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Abstract. In this paper we first explore the deduction of the mathematical model for some
viscoelastic Timoshenko systems. As a consequence, a new partially dissipative viscoelastic Tim-
oshenko system arises with damping mechanism acting only on the shear force. Then, we prove
uniform decay rates for this new system with the help of a modern observability inequality, where
the assumption of equal speeds of wave propagation is regarded as a sufficient condition. Moreover,
we prove that equal wave speeds is also a necessary condition to establish uniform decay rates.
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1. Introduction. This paper addresses the model deduction, uniform, and non-
uniform stability results to the following Timoshenko system with a viscoelastic
dissipation mechanism coupled on the shear force:

(1.1)
P10t — k(e + 1)z + I@'/O gt — 8)(¢e +)e(s)ds =0 in (0,L) x RT,

t
Pt — bry + (g + 1) — m/ g(t — 8)(¢z +1)(s)ds =0 in (0,L) x RT,
0

where L > 0 is the length of the beam and R* = (0,00). Corresponding to the
unknown variables ¢ and 1, we consider the Dirichlet—-Neumann boundary condi-
tion and initial data to be set later. The physical meaning of the positive constants
p1, P2, Kk, b > 0 as well as the relaxation function g > 0, the latter also known as the
memory kernel, will be precisely introduced in the next section.

To the best of our knowledge, system (1.1) has not been considered in the lit-
erature. Its mathematical formulation consists by taking a viscoelastic deformation
on the shear force only as presented in section 2, where we use the ideas introduced
by Priiss [30, Chapter 9] and Drozdov and Kolmanovskii [12, Chapter 5] on integro-
differential (viscoelastic) equations.
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On the other hand, when the viscoelastic law is only applied to the bending
moment, the classical viscoelastic Timoshenko system emerges:

p1¢1t — K(Gr + 1), =0 in (0,L) x RT,
t

(1.2) )
potint — bibms + (6o + 1) + b / ot — $)pun(s)ds = 0 in (0,) x R,
0

which has been studied by several authors in recent years. Concerning this problem
(1.2), under Dirichlet boundary conditions, we would like to mention here the pioneer
work by Ammar-Khodja et al. [3], whose main results on the corresponding energy
functional are summarized as follows (see [3, Theorems 2.7, 3.5, and 4.1]).

1. Under the assumption of equal wave speeds of propagation il = p—bZ, one has

e if g is of exponential type, then the energy functional also decays expo-

nentially;
e if g is of polynomial type, then the energy functional also decays poly-
nomially.
2. Under the assumption of different wave speeds of propagation ;—1 #* p%, one
has that

e even though g is of exponential type, the energy functional does not
decay uniformly (for weak initial data).

Since problem (1.2) is partially dissipative, as we can see in case 1, both g and the
energy functional related to the solutions decay accordingly and uniformly, provided
that pﬁl = p% . This scenario attracted the attention of many mathematicians and
several papers have been published in the literature, where more general uniform decay
rates are established. On the other hand, in case 2, just a few papers can be found
in the literature on the subject. As a matter of fact, in this scenario, a nonuniform
stabilization of the energy has been done by taking into account the regularity of initial
data and more regular solutions. For such generalizations and related problems, we
refer to [7, 10, 15, 16, 17, 25, 26, 27, 31] and references therein.

According to the above considerations and having in mind that system (1.2) has
been exhaustively studied lately, we turn our attention back to the new system (1.1).
The main novelties and contributions in the present paper are threefold:

1. To give a precise deduction on the mathematical modeling for system (1.1)
by using viscoelastic constitutive laws, which are physically consistent; see
section 2.

2. To provide uniform stability results for (1.1), under the mathematical
assumption of equal speeds of wave propagation (equal wave speeds, for short)

(1.3) s_b

P1 P2
and combining a new observability inequality with recent abstract results on
stability for problems with memory as introduced by Lasiecka et al. [18, 21];
see section 3.

3. To prove that condition (1.3), which puts emphasis on the physical character
of the system, is also necessary to obtain uniform decay rates for the energy
functional associated with (1.1). To this purpose, we follow the ideas as
introduced by Ammar-Khodja et al. [3]; see section 4.

Remark 1.1. Let us give some comments on the equal wave speeds condition (1.3).
Due to the physical meaning of the coefficients (see, e.g., (2.13)), it is worth pointing
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out that (1.3) is physically never satisfied. Indeed, under the notation established in
(2.13), the assumption (1.3) turns into G = E/k. On the other hand, as highlighted,
e.g., in [24, 29] we have from the theory of elasticity that the relation between these

two elastic modulus is given by G = 5-£— where v € (0, %) is the Poisson’s ratio. It

2(14v
means that the identity & = 2(1 4 v) (mus)t hold true, which is physically impossible
since k < 1. Therefore, the assumption (1.3) and the results in section 3 are only
considered from a mathematical point of view. However, in order to address the
problem from a physical aspect as well, we still consider the case of different wave
speeds pil #* ,sza which led to the results in section 4.
2. Deduction of viscoelastic Timoshenko beams. In this section, in order
to derive some viscoelastic Timoshenko beams models, mainly in what concerns (1.1),
we combine some classical elastic equations that arise from Timoshenko ideas on
beams (see [32, 33]), together with constitutive relations on viscoelasticity for ma-
terials containing hereditary (history) properties; see, for instance, Priiss [30] and
Drozdov and Kolmanovskii [12]. A classical modeling of linear viscoelastic (wave-
like) equations was first provided by Dafermos [8, 9] in the 1970s. Lately, a quite new
approach on wave equations with memory was provided by Frabrizio, Giorgi, and
Pata in [13], where the authors came up with a new treatment for integro-differential
equations with general kernels, providing a wider class of relaxation functions.
Let us start with Boltzmann theory [4, 5] for aging viscoelastic materials, where
the stress o is assumed to depend not only on the (instantaneous) strain e but also
on the strain history {e(s); 0 < s < ¢}. Thus, the stress-strain constitutive law reads

omsz%mo+AE%—@dwm§

= p{d.0- [ -9}

where the constant F stands for the Young modulus of elasticity and the function p
is known as the relaxation measure of the bar material. Also, we denote g := —p’ > 0
for convenience in future statements.

In what follows, according to the theory developed for viscoelastic Timoshenko
beams type, bending and shear deformations shall be considered for vibrations of
prismatic bars, which extends somehow the Euler—Bernoulli assumptions for beams.
Indeed, Timoshenko assumptions on beams allow for a rotation movement from the
cross section and bending lines. This rotation angle comes from a shear deformation,
which was not considered in Euler—-Bernoulli assumptions, where the cross section is
kept perpendicular to the bending line. Finally, having in mind the classical theories
of Priiss [30, Chapter 9] and Drozdov and Kolmanovskii [12, Chapter 5], we make the
following considerations.

Let us consider a beam [0, L] x Q of length L > 0 and uniform cross section
) C R? made of homogeneous isotropic viscoelastic material. In the initial Timo-
shenko hypotheses it is assumed that
(0,0) is the center of Q, so that [, zdydz = [, ydydz = 0;
the bending takes place only on the (z, z)-plane;
diam$) << L (thin beams) and normal stresses are negligible in general;
there are only two relevant stresses 011 and 013 in the stress tensor o = {0;;}.
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Thus, for viscoelastic Timoshenko beams, the stress-strain relations can be considered
as follows:

(2.1) on(x,z,t)=F {611(35, z,t) — /Ot g1(t — s)err(x, z, s)ds} ,

(2.2) ors(s 2 8) = 2G {613@, o) — /Ot ot — $)ers(@, 2, s)ds} ,

where G is the constant shear modulus, k is a shear correction coefficient, and g1, g2
are relaxation kernels. Accordingly, the displacements and the rotation angle are
denoted as follows:

e u = u(x,t), the longitudinal displacement of points lying on the horizontal

axis;

o ¢ = ¢(x,t), the vertical (lateral) bar displacement;

e ¢ =1(z,t), the angle of rotation for the normal to the longitudinal axis;

o wi(x,z,t) =u(x,t) + 2¢(x,t), longitudinal displacement;

o wo(x,z,t) = ¢(x,t), vertical displacement.
Under this notation, the standard formulas for the components of the infinitesimal
strain tensor (see, e.g., (2.4) on p. 339 in [12]) can be expressed by

(2.3) en(z, 2,t) = % = ug (2, 1) + 29bp(, 1),
1 /0w 0 1
(2.4) Qusle, 5 1) = 5 <(;”Zl + ;’;) = 5 (W@, t) + 6ol 1))

Additionally, concerning formulas to compute bending moment and shear force (see,
e.g., (9.10)—(9.11) on p. 237 in [30]) we find

(2.5) M(az,t):/zau(a:,z,t)dydz,
Q

(2.6) S(m,t):/ﬂolg(az,z,t)dydz,

respectively, which are normalized identities by the area A and inertial moment I of
the cross section {2, namely,

A:/dydz and I:/szydz.
Q Q

Hence, using relations (2.1), (2.3), and (2.5), one can compute the classical (and
well-known) viscoelastic law for bending moment,

=0

RN ¢
M=F </Q zdydz> <um —/0 g1t — s)uz(s)ds>
o ([ avie) (v | - ia(s)is)
—_————

=I

(2.7) M = EI (ww - /O St — sl ds) -
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Moreover, from relations (2.2), (2.4), and (2.6), the following new viscoelastic law for
shear force arises:

(28) 5=k (e tu) - [ gt — 5)(6 F0)(s)ds).

Summarizing, the constitutive relations (2.7)—(2.8) provide bending and shear
deformations in the context of Timoshenko beams over viscoelastic materials depend-
ing on strain history. It is worth mentioning that when neglecting viscoelastic effects
(for example, if the memory kernels vanish g; = go = 0), then (2.7) and (2.8) ob-
viously become the classical elastic relations for bending moment and shear force,
respectively:

(2.9) M = Eli,,
(2.10) S = kGA(¢y + ).

Finally, in order to derive the desired viscoelastic Timoshenko systems, we con-
sider the classical model in differential equations for vibrations of prismatic beams
originated in Timoshenko’s works [32, 33]:

pApy — Sz =0,
(2.11)
plpyy — My + S =0,

for (x,t) € (0, L) x R, where p represents the mass density per area unit. Therefore,
under the above considerations, we are able to provide a precise deduction of at least
three different types of viscoelastic Timoshenko systems as follows.

2.1. Viscoelastic law acting only on the bending moment. Using (2.7)
and (2.10), system (2.11) turns into the classical partially viscoelastic Timoshenko
problem:

(2.12) ¢
plpy — ET (zbm — / g1(t — 8)huz(8) ds) + kGA(p, + 1) =0,
0

which is precisely the well-known problem (1.2) by denoting the memory kernel g; as
g and the coefficients

(2.13) p1=pA, p2=pl, k=kGA, b=EFEI

As stated in section 1, problem (2.12) and its related version with past history were
first introduced by Ammar-Khodja et al. [3] and Munoz Rivera and Ferndndez Sare
[27] and, subsequently, studied by several authors in the context of stability along
the time.

2.2. Viscoelastic law acting only on the shear force. In this case, using
(2.8) and (2.9) instead of (2.7) and (2.10), respectively, system (2.11) becomes the
partially viscoelastic Timoshenko problem

PA¢tt - kGA (¢$ + '(/))m - Qz(t - 8)(¢)x + w)w(s)ds = Oa
oo (0] )

pTins — Ely, + kGA (<¢>x ) - /0 galt — )(éx + w><s>ds) 0,
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which consists exactly of the new viscoelastic problem proposed in (1.1) with coeffi-
cients given by (2.13) and memory kernel denoted by g = g, which is taken just to
simplify the notation. As remarked in section 1, this system has not been considered
in the literature and constitutes the main object of study in this paper.

2.3. Viscoelastic law applied to both deformations. To supplement the
set of different viscoelastic Timoshenko systems arising from the above modeling, we
can take into account both viscoelastic laws (2.7)—(2.8). In this case, system (2.11) is
driven to the next fully viscoelastic Timoshenko system:

v ~1GA (6. +0). - [ gl — )(6e + D)a(5)ds) =0

(2.15) pltpyy — ET (1/Jm - /Ot 91(t = 8)Yaa(s) ds)

#4064 (6240 = [ alt = 3)(6 + 01505 ) =0

A slightly changed version of (2.15) was considered by Grasselli, Pata, and Prouse [14],
who presented the problem with past history, nonlinear source terms, and external
forces. Thus, the asymptotic behavior of solutions was studied by assuming that both
kernels g7 and gs are of exponential type. In this case, since there are two viscoelastic
damping mechanisms acting on the system, all results obtained for (2.15) do not
depend on the relation between the wave speeds; see, for instance, [14, section 3].

3. Uniform stability: The case of equal wave speeds. In this section we
shall prove, under assumption (1.3), the uniform stability of the viscoelastic Timo-
shenko model (1.1) with coefficients p1, pa2, &, b > 0 given in (2.13). Such a statement
will be achieved as a consequence of a new observability inequality to the energy
solution combined with recent (and general) results from [18, 21].

In order to simplify notation hereafter, let us start by fixing the standard convo-
lution operator denoted as

t
(g*xu)(t) := / g(t — s)u(s)ds.
0
Thus, having in mind such a notation, we can rewrite system (1.1) as follows:

(31) P1 (btt Y (¢x + '(/)):c + 5(9 * (¢z + ql)):r) = 0 in (07 L) X R+7
(3.2)  pothit — bVup + K (dy + ) — k(g * (dr +9)) =0 in (0,L) x RT.

To the couple (¢, 1) we consider the mixed Dirichlet—-Neumann boundary condition

(33) ¢(01 t) = ¢(L, t) = /(px(Ov t) = "/}m(L’ t) =0, t=0,

and initial conditions
(3.4)
(b(l‘,(]) = d)o(l'), ¢t(x70) = ¢1($), ¢($,O) = ¢0($)7 wt(xzo) = ¢1($)7 T E (O7L)

3.1. Notation and preliminary results. Let us start by introducing the fol-
lowing standard functional spaces:
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L
2= 1200,1), |[ull? = / () de,
0
HY = 10, L), [lullZp = lluall3 + [lull,
1 L
L?:=120,L) = ueLQ(O,L);Z/ uw(z)dr =0,
0

HY = HY0,L) = {u € HY0,L):u(0) = u(L) = o},
1 L
H!:=HN0,L) = {u € H(0,L); Z/ u(z) de = 0} .
0

Due to Poincaré’s inequality, we can also consider the equivalent norms in H} and H,
lull gy = lluallz and  lul| g1 = [Juell2,

respectively. In this work, we will always denote by ¢, > 0 the Poincaré constant.

Assumption 3.1. g : R™ — RT is a nonincreasing differentiable function such that
(3.5) g(0)>0 and =1 _/ g(s)ds > 0,
0

Using the pattern of the Faedo—Galerkin method (see Lions’ book [23]) as applied
to wave equations with memory we get a result on existence and uniqueness for
(3.1)—(3.4). Such a result is summarized as follows and, for commodity, its proof
will be omitted.

THEOREM 3.2. Under the Assumption 3.1 and taking (¢o, ¢1,%0,%1) € HE x L? x
H! x L2, there exists a unique weak solution (¢p,1)) of problem (3.1)~(3.4) in the class

(6,0) € CRT; HY x HHYNCHRT; L? x L?).

Furthermore, if (¢o, d1,%0,%1) € (H*NHE) x H} x (H>NH}) x H}, then there exists
a unique strong solution (¢, 1) of problem (3.1)~(3.4) in the class

(6,0) € € (R¥; (H2 N HY) x (H? 0 HY) N CH R HY x H2).

Now we introduce some useful notation as follows. Given u € L}, (RT; L?), we set

(3.6) ey =1- | gls) ds,

(3.7 (gou®) = [ olt = )(utt) - us)) s
(38) @) = [ glt— $)ult) — u(s) B ds,
(3.9) A1) = /0 "y, 1) dy

for t >0 and z € (0, L).
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LEMMA 3.3. Under the above notation we have the following:
1. Ifu € L?(0,T;L?), T >0, then
(3.10) u—(g*u) =h(t)ut+gou and [(gou)(®)3 < llgllLi@+) (90u) ().

2. If (¢,) € L3(0,T; H x HY), T > 0, then

(3.11) p(-,t) == p(-,t) + (-, t) € H(0,L).

Proof. The proof follows from direct computations. 0

In what follows, we are going to see that problem (3.1)—(3.4) is dissipative with
only one damping mechanism given by the convolution term involving the shear force
component. Indeed, under the above notation and given a weak solution (¢, ) of
problem (3.1)—(3.4), we define the corresponding energy functional £(t) = E(¢(t), ¥ (1),
¢u(t), Y (1)), t = 0, by

(312) () = LGOI+ 2 1B+ gl O3+ 5 B0 e (I3 + 5 (6T (),

where h(t) and p(-,t) are given in (3.6) and (3.11), respectively.
LEMMA 3.4. The energy E(t) satisfies the following identity:

(3.13) %5(15) =-D(t), t>0,
where
D(t) = 5 9l I3 = 5(9'Tpa) 1),

Proof. Taking the multipliers ¢; and ¢, in (3.1) and (3.2), respectively, a straight-
forward computation leads to (3.13). d

From relation (3.13) and Assumption 3.1, one sees that £&(t) < 0, which implies

that the energy is nonincreasing with £(t) < £(0) for all ¢ > 0.

3.2. Observability inequality. To the next result we assume an additional
hypothesis on g.

Assumption 3.5. The memory kernel g € L'(RT) is assumed to satisfy

oo 31 64p L2
3.14 d —_— ).
(314) [ atedas > max {35, O

Remark 3.6. At this point, let us give some comments on Assumption 3.5 as
follows.
i. We first note that the condition (3.14) means that the area below the graphic
of g must be bounded from below. It is, somehow, unusual for systems with
memory but it does not contradict the relation (3.5) since

31 64p, [2
Cy = oL _bamLt L y
0 max{32’64p1L2+p2}<

We also observe that once Cp is close to 1, then (3.14) is a restrictive con-
dition because it confines the range of admissible coefficients and powers in



4528 ALVES, GOMES TAVARES, JORGE SILVA, AND RODRIGUES

kernel examples, which seems to be not very applied in physical situations.
Nevertheless, as we are going to see below in Example 3.7, such an assump-
tion does not prevent some (classic) examples of memory kernels featuring
different behaviors, recalling again that it is possible under proper restrictions
on the size of their coefficients and powers.

ii. Additionally, we would like to stress that assumption (3.14) is required due
to technical computations used to handle estimates for the new functionals
introduced in (3.18)—(3.20). More precisely, (3.14) is regarded to construct a
time to such that function 1 — h(t) (see (3.6)) is bounded from below by a
positive constant for all ¢ > to. Indeed, from (3.14) we infer that there exists
a time ty > 0 large enough such that

t to
(3.15) 1—h(t) = / g(s)ds > / g(s)ds:=gg>Coy VY 1t>t.
0 0

With inequality (3.15) in mind, we still mention that it will be crucial in
the compatibility of the inequalities to be presented in (3.38). Summarizing,
Assumption 3.5 leads to (3.15), which in turn will be precisely used in (3.38)
and, consequently, in the inequalities right after.

Example 3.7. We illustrate some permissible kernels satisfying Assumptions 3.1
and 3.5, under suitable conditions imposed on the coefficients or/and powers.

(a) g()—be_“t for any b >0 and b < a < C%.
g(t for any vy > 1 and Co(y—1) <a <y — 1.

( ) ) (t+1)"r

(C) () Wf0r00<a<l.

(d) g(t ) for 0 < g <landa >0 properly chosen so that Cp <
I ds < 1. For instance, in case Cy = 51, then g(t) = 14090641/2 is a

concrete kernel.
(e) Again in case Cy = 327 then peculiar kernels of transcendental type are given,

e.g., by

g(t) = - .

d t) = , .
[1+1n(t+1)]%[1+1n(”1)] an g(t) [t+\/é]%[1n(t+\/é)+l]

PROPOSITION 3.8 (observability inequality). Let Assumptions 3.1 and 3.5 be in
place. If we additionally assume the equal wave speeds condition

P1 P2
1 L
(3.16) K b’

then there exist a time Ty > 0 and a constant C > 0 such that
(n+1)T (n+1)T
(3.17) E((n+1)T) < c/ (000ps) (1)t + c/ D(#)dt
nT

for allm € N and T > Ty, where C' > 0 is independent of n.

Proof. The proof will be done for regular solutions (¢, ) of (3.1)—(3.4) and the
same conclusion holds true for weak solutions by using density arguments.
We start by defining the functionals

(3.18) X1(t) := pr((t), e (1)) + p2(b(t), 1 (1)),
(3.19) xa(t) == —p1((g 0 p)(t), ¢:(1)),
(3.20) X3(t) := —p2(h(t) pa(t) + (g © p2)(t), Y1 (L)) — p2(ha(t), Pe(1)).
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Next, we are going to estimate the time derivative of the functionals y;, i = 1,2, 3.
Estimate for x}(¢t). Taking the derivative of xi1(¢) defined in (3.18), using
(3.1)—(3.2), and performing some integrations by parts, we have
X1(t) = pilloe(0)13 + pr(6(t), dur(t)) + palltbe(t)[13 + p2 (¥ (1), ee(t))
(3.21) = pill 613 + p2lle ()13 = bllva ()13 — & h(t) 2 (D13
+ £ ((g9 0 pa)(t), Pa (1))

Applying Cauchy—Schwarz’s and Young’s inequalities in (3.21), we obtain

(0 < paln 13 + pall )13 o101 5 (n60) = 3 ) a0

K
(3.22) +57llg o) (I3
Noting that h(t) — £ > @ for all ¢t > 0, we deduce from (3.22) that

K

g0 p) (OB

Estimate for x4(t). Deriving the functional x2(t) set in (3.19) and using (3.1),
we get

Xi(t) < pullée ()l + p2llee(®)]13 = Dl (B)]3 — g h(t)llp=(t)]13
_|_

(3.23)

X5(t) = —p1((gop)e(t), du(t)) — p1((gop)(t), due(t)) R
(3.24) = —p1(L = h()lloe(®)]13 = pr([(g" o p) + (1 — R)tbe] (L), B¢ (1))
+5/[(g 0 pe) (B)I5 + K h(t) (P2 (£), (90 pa) (1))

Using again Cauchy—Schwarz’s and Young’s inequalities one has

3:25) (g on)(O): 6:(0)] < Z 10O + -6’ o O
3200 |@0.60)] < [Fl00I8 + 51701E].
2
(327) [(pe(0). (50 p)O) < (1= 90) 2 Ipa ()1 + 25 (g o p) 1)

P2 4(1 — go)p1 L?
Replacing (3.25)—(3.27) in (3.24) we obtain

() < =2 (1= h() = L) lls I3 + w1 - go>'°;f UOITXOI:

P - 2 p 2
329 A= IR0+ (14 =2 ) ee )0l

P1
+=l(¢" op)®)|3.
9o

From (3.15) we recall that 1—h(t) > go, and using standard computations, we conclude
from (3.28) that

L? L?
xat) < =S L1031 = 90) = RO e (15 + P10

P1 6127 ’ 2 P2 2
(3.29) + giOH(g opz) ()3 + £ (1 + 4(1—90).01L2> (g ©pz)(®)ll2

for all t > ¢y, where ¢, > 0 is the Poincaré constant.
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Estimate for x4(t). Deriving x3(t) given in (3.20) we obtain

X5(t) = —pallve (D)3 + K[RO)]?[p2(t)]15 + 26 h(t) (2 (t), (9 © o) (t))
(3.30) + 5 [(g 0 p2) ()3 + p2 (Ve(t), [9pe — g’ © pal(t))
— p2(ta(t), Pee(t)) + b(Yaa (t), [h Pz + g © pa](t)).

Integrating by parts the last term of (3.30) and using (3.1) we get

X5(t) = =p2lwe (013 + KR O] [P (DI + 26 A(E) (92 (1), (90 P2 ) (1))
(3'31) +k H(gopw)@)”g + p2 (wt( )7 [gpa: -9 Opz}(t))

. (bf’ _ pg) (2 (1), b 1).

Using over again Cauchy—Schwarz’s and Young’s inequalities, and recalling that g(t) <
g(0) for all t > 0, we deduce

(3:32) [(0i(t),lgpe — g o p)(E)] < 5 Iex(DI3 + 9(0) 9(®) o113 + (s o p) D)

333 1 E-0. @or)®) < PO 0 + Ligopol

Replacing (3.32)—(3.33) in (3.31) we have
X400 < 22 (1)1 + 25 [P e ()15 + 25 9 o ) ()13
(334 40290 g1+ 216”0 )O3
+ (M2 ) (a0 00000,

Thus, regarding the equal wave speeds assumption (3.16), we conclude from (3.34)
that

X5(t) < —*Ilwt( M3 + 26 (A6 lp2 (D113 + 2 [1(g 0 p2) (0)]13
(3.35) +p29(0) g)Ipa ()3 + p2 (9" © p2) ()3-
Conclusion of the proof. Let 11, 12 > 0 be constants (to be determined later) and
(3.36) X(t) = m x1(t) + m2 x2(t) + x3(t).

Taking the derivative of x(t) and using the estimates (3.23), (3.29), and (3.35), we
have

X (0 < =py (m D —m) Ioe(®)3 = m bllva ()13

(2 e ) (1) 2

(3.7 (B oma- g@”lpf - 20(0)) 10 I (0

. [21 . (1 N 4(1—2)@) +2] (g o) D13

02
+p29(0) g(t)Ip= ()15 + (nzplgo” +pz> (g’ ©pe)(t)]2

for all t > tg.
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Now it is the precise moment where we use the strength of Assumption 3.5, by
applying its prompt consequence (3.15). In fact, from the inequality go > Cp in (3.15),
it is possible to carefully choose 1; and 72 such that

32(1 —
(3.38) 20 =90) _, P2

9o 2p1 L?

1 .
and 8(1—go) <m < Emm{w 90,1}

From the choices in (3.38) we observe that
e ot —m >0,
2
o 22 —mipy—my L >0,
2
o M—mnp(l —go)% —2h(t) > 2(1—go) >0 forallt>t.
In this case, combining (3.38) and (3.37) we arrive at

X'() < =CE(t) + Cy, (g opa) ()3

2
LGy

(3.39) +p2.9(0) g(t)llp= (£)13 + (772 "

+p2> 19" o p2) D13,

for all £ > tg, and some constants C' > 0 and

C T P2
= —+ = 1+ — 2 .
w5t (14 )+ >0

Therefore, from (3.10), (3.13), and (3.39), we conclude that
(3.40) X' (t) < =CE(t) + C1 (90pe)(t) + CL D(t) ¥Vt > to,

for some constants C,C7 > 0.

Let us consider n € N and T > ty. Thus, integrating (3.40) on (nT, (n + 1)T),
we get
(3.41)

(n+1)T (n+1)T (n+1)T (n+1)T
C / E(t)dt < —x(t) +C / (90ps)(t) dt + C4 / D(t) dt.
nT n

nT T nT

In addition, from the definition of functional x(¢) in (3.36), we have

IX)] < m1xa@)] +m2 Ix2(t)] + [x3(t)]
< Liostm 1) + 2] 166012 + = [oam + 2] I19e(8) 2

1 1

+3 [201m165 + p2] llp=(2)]15 + 3 [p1mes(1+2¢2) + pa] 19 (1)13
1

t3 [p1n2c; + pa] (g © pe) ()13

b l
<Gy (p;nw)% + 21613+ S llva )13 + 5 Ip=(8)]3 + ’;n(gopm)(t)%)

for some Cy > 0. From (3.6) and (3.10) we deduce
X)) < C2E(t) Vit=0,

and, consequently,

(n+1)T

(3.42) X(t) <20, [E((n+ 1)T) + E(nT)).

nT
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Thus, from (3.41), (3.42) and since £(¢) is nonincreasing, we get

(n+1)T
(343) TE((n+1)T) < 2Cs [E((n+ 1)T) + E(nT)] + C: / (g0ps ) (t) dt
nT
(n+1)T
e /nT D(t) d.

Hence, using again (3.13) in (3.43), we conclude

(n+1)T (n+1)T
(T—C’)€((n+1)T)§O/T (gDpx)(t)dzH—C'/T D) dt,

from where inequality (3.17) follows for T > Tj := max{to,2C} > 0. This completes
the proof of Proposition 3.8. ]

3.3. Uniform decay rates. Once we have obtained the observability inequality
(3.17), our stability results for the energy £(¢) set in (3.12) rely on the construction of

a suitable function to estimate fé;ﬂ)T(gDpr)(t) dt in terms of the damping integral

term T(L;Lfl)T D(t)dt. To do so, we state the same additional assumptions on the
memory kernel g as in [18, 21] (see also [6]). Hence, our next arguments in the proof
of stability are completely similar to those provided, e.g., in [21]. For the reader’s
convenience, we provide a short proof in each case.

Assumption 3.9. The memory kernel g € L*(RT)NC*(R™T) satisfies the following
nonlinear differential inequality:

(3.44) g(t)<—H(g(t) VYt>0,

where H € C*(]0, 00)) is a positive, strictly increasing, convex function with H(0) = 0.
We also assume that there exists o € (0, 1) such that

(3.45) /OOO gt (s)ds < oo.

THEOREM 3.10 (uniform decay rate I). Under the assumptions of Proposition
3.8, if we also assume Assumption 3.9, then the energy E(t) decays uniformly to zero
when t goes to infinity. More precisely, there exists Ty > 0 such that

(3.46) £(t) < S (; - 1> VST,
1

where S(t) satisfies the ODE
(3.47) 45(0) + 4, (S(1) =0, S(0) = £(0)
with

Qoo ~ Hyy  and  Hyy(s) = cyH(cps™0),

for some constants c1,ca > 0 which may depend on ay.
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Proof. As mentioned above, the statement of Theorem 3.10 follows by combining
Assumption 3.9 with estimate (3.17) and then applying Lemma 3.3 in [19]. For the
reader’s convenience we present below a short proof.

According to [18, 21], conditions (3.44)—(3.45) are sufficient to guarantee the
existence of a positive, increasing, convex function H,, given by

Hey(s) = CLH(Cas3), Cy,Cy > 0.
From Jensen’s inequality we have
(3.48) (4T, (1) < H1 (D) ¥ 1> 0.
Integrating (3.48) on (nT, (n+ 1)T) and applying again Jensen’s inequality results in

(3.49) / " T dt < A ( / " dt) ,

T T

where ﬁao is a rescaled version of H,, given by

T -1 _1 1

Hyy(s) = THy, (T7's) = TCLH (02T aosuo).
From (3.17) and (3.49) there exists T} > 0 such that

_ (n+1)T
(3.50) E((n+1)T) < H' / D@t)dt| YT >T,
nT

where we define

f[;ol(s) = C(ﬁ;ol +14)(s) = [ct H  (c28)] ™ + C's

with ¢ = (C T)O%O/CQ and ¢z = 1/TCy independent of n. It is worth noting that
H,, € C'([0,00)) is also a positive, increasing, convex function such that H,,(0) = 0.
Now, combining (3.13) and (3.50) we arrive at

(3.51) E(n+1)T) + Hyy(E(n+1)T)) < EMT) ¥V T >T.
Hence, applying Lemma 3.3 in [19] with
sn=E&(nT), p=H,, S(0)=&(0),
we conclude that £(t) satisfies (3.46), where S(¢) is a solution of (3.47) so that

(3.52) Qoo = 1a— (Ig+ Ho,)~'  and Jlim S(t) = 0.
Moreover, following [20, 21] one sees that ¢,, = ﬁao (Iqg + ﬁao)*l ~ ﬁao, which
finishes the proof of Theorem 3.10. O

Note that the achievement of Theorem 3.10 is not sharp since the decay rate
depends on a parameter cg < 1. To obtain such a sharp decay rate in the sense that
the energy decays at the same memory kernels rate, we must impose (like in [21]) the
following stronger technical assumption on g.
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Assumption 3.11. Let y be a solution of the system

dy

W Hw =0, y(0)=g(0)

Also, let us assume that there exists ag € (0,1) such that y'=* € L!(RT) and for
some 1 > 0,

(3.53) H e CY([0,00)) N C?(0, )
and
(3.54) liril)(i)rif{SQH”(s) —sH'(s)+ H(s)} > 0.

THEOREM 3.12 (uniform decay rate II). Under the assumptions of Proposition
3.8, if we additionally assume Assumptions 3.9 and 3.11, then there exists Ty > 0
such that the energy E(t) satisfies

(3.55) E)< S ( — 1) YVt > Ty,
where S(t) satisfies the ODE

(3.56) 980 +ai(50) =0, 5(0) =£0),

with R R
G ~H and H(s)=c3H(cys),

for some constants c3,cq > 0 which may depend on H and «y.

Proof. The statement of Theorem 3.12 is a consequence of the new Assumption
3.11 and estimate (3.17). Its proof relies on the same arguments as provided in [21]
with several technical tools. For a complete and detailed proof we refer to [21, section
14.3]. For the sake of brevity we only present a sketch of the proof.

According to Lemmas 14.4 and 14.5 in [21], conditions (3.53)—(3.54) are enough
to construct a function H; o, given by

Hi o (s) = ozosl_‘%OH(s%),

which is increasing and convex on (0,6), for some § € (0,7), Hy o(0) = 0, and such
that

(3.57) (90pa)(t) < Hy o (D(1)) ¥ t>0,

where ﬁ;io (s) = CgHiiD(C4s) with constants C3,Cy > 0.
Integrating (3.57) on (nT, (n + 1)T) and applying Jensen’s inequality we get

(n+1)T =R (n+1)T
(3.58) / (¢0pe)(t)dt < ALY / D)t ),
n nT

T

where R .,
Hii(s)=TH,, (T"'s)=TCsH; ) (CiT's).

1,040
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Combining (3.17) and (3.58), and proceeding similarly to (3.50)—(3.52), there exists
T, > 0 such that £(t) satisfies (3.55) and S(t) is the solution of (3.56) with

@ =G, =La— Iy + I:’Lao)_l and ﬁiéo = C3ﬁiio (cas) + C's

for some constants cs,cqs > 0. In addition, following Lemmas 14.7 and 14.8 in [21],
then ¢1,q, has similar end behavior as }AILQO which is a rescaled version of Hj .
Finally, the above process can be reiterated for Hj ,, in finite steps with increasing
values of oy to achieve a controlling function H; ; ~ H satisfying the conclusion of
Theorem 3.12. The detailed proof of such iteration process is given in [21]. We also
refer to [22, subsection 2.3] for a (summarized) step by step iteration for optimality. O

Remark 3.13. According to [18, 21], Assumptions 3.9 and 3.11 address (at least)
exponential and polynomial memory kernels similar to those expressed in the first two
items of Example 3.7.

4. Nonuniform stability: The case of different wave speeds. In this sec-
tion we are going to conclude that problem (3.1)—(3.4) is not uniform stable on the
weak phase space Hi x L? x H! x L? when the mathematical condition (1.3) is not
taken into account, that is, the case which highlights the physical meaning of the
system. Since problem (3.1)—(3.4) does not meet semigroup properties, we cannot use
directly the theory in linear operators as applied, for instance, to autonomous prob-
lems. Instead, we shall use a constructive semigroup approximation along with known
results on a spectrum of evolution operators; see [1, 2, 11, 28]. For this purpose, we
follow similar lines as in [3, section 3], where the authors give a particular (and nice)
treatment for the classical viscoelastic Timoshenko system (1.2).

Summarizing, we are going to show that condition (1.3) is necessary to reach
uniform decay rates of the energy solution, even in case of exponential kernels. Thus,
in what follows, we take (3.44) with H(s) =ds, 1 <d < C%,’ and then g satisfies

(4.1) g(t) < g(0)e %, ¢t >0.

Also, to the next considerations, we are going to denote by £,4(¢, 1)(t) the energy
functional set in (3.12) that corresponds to the solution (¢, ) of system (1.1). In this
section, our main result reads as follows.

THEOREM 4.1. Let us assume that g satisfies (4.1). If
K b

42 - )
(4.2) n7 7

then the energy functional E,(¢,1)(t) does not decay uniformly as t goes to infinity.
In other words, there does not exist a positive function d € L*(0,00) N L% ([0,00))
such that

L. limyoo d(t) = 0,

L. £,(6, D)(t) < ()E,(6,6)(0), ¢ >0,

The proof of Theorem 4.1 shall be completed later, in subsection 4.2, as a conse-
quence of several proper (and technical) results for an approximate problem.

4.1. Approximate problem and technical results. First, we consider some
notation and preliminary results. We start by fixing 7 € (0, g) and defining function

(4.3) gn(t) =ne "By (f, ), n=1,
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-1
where f(z) = 2L with function j : [0,00) — (0, 1] being the bijection

j(t) =€,
and B, (+,-) are the Bernstein polynomials given by
- n v n—v
B, (f,x):= z:o( y > flv/n)z" (1 —x) for f and x.

Under the above notation, let us also define

n

gn = Zf(y/n) gn,ua

v=1

0n7y(t) =n ( ]T/L ) e*(lﬂrl)nt(l _ efnt)n,,)'

LEMMA 4.2. Under the above notation and g satisfying (4.1), we have that for
any € > 0, there exists N € N such that

lg = gnllwiio,00) <€ ¥V n>N.

Moreover, for alln € N, g, satisfies

(a) gn >0, g, <0;

(b) limyoo [y gn(t)dt = [5° g(t)dt.

Proof. The proof is analogous to the one in [3, Lemma 3.1]. See also [11, Theorem
2.1]. O

Now, let us consider the following approximate system:

(44) plgtt - ’%T)xw + H(gn * ﬁxl) = 0’
(45) de}tt - bwa::r + ’%T?z - K(gn * pm) = 07

where p,, = ax + 1), with initial data
(6o, b1,%0,¢1) € Hy x L* x H} x L2,

If (¢,1) is a solution of system (4.4)—(4.5), then the associated energy is
_ 1 _ _ _
4.3, 0)(1) = 3 {1130 B+pal[ B () BT, 1) B e (P, (D34 (0005, ()}

where h,(t) =1 — fot gn(8)ds, and satisfies

_KJ
2

K

I3 <0 V>0

4 £,,@0)(1) = (g, 0P)(0)

LEMMA 4.3. Assume that g satisfies (4.1). Also, assume that there exists a func-
tion d € LY(Ry) such that

E, (D, ) (1) < d2(t)E,(p,0)(0) ¥ > 0.

Thus, there are constants Cy, Cy > 0 such that
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(1) &g (6= 000 — )(t) < eCo&y, (,9)(0),
(i) |Eg(¢, 1) (t) — &g, (6, 0)(1)] < €/2C1Ey (b, 1)(0),

for some € > 0 sufficiently small.

Proof. Let € > 0 be a positive to be chosen later and (¢,7) and (¢,) be the
solutions of problems (3.1)-(3.2) and (4.4)-(4.5), respectively. If z = ¢ — ¢ and
w =1 — 1, then (z,w) is the solution of problem
(46) P12tt — KDgx + Kgn * Dea = H(gn - 9) * Pras
(4.7) P2Wtt — Wag + KPy — KGn * Pr = K(g — gn) * Pz,

where p, = 2z, + w, with Dirichlet~Neumann boundary conditions like (3.3) and null
initial data. The associated energy functional is now given by

1
&g, (2,w)(t) =2{P1||Zt|§ + paf|wll3 + bllwa 3

e (1= [ 00 ) 19213 + 0.0

and satisfies

d td
Bl < @ _ ~
dtggn(z’w)(t) > '%/0 ds ((9 = gn) * Pz » pw)gds

::Il

(48) o [ (-0 end . 5.) ds

=1s

Using Lemma 4.2 and hypothesis on d, estimates for I; and Iy are given below:

(49) L < L cl&(d0)(0) + & (= w)(®)].

/il(S
1

4.10) I, < —
(4.10) 2=kl

{2€Ild|159(¢>71/))(0) +(e+ 1)/0 [d(s) +£(s)] 5gn(z,w)(8)d8}7

where £(s) = |(g — gn)’| * d(s). Replacing (4.9) and (4.10) in (4.8), we have

lldll+1)& (¢, 9)(0)+(e+1) /O [d(s) +&£(s)] €, (2, w)(s)ds.

R EACOIOES

Choosing ¢ < é and using Gronwall’s inequality we have

(4] +2)
Eqn(zu)(t) < =S

e (26 +1) [ 1d66) +€06)ds ) £,(60)0)

Using again Lemma 4.2, we have fg d(s) +&(s)ds < C(e + 1) for some C > 0. Thus,
keeping in mind that € < é, we arrive at

(111) £, zup(t) < e AMHD jacwnene 1) 0)

Item (i). Inequality in (i) follows directly from (4.11) by putting the constant
Co = w&cg/?“f and from the fact that £;(¢,¥)(0) = &,, (¢,)(0).
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Item (ii). In order to prove (ii), we first observe that straightforward computations
lead us to the next inequality for any € > 0 and n sufficiently large:

(112) 646, 9)(0) — £, (6, 0)(0)] < T < £,(0,1)(0).
On the other hand, we also have
(4.13) €9, (6,0) (1) = g, (6, 8)(1)] < 10E)7% (¢, 1) (0)E5/ (2, w) (8).

Combining (4.12) and (4.13) and using item (i), we obtain
_ 44 =
(6,90 - £, @RI < | Tz +10)/G] & £,0.0)(0).

Therefore, inequality in (ii) follows by taking C, = ?3—"/'2[ + 10V Cp. d

Taking advantage of the notation introduced above, we have
n
gn *ﬁa:m = Z f (V/n) y’ﬂ,l’m7
v=1

t
) = O 4 gt = [ Onlt = 9P (5)ds.
0
Now, let us also define the real vector-valued function Y,, : R, — R"™ by
Yn,1
Y, = :
Yn,n
Thus, Y,, is the solution of the system
Y. (t)=A,Y,+ D,p,, t>0,

where D, = (0,...,0,7n) and

(4.14) An = (ai,j) S MH(R), Qi 5 = 77(2 -+ 1), j =1+ ].;
0 otherwise.

Under this notation, we have the following result.

LEMMA 4.4. The operator A, defined (4.14) is the infinitesimal generator of a
Co-semigroup {e!A"} on [L?(0,L)]" = L?(0,L) x --- x L*(0,L). Moreover, {e4n}
satisfies the following uniform estimate:

||6tA"||[L2(O)L)]n < eigt Vit > 0.

Proof. At this point, the proof can be found in [3, Lemma 3.3]. d
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With the above notation, system (4.4)—(4.5) can be rewritten as

(415) platt - "{Tgmx + KBnYna: = 01
(4.16) patby — b, + kP, — KB, Y, =0,
(4.17) Yé - AY, =D,p,,

with boundary conditions

(4.18) $(0,8) = ¢(L, 1) = 1, (0,1) = ¢, (L, 1) = 0

and initial conditions

(4.19) _ _ _
¢($,0) = ¢O(x)7 ¢t($,0) = ¢)1(1'), w(xvo) = wo(ff)a %(90»0) = ¢1({E)7 Yn(o) =0,

where B, := (f(1/n),..., f(n/n)).
In addition, the energy functional associated with problem (4.15)—(4.19) is

_ 1 _ _ _ B
En@ DY) (®) = 5 {13013 + pall Bl + BB + KBl + 1Yol |

for ¢ > 0. Let us now introduce the energy space # = L? x L2 x L2 x L? x [L*(0, L)]".
If

VP10 — D, + VEBL Y,

- VP2, = VU,
Z=| z | =| VP +ViP, — VEBYn |,
zZ4 — I
s Vo2t + Vb,
Y,

then Z satisfies the equation

(4.20) Zy=ANZ,+MZ

with boundary condition

(4.21) (2i + (1) 2i12)(0,8) = (2 + (=1) "l 2iy2) (L, 1) = 0, 0= 1,2,
where

, K b K b Moy | My >
A=diag | — /2 =2 5 20, and M=
g( p1 p2 \ p1 \ p2 > < Nps | Ap+ DnB,

with

—2f(2) -L/E 8r(z) -1 /=
y SRV 0 5/ 0
=
! (2 3 /E - 5 /E T

o
|
[
|=
o
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VEBL Ay + 1\ kB, Dy, By,
0

—vkBn A, — n/kBn,D, B, ’
0

Nus=( ~zzDn 0 =D 0 ).

Also, let us consider the matrices that allow us to express Z in another way,

M4n =

/2 0 1/2 0 0
-1/2 0 1/2 0 /EB,
p,=| 0 12 0 1/2 0

0 -1/2 0 1/2 0
0 0 0 0 I,

1 -1 0 0 /sB,
0 0 1 -1 0
Pl=|1 1 0 0 —s&B, |,
0 0 1 0
0 0 0 0 I,

and let e(A%+Mo)t he the semigroup associated with problem
Zy=ANZ, + MyZ,
(20 + (1) 2i42)(0,8) = (20 + (1) 2ip2) (L, 1) = 0, 0= 1,2,
My i= ding (=2 f(n/n) , 0, = 2f(n/n) , 0, An-+ DuBy).
Therefore, following the ideas of [3, section 3], which in turn relies on the results proved

in [1, 2], one can prove that if condition (4.2) holds, then the e(A9=+M)t _ (Adz+Mo)t
is a compact operator. Furthermore, the eigenvalues of Ad, + M are given by

(4.22)

B [ b mm . n [ b mm .

The next result compares the energy solution of system (4.20)-(4.21) with the
energy &,, (¢,1) related to problem (4.4)—(4.5).

LEMMA 4.5. Under the above notation and assumptions of Theorem 4.1, if we

consider any n € N and (¢o, ¢1,%0,%1) € Hi x L? x HY x L2, then there exists a
constant C' > 0 such that

t
(4.23) ||Z<t>|2||e<A8w+M>tZo||2gC(sgnw,w)(m / S)egnw,w)(s)ds),

where

T
2= P (Vror , Vilbo, +0) . i, Vi, , 0")
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Proof. Let (¢o, ¢1,10,%1) and Zy as in the statement of Lemma 4.5. If Z(t) is
the respective solution of (4.20)—(4.21), then it is not difficult to see that

2() = Pyt (Voo VRlbe +4) . b, Vi, )

Performing straightforward calculations we have

16 . — —
(4.24) 1ZOIF < 7 €9, (6, )(1) + Brl| BuYall* + [ Yal*.

Using Lemma 4.2(b), an estimate for B,Y,, is gotten as

(4.25) Byl < 2D e, G,

Besides, using Lemma 4.4, an estimate for Y,, goes as follows:

nt

1z 1
(1.26) Wl < -2 [ e, 6. s)as.
0

Combining (4.24), (4.25), and (4.26) we obtain

1z <wx{*E20 3 e, @00 + [ e, @06

0
. . . _ 8(3=1) 4
Hence, inequality (4.23) follows by taking C' = max{=5—, F'}. 0
In light of the above results, we are now in position to complete the proof of
Theorem 4.1 as follows.

4.2. Proof of Theorem 4.1: Completion. Let us suppose that there exists a
function d € L1(0,00) N L% (0, 00) such that items I and IT of Theorem 4.1 hold true,

loc
namely, lim;_, . d(t) = 0 and

(4.27) Eg($:0)(t) < d*(1)E(6,4)(0), >0,
Thus, from Lemma 4.3(ii) and inequality (4.27) it follows that
(4.28) E0 (B D)(1) < (172G +d(1)?) £,(6,1)(0).

In addition, for Y, (t) = [o

0 e~ =94 D, B (s)ds, it follows from Lemma 4.5 that

1Z(2)]|? = [|e =20 Zy |

(4.29) < 02y (1 + i) Eq(6,1)(0)

¢
+C {d(t)2 + /O d(s)?e "7 S)ds] E4(6,)(0).
where Z(t) is the solution of (4.20)—(4.21). In particular, let initial data ZJ* be
given as the eigenfunctions of the operator Ad, + My, associated with the eigenvalues
Am = /70, m € Z. In this case, Zy" = (O , 22(0)e™ T [ 0, 24(0)e T, O")T,
m € Z, and

1Z512 = |22(0)|*2L  for m € Z.
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Thus, for |22(0)| = \/% we have || Z]"|| = 1 for every m € Z. Since {ZJ'}mez are the

eigenfunctions of Ad, + My, we have

(4.30) oA Mot Zir | — |

IZ5*l =1 for meZ.
On the other hand, using (4.29) we have

He(AaﬁMo)tZSnHz <9 (e(Aam—i-Mo)t _ e(ABT,-i-M)t) Zannz + 2||6(A81+M)tZ6nH2

~ 2
< 2” (e(A6m+Mo)t_e(A8m+M)t> Z(r)nH2+2081/201 (1_~_I€) 5g(¢,w)(0)

(4.31) +20 {d(t)Q + /0 d(s)%e= 2T ds} E4(6,1)(0).

Since lim;_, d(t) = 0 we have

t—o0

(4.32) lim {d(t)Q + /0 t d(s)ze”(é‘”ds] = 0.

: A8y +Mo)t—eNOzt Mt
Also, since e 0)

necessary, we have

is a compact operator, reducing to a subsequence if

(4.33) H (e(AanrM‘]) - e(A8”+M)t) Z(’)”H —0 as |m|— oo.

Therefore, using (4.31), (4.32), and (4.33) for ¢ > 0 and |m| sufficiently large, and
also taking € > 0 sufficiently small, we conclude

||€(ABI+Mo)tZ6nH2 < 1’

which is in contradiction with (4.30). This concludes the proof of Theorem 4.1. 0O
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