = 0,
k—o0

T—e¢
/ / )| Vor|*dadt </ / 0(t) k()| Vg > dadt, (4.113)

with arbitrary € > 0, we infer that (4.111) holds true.
Similar to (4.63), it follows that

and since

T
F
1im/ /dedtzo, (4.114)
k—o0 0 0 AL

and the convergences (4.85), (4.110), (4.111) and (4.114) lead to

T
0= lim FE,

k—oo Jo

kCk (t) dt >T klgn;o Evlka (T),

which gives the desired contradiction limit (4.89).
This completes the proof of Proposition 3.5-I1. [J

4.83. Proof of the main result

We are now ready to prove Theorem 3.3. We first deal with part I and the second item II follows verbatim
by using the same arguments and neglecting the frictional damping.
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4.8.1. Proof of Theorem 3.3-1
Initially, we note that from Proposition 3.5 and the semigroup property for the solution of problem (1.1),
there exists a constant C' = C(R,T) > 0 such that, for each m =0,1,.. .,
(m+1)T

Bun(mT) < C {/ODO g<s>||\/5vnt|\2ds+/Qb(a:>[|ut(x,t>|2 + s, )] da;} . (4.115)

mT
In what follows, we are going to estimate each term on the right side of (4.115).
1st. Frictional term. According to Remark 2.1-3 there exists a convex strictly increasing function H :
[0,00) — [0, 00) that vanishes at the origin and such that

52 + [h(s)]* < H ' (sh(s)), for all |s| < 1.
Now, let us consider the following sets
Dy = {(z,t) € 2 x (mT, (m+ 1)T); |u(z,t)| <1} and Da,, = 2 x (T, (m+ 1)T) \ D1,m.
For each m =0,1,2,..., we have
e (2, )] 4 |h(ue (2, )| < H™ (wg(a, t)h(ug (2, 1)), VY (2,t) € Dy m,
and

lug (2, )% + |h(ue (2, 8)) > < (1\}[1 +Mg>ut($7t)h(ut(x,t)), V(x,t) € Do m.

Thus

)

(m+1)T (m4+1)T
/ /b(x)[\ut\2+|h(ut)\2}do:dt < / /Qb(x)Hil(h(ut)ut)dxdt

mT 2 m
1 (m+1)T
+ ( + Mg) / / b(x)h(us)urdzdt.
M,y mT 7
. . 1
Let H : [0,00) — [0,00) be given by H(s) = T||b||L1(Q)H(T”bHs). From Jensen’s inequality and
L1(%2)

denoting D(t) = —FE’(t) we get

(m+1)T
/ / Mlewel? + [B(ue) [2]dadt

< (H1 + <z\21 + M2) Id> {/nj;nH)T/Qb(m)h(ut)utdxdt} (4.116)

< (B '+ (2 4) 14 (WH)TD(t)dt.
(770 (s +am) ) [ [, oo

2nd. Memory term. Since

(m+1)T (m4+1)T  poo a0 s
s)[vVaVn'(s)|*dsdt = (—g'(S))Eig( ) =5 lVaVn(s)||?dsdt,
/ / / /o ( )) P2

mT

then from Jensen’s inequality and 0 < 20 < 1, we deduce

P2
(m+1)T s
[ e I v o) Pasi
(—g'(s)) P2
(m4+1)T 0o g(s) . ) ] ;2[ oo , g(s) . ) %
< — g [VaVn'(s)| ds (=9 () — =5 IVaVn'(s)|I"ds|  dt.
o V (/)7 ! (o)
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In addition, from condition (2.6) in assumption (G1), we deduce

1
o) a < —ag9(s)' 7, Vs >0, (4.117)
(=g'(s)?2 cr
and then
(m+1)T 0o )
/ 9(3)|[V/avn' (s)|dsdt
mT 0
(erl)T oo 1—ap o 1—ag
g(s g(s
</ | v o) Pas | oo vav s as| - ar
mT 0 CPQ 0 CP2
2 2
(1_‘10)% o -0 (m+1)T
0 P ag
< 9()7%2 <Sup/ g(s)l_aox/ﬁvnt(s)Hst) " / D(t) Py dt.
t>0J0 mT

C?
Now, we claim that

(swp [ oy ==olvavi (o) as) < o (4.118)

>0
This is the precise moment where we use the boundedness condition sup|v/aVue(7)|| < R and the
0

T<
assumption (Gz), see (2.7). Indeed, from this and recalling (1.2), we have for all ¢ > s that

IVavn ()I* < 2lVallfee o) IVu@®® + [Vult - s)[I*)

2
< ﬁllx/&HzLoom)(lIU(t)H%Jr||U(t—8)||?)
< D IVal () Eun(0)
= 2 Loo(2)Hun
< Va2 R
- ]2 L>®(02)"
Besides, for all ¢t < s we infer
IVaVn'(s)? < 2ValFe o) [Vu®)]? + 2[lVaVuo(t — s)|1?

IN

4
5 IVl )y (0) + 250 | VaVuo(r)

IN

4
ﬁ||ﬁ||2Lw(Q)R+2R2-

Thus, in view of (2.7), we obtain

> _ 12 oo ~
sup [ (o) “Ollﬁvnt(s)llzdsﬁ(lgllﬁllimeHRQ) | oty oo < o

t>0

which proves (4.118).
Now, using Jensen’s inequality again, we deduce

AT g
/ D@)Fdt < T
mT

1 (m+1)T P2
— D
- /m o pwar|
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and then
(m+1)T  poo )
/ / o(3)|V/avn' ()| dsdt
mT 0

ap &0

s [ wg<s>1a0|waw<s>||2ds)1”

t>0 Jo

RO " (

@0

p2
Gy

Defining J : [0,00) — [0, 00) by

g(0)" 0% - 2 R s\
59 = T (s [ g -eollvaw i 1) " (3)
02p2 t>0 J0
which is a strictly increasing positive function such that J(0) = 0, we get
(m+1)T  poo (m4+1)T
/ a(s)|[vVaVnt(s)||2dsdt < J / D(t)dt | . (4.119)
mT 0 mT

Therefore, from (4.115), (4.116) and (4.119), we obtain

. (m+1)T
E,,(mT) < C [J +H '+ (J\Z + M2> Id} /T D(t)dt,

and setting

~ 1
Hsy=C [J +H + (M + Mg) Id] : (4.120)
1
we have
(m+1)T
E,,(mT) < Hs (/ D(t)dt).
mT

Using that E, , is non-increasing, it follows that

Eyy((m+1)T) < Hj (/nj:H)T D(t)dt),

and recalling that D(t) = —FE’(t), we arrive at
Eyn((m+1)T)+ Hy Y (Eyy((m+1)T)) < By p(mT), YT >Tp. (4.121)
Therefore, applying [37, Lemma 3.3] with
Sm = Eyn(mT), so=E,,(0), p= Hgl with Hs given in (4.120),

we conclude that E, ,(t) satisfies (3.5), where S(t) is the solution of (3.6) with ¢i(s) = s — (Id + p1)~*(s).
This completes the proof of Theorem 3.3-1. [

4.8.2. Proof of Theorem 3.3-11

In this case, we remark that (4.115) holds true with b = 0 and proceeding analogously as in the estimates
for the memory term, we achieve (4.121) with Hs set in (4.120) just given by Hz = C'J and ps = H3_1. Hence,
the same conclusion can be done with no change, namely, one can conclude that E,, ,(t) satisfies (3.7), where
S(t) is the solution of (3.8) with ga(s) = s — (Id + p2)~!(s). This finishes the proof of Theorem 3.3-IL. [J
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Appendix. Auxiliary results

In order to make this paper more self-contained, we collect some important and useful results, which have
been crucial in the conclusion of our proofs.

A.1. Two essential results in the literature
We start with an important unique continuation result. It can be found in Koch and Tataru [40].

Theorem A.1. Let P be a second order hyperbolic operator with coefficients of class C?. Let I' be a smooth
surface strongly fseudoconvex with respect to P. Then, the unique continuation of P+ V in I is valid for all
potential V- € L2, where n is the dimension of R™.

When the Geometric Control Condition (GCC)) is taken into account, then problem (1.1) can be
stabilized by only using the memory term, that is, b = 0. To this end, an important result is presented
by Burq and Gérard [41].

Theorem A.2. Consider p,k € C*°({2) and let w' be a subset of a given set 2 C R™ which satisfies the GCC.
Besides that, let (ug,u1) € L*(2) x H1(2) and v € C°(R; L2(2)) satisfying that p(x)u € C1(R; H~1(12))
is the ultra-weak solution of

p(x)u — div[s(z)Vu] =0 in 2 x (0,00),

u=0 in 902 x (0

u(0) = ug € L*(R2); p(x)u'(0) = u1 € HH(£2).
Then,

HuOH%Q(Q) + Hul\\%{_ ) < C/ / lu(z, t)|*dadt, (A.2)

for all T > Ty.

A.2. A short review on microlocal analysis

In what follows, we are going to present some results in microlocal local analysis develop in [39,41]. We
also refer to [1] (see Appendix therein) for a more complete review of the results to be presented below and
the explanation of how to apply such results in the present framework.

Theorem A.3. Let {u,}nen be a bounded sequence in L7 (£2) such that it converges weakly to zero in
L7 (2). Then, there exist a subsequence {up(n)} and a positive Radon measure i on T'Q2 =  x S"~1
such that for all pseudo-differential operator A of order 0 on 2 which admits a principal symbol ao(A) > 0
(i.e. A€ Wo(02) and, in addition, oo(A) > 0) and for all x € C§°(£2) such that xoo(A) = 0o(A), one has

(At Xtgn) 2 [ o)) diGe. ). (43)

n—-+oo

3 The notation S¢ stands for the d-dimensional unitary sphere.
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Definition A.4. Under the hypotheses of Theorem A.3 p is called the Microlocal Defect Measure (in short,
MDM) of the sequence {uy () fnen.

2 .(£2) such that it converges
weakly to zero in L2 (2), there exists a subsequence {Uy(n)} admitting a microlocal defect measure. We
observe that from (A.3), in the particular case when A = f € C§°(£2), it follows that

Remark A.5. Theorem A.3 assures that for all bounded sequence {u, }neny € L

/ F (@)l ()] de —>/ £(@) du(z €). (A4)
2xsn—1 2xgn—1

n—-+oo

Then, u,,, converges to zero if, and only if, 4 = 0.

Theorem A.6. Let P be a differential operator of order m on 2 and let {u,} be a bounded sequence of
L2

7c(§2) which converges weakly to 0 and admits a m.d.m. p. The following statements are equivalents:

(1) Puy, - 0 strongly in H, /" (£2) (m > 0).

n

(i) supp(p) C {(2,€) € 2 x S"™ oy (P)(,€) = 0}

Remark A.7. Let P be a differential operator on 2 of order m with smooth coefficients and let {u,},

2

be a bounded sequence of Lj

(£2) with a microlocal defect measure p. Then, Theorem A.G states that
Pu, T 0 strongly in H,;"(£2) (m > 0) if and only if p is supported by the characteristic set of P,
that is, o, (P)p = 0. Hence, Theorem A.6 provides a localization of the support of p under a very weak
assumption on { Pu, }. The next theorem shows that, under a slightly stronger assumption, the Hamiltonian

H,, of the principal symbol of P satisfies an integral equation on £ x S"~!, namely:
/ Hyadp =0, where p=0,,(P),
2x8d-1

for all a € C*°(£2x (R™\{0})) homogeneous of degree 1 —m in the second variable and with compact support
in the first one.

Theorem A.8. Let P be a differential operator of order m on §2, verifying P* = P, and let {u,} be
a bounded sequence in L (§2) which converges weakly to 0 and it admits a m.d.m. u. Let us assume that
Pu, WS 0 strongly in H\. ™ (Q2). Then, for all homogeneous function a € C=(2 x R™\{0}) of degree
1 — m in the second variable and with compact support in the first one, we have

[ e ~o (A5)
2xSn—1

Theorem A.9. Let P be a self-adjoint differential operator of order m on {2 which admits a principal

2

e (§2) which converges weakly to zero, with a microlocal defect

symbol p. Let {u,} be a bounded sequence in L
measure . Let us assume that Pu, converges to 0 in Hlfogmfl)(ﬁ). Then the support of p, supp(p), is a

union of curves like s € I — (x(s), %), where s € I — (x(s),&(s)) is a bicharacteristic of p.

A.3. Principal symbol of the wave operator

This final section is devoted to the explanation of how to apply the above abstract results to characterize
the bicharacteristics of the principal symbol of the wave operator related to our problem. The next
statements follow the same lines as done in [1, Section 5].
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Let us consider the wave operator

Under the notation D; = 19;, we write
d
P(t,x, Dy, Dy) = —p(z)D} + Y Dy [5(2)Dy)], Dy = (Day, ... Day),
j=1

whose principal symbol p(t, x,7,£) is given by
p(t2,7,€) = —p(a)7* + K@) E- & €= (&, L), (A.6)
where t e R, z € 2 CR", (7,£) € R xR", and k(z) := 1 — gpa(x) is the C*° function on {2 verifying
1> w(z) > 1 - gollalloe =1 >0,

since we are assuming that [ := 1 — go||al|ec > 0, where go == [ g(s) ds.
Let us describe the bicharacteristics of p. They do not change if we multiply p by a non-null function

_ _ 1 (k)
p(t,‘T,T, 6) - 5 <p(33)£ : 5 - T2> . (A7)
From this, we have
t= @ = —T
or
_0p _ k(=)
=% = o)
= —E _O7
_ 0 1y (k
=g -5 (5 wie-o

Introducing the function G(z) = %, the above equations become

which implies

(z) G*() (i, &) (A.10)

where we have used the notation (z,£) = x - £. Once p is null on each of its bicharacteristic curves, from
(A.7) we deduce that
k(z)€- &€ =712 = constant on the curve, (A.11)

On the other hand, equalities (A.8) and (A.9) yield

Ga)d &= L& ¢ (A.12)



J.C.O. Faria, M.A. Jorge Silva and A.Y. Souza Franco / Nonlinear Analysis: Real World Applications 56 (2020) 1031583

Combining (A.11) and (A.12) we deduce
G(2)i -2 = k(x)€-& =72 = constant on the curve, (A.13)

that is, the quantity G(x) % - & is preserved under the flow. From (A.10) and (A.13) we have

d  G@i  1VG@)i-d
ds \/Gx)i-& 2+/Gx)i-&

(A.14)

and setting

the last identity yields

d 0 0
L9 iy L
S L(,d) = 5 L(#,9)
which is the Euler-Lagrange equation associated with L, namely, the geodesic equation for the metric G
of 2. Conversely, if o — z(a) is a geodesic for the metric G on {2, and parameterizing the curve x by the

curvilinear abscissa o defined by

& VGl #a) i), (A.15)
Eq. (A.14) becomes
% (G@:)Z-Z) - %va(x) j—j . ;l—j, (A.16)
with
G(z) Z—: - ;Lj _

If we set, for instance, s = —Z, we obtain (A.8), (A.9) and (A.10). In addition, we note that j—ff =1.1In
conclusion, we have proved the following result.

Proposition A.10. Unless a change of variables is needed, the bicharacteristics of (A.6) are curves of the
form

t— |t z(t),r,—7 (%) z(t) |,

-1
where t — x(t) is a geodesic of the metric G = (%) on {2, parameterized by the curvilinear abscissa. [
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